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Abstract

We consider two Large Eddy Simulation (LES) models for the approximation of large scales
of the equations of Magnetohydrodynamics (MHD in the sequel). We study two a-models,
which are obtained adapting to the MHD the approach by Stolz and Adams with van Cittert
approximate deconvolution operators. First, we prove existence and uniqueness of a regular
weak solution for a system with filtering and deconvolution in both equations. Then we study
the behavior of solutions as the deconvolution parameter goes to infinity. The main result of
this paper is the convergence to a solution of the filtered MHD equations. In the final section
we study also the problem with filtering acting only on the velocity equation.
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1 Introduction

In this paper we study the equations of (double viscous) incompressible MHD
Ou+V-(u@u) —V:-(BeB)+Vp—vAu=H,
B+V-B®u)—-V-(u®B)—-pAB =0,

V-u=V-B=0,
u(0,x) = up(x), B(0,x) = Bo(x),

(1.1)

where v > 0 is the kinematic viscosity, while ¢ > 0 is the magnetic diffusivity. The fields u and B
are the velocity and the magnetic field respectively, while the scalar p is the pressure (rescaled by
the density supposed constant here). We consider the problem in the three dimensional setting,
and most of the technical difficulties are those known for the 3D Navier-Stokes equations (NSE).
Examples of fluids which can be described by these equations (1.1) are for instance plasmas, liquid
metals, and salt water or electrolytes. See Davidson [14] for an introduction to the topic. In this
paper we aim to study the approximate deconvolution procedure (developed for turbulent flows
by Stolz and Adams [37, 38, 1]) and especially its adaption to the MHD with the perspective of
numerical simulations of turbulent incompressible flows, when coupled to a magnetic field.

In the recent years, the topic of MHD attracted the interest of many researchers and, for the
study of the question of existence, uniqueness, regularity, and estimates on the number of degrees
of freedom, we recall the following papers [8, 10, 20, 21, 22, 23, 24, 29].
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Approximate Deconvolution Models (ADM) for turbulent flows without magnetic effects were
studied in [5, 16, 27, 28]. The problem of the limiting behavior of the models when the grid mesh
size goes to zero is already under control [16, 25, 26, 32].0n the other hand, the question of the
limiting behavior of the solutions when the deconvolution parameter goes to infinity is a very recent
topic, and is well-studied just for the NSE —without any coupling— in [5] (see also a short review
in [3]).

In the context of MHD, the topic seems not explored yet, hence we adapt here the results of [5]
to the equations with the magnetic field and we find also some interesting unexpected variant,
related to the applications of two different filters. Especially the equation for the magnetic field
turns out to behave much better than that for the velocity, hence it seems not to require filtering.

To briefly introduce the problem (the reader can find more details in the introduction of [5]),
we recall that the main underlying idea of LES, see [4, 12, 34], is that of computing the “mean
values” of the flow fields u = (u!,u?,u?®), B = (B!, B2, B®), and p. In the spirit of the work started
with Boussinesq [7] and then with Reynolds [33], this corresponds to find a suitable computational
decomposition

u=u+u, B=B+B, and p=p+p,
where the primed variables are fluctuations around the over-lined mean fields. In our context, the

mean fields are defined by application of the inverse of a differential operator. By assuming that
the averaging operation commutes with differential operators, one gets the filtered MHD equations

u+V-(u®u)-V-(BeB)+ Vp—vAu = f,
B+V-B®u)—V-(u®B)—-uA
V-a=V-

u(0,x) = up(x), B(0,x) = By (x).

(1.2)

This raises the question of the interior closure problem, that is the modeling of the tensors

(c®d) with eitherc, d = u or B

in terms of the filtered variables (1, B, p).

From this point, there are many modeling options. The basic model is the sub-grid model
(SGM) that introduces an eddy viscosity of the form vy = Ch(x)?|Vu|, which may be deduced
from Kolmogorov similarity theory (see [12]), where h(x) denotes the local size of a computational
grid, and C'is a constant to be fixed from experiments. This model, that already appears in Prandtl
work [31] with the mixing length ¢ instead of h(z), was firstly used by Smagorinsky for numerical
simulations [36]. This is a very good model, but introduces numerical instabilities in high-gradient
regions, depending on the numerical scheme and potential CFL constraints.

Among all procedures to stabilize the SGM, the most popular was suggested by Bardina et
al. [2], which reveals being a little bit too diffusive and underestimates some of the resolved scales,
that are called “Sub Filter Scales” (SFS) (see for instance [11, 19]). Then the model needs to
be “deconvolved” to reconstruct accurately the SFS. Hence, many options occur here, too. In
the present paper we study the Approximate Deconvolution Model (ADM), introduced by Adams
and Stolz [37, 1], who have successfully transferred image modeling procedures [6] to turbulence
modeling.

From a simplified and naive mathematical viewpoint, this model, which uses similarity proper-
ties of turbulence, is defined by approximating the filtered bi-linear terms as follows:

(c®d) ~ (Dn(c) ® Dn(d).

Here the filtering operators G; are defined thanks to the Helmholtz filter (cf. (2.1)—(2.2) below) by
Gi(u) = 1, Go(B) = B, where G, := (I — a?A)~!, i = 1,2. Observe that we can then have two
different filters corresponding to the equation for the velocity and for that of the magnetic field.
There are two interesting values for the couple of parameters (a1, as) € RT x R™:

1. a1 = ag > 0. In this case the approximate equations conserve Alfvén waves, see [22];

2. a3 > 0, g = 0, which means no filtering in the equation for B.



The deconvolution operators Dy, are defined through the van Cittert algorithm (2.10) and the
initial value problem that we consider in the space periodic setting is:

Ow+V -G (Dn,(w) @ Dy, (W) = V- G1(Dn,(b) ® Dy, (b)) + Vg — vAw = Gif,
b+ V - G2 (Dn, (W) ® Dy, (b)) — V- G2(Dn,(b) ® Dy, (w)) — pAb =0,
(1.3) V-w=V-b=0,
w(0,x) = Giup(x), b(0,x) = G2By(x),
ay >0, ag > 0.

As usual, we observe that the equations (1.3) are not the equations (1.2) satisfied by (u, B), but
we are aimed at considering (1.3) as an approximation of (1.2), hence w ~ Gju and b ~ G3B.
This is mathematically sound since, at least formally,

Dy, = A =1- afA in the limit N; — +o0,

hence, again formally, (1.3) will become the filtered MHD equations (1.2). The existence and
uniqueness issues have been also treated (even if without looking for estimates independent of N;)
in [22, 21] (for arbitrary deconvolution orders). What seems more challenging is to understand
whether this convergence property is true or not, namely to show that as the approximation
parameters N; grow, then (as recently proved for the Navier—Stokes equations in [5])

w — G1u, b — G2B, and q — G1q.

We prove that the model (1.3) converges, in some sense, to the averaged MHD equations (1.2),
when the typical scales of filtration a; remain fixed. Before analyzing such a convergence, we need
to prove more precise existence results. To this end we follow the same approach from [5], which
revisits the approach in [16] for the Navier—Stokes equations. To be more precise, the main result
deals with a3 > 0 and as > 0. We first prove (cf. Thm. 3.1) existence and uniqueness of solutions
(wn,bg,qn) of (1.3), with N = (N1, N2), such that

wy, by € L([0,T]; H*(T3)%) N L ([0, T]; H'(T3)?),
gy € L*([0, T); WH(T3)) 0 L¥3([0, T); W*/3(Ty)),
and our main result is the following one.

Theorem 1.1. Let a; > 0 and as > 0; then, from the sequence {(Wn,bn,qn)}nenz, one can
extract o (diagonal) sub-sequence (still denoted {(Wn,bn,qn)}Nenz)

WN 2 W weakly in L*([0,T); H*(T3)?)

by — b weaklyx in L>([0,T]; H(T3)?),
_>

VLJJ\; _)vbv strongly in LP([0,T]; H'(T3)?), V1 <p < 4o,

gy —q  weakly in L*([0,T); W"2(T3)) N L*/3([0, T]; W*/%(Ts)),

such that the system
8tW + V . Gl(Alw (24 Alw) — V . Gl(AQb (24 Agb) + Vq — Z/AW = Glf,
V-w=V-b=0,
Ob+V - G2(Asb ® A1w) — V- Ga(A1w ® Asb) — uAb =0,
W(va) = Glu()(x)a b(va) = GQBO(X)a

(1.4)

holds in the distributional sense. Moreover, the following energy inequality holds:

1d
(1.5) 5 77 (ATl + ([ A2b[) + V[ VAW]® + ] VAb||* < (£, Arw).



As a consequence of Theorem 1.1, we deduce that the field (u,B,p) = (A1w, Asb, A1q) is a
dissipative (of Leray-Hopf’s type) solution to the MHD Equations (1.1).

Remark 1.1. Following the work carried out in [17] about ADM without coupling, we conjecture
that the error modeling in the case of the approzimate deconvolution MHD is of order N—1/2.

Remark 1.2. The question of the boundary conditions is the great challenge in LES modeling,
see [35] for a general review. This is why, either from physical or mathematical viewpoint, the-
oretical issues are raised in the case of periodic boundary conditions, although the reality of such
boundary conditions may be controversial. In a paragraph in [38], the authors outline a possible
numerical discrete algorithm for a deconvolution procedure, by the finite difference method. This
is proposed in the case of homogeneous boundary conditions, but there is no mathematical analysis
about this method, which still remains an open problem.

Plan of the paper. In Sec. 2 we introduce the notation and the filtering operations. In Sec. 3-4
we consider the model with the double filtering with non-vanishing parameters «; and then we
study the limiting behavior as N; — +o0o. Finally, in Section 5, we treat the same problems in
the case aq > 0 and as = 0. Since most of the calculations are in the same spirit of those in [5],
instead of proofs at full length we just point out the changes needed to adapt the proof valid for
the NSE to the MHD equations.

2 Notation and Filter /Deconvolution operators

This section is devoted to the definition of the functional setting which we will use, and to the
definition of the filter through the Helmholtz equation, with the related deconvolution operator.
All the results are well-known and we refer to [5, 27, 28] for further details. We will use the
customary Lebesgue LP and Sobolev W*P and W*2 = H*® spaces, in the periodic setting. Hence,
we use Fourier series on the 3D torus Ts. Let be given L € R} := {z € R: x > 0}, and define
Q:=]0, L[3c R®. We denote by (e1, ez, e3) the orthonormal basis of R?, and by x := (21, 72,23) €
R3 the standard point in R3. We put 73 := 27Z3/L and Ts is the torus defined by Ts := (R3/73).
We use |- || to denote the L?(T3)-norm and associated operator norms. We always impose the zero
mean condition on the fields that we consider and we define, for a general exponent s > 0,

HS::{W:T3—>R3,WEHS(T3)3, V-w=0, wdx:O}.

Ts

+ik-x

For w € H,, we can expand the fields as w(x) = ZkeT; wke , where k € 73 is the wave-

number, and the Fourier coefficients are Wy := \T_lsl Jp, w(x)e”™*dx. The magnitude of k is defined
1 ~

by k := k| = {|k1]® + |k2|® + |k3]?}2. We define the Hy norms by ||w||? := >keTy k|25 Wi |?,

where of course ||w||3 := [[w||®2. The inner products associated to these norms are (w,v)m, :=

Ekg—; |k|?*Wy - Vi, where Vi denotes the complex conjugate of V.. To have real valued vector

fields, we impose W_j = Wy for any k € T4 and for any field denoted by w. It can be shown (see
e.g. [15]) that when s is an integer, ||w||? := ||V*w|? and also, for general s € R, (H;)' = H_j.

We now recall the main properties of the Helmholtz filter. In the sequel, o > 0 denotes a given
fixed number and for w € H; the field W is the solution of the Stokes-like problem:

AT+ W+ Vr=w in T3,
V-w=0 inT3,

/ mdx = 0.
Ts

For w € H, this problem has a unique solution (W,7) € Hy o x H*"(T3), whose velocity is
denoted also by W = G(w). Observe that, with a common abuse of notation, for a scalar function
x we still denote (this is a standard notation) by X the solution of the pure Helmholtz problem

(2.1)

(2.2) Ax = —a®’AY+x=x inTs.



In particular, in the LES model (1.3) and in the filtered equations (1.2)—(1.4), the symbol “”
denotes the pure Helmholtz filter, applied component-wise to the various tensor fields.
We recall now a definition that we will use several times in the sequel.

Definition 2.1. Let K be an operator acting on Hy. Assume that e~ gre eigen-vectors of K
with corresponding eigenvalues Kyx. Then we shall say that Ky is the symbol of K.

The deconvolution operator Dy is constructed thanks to the Van-Cittert algorithm by Dy :=
Zﬁ;o (I— G)™. Starting from this formula, we can express the deconvolution operator in terms of
Fourier series Dy (w) = ZkeT; Dy (k)Wiet > where

~ N a?|k|? " 21412 o?|k|? Nt
2.3 Dyn(k) = _ = (1 k =1-(— .
(2.3) v(k) = (1+ag|k|2> (I+a k[F)pNk, PNk <1+ag|k|2>

n=0
The basic properties satisfied by D ~ that we will need are summarized in the following lemma.

Lemma 2.1. For each N € N the operator Dy : Hs — Hj is self-adjoint, it commutes with
differentiation, and the following properties hold true:

(2.4) 1< Dy(k)<N+1 Vk € Ts;
(2.5) Dn(k) ~ (N + 1)% for large |K|;

a?[k[2 ’
(2.6) lim Dy(k)=N +1 for fized o > 0;

|k| =400
(2.7) Dn(k) < (14 o2|Kk|?) VkeTs a>0;
(2.8) the map w — Dy (w) is an isomorphism s.t. ||Dnl|la, = O(N +1) Vs >0;
Nli%w Dy(w) = Aw in H, VseR andw € Hyyo.

All these claims follow from direct inspection of the formula (2.3) and, in the sequel, we will
also use the natural notations G; := A;' := (I — a?A)~! and

(2.10) Dy, =) (I-G)", i=12

3 Existence results

In order to be self-contained, we start by considering the initial value problem for the model (1.3).
In this section, N1, Ny € N are fixed as well as oy > 0, ag > 0, and we assume that the data are
such that

(3.1) uy, By € Ho, fe L*([0,7] x T3),

which naturally yields Giug, GaBo € Ha, G1f € L?([0,T]; Hz). We start by defining the notion of
what we call a “regular weak” solution to this system.

Definition 3.1 (“Regular weak” solution). We say that the triple (w,b,q) is a “reqular weak”
solution to system (1.3) if and only if the three following items are satisfied:

1) REGULARITY:

(3.2) w,b € L*([0,T]; Hy) N C([0,T]; Hy),
(3.3) orw, 0¢b € L2([0,T]; Hy)
(3.4) g € L*([0,T); H'(T3)),

2) INITIAL DATA:

(3.5) lim [[w(t,-) = Gruolle, =0, lim |[b(#, -) = G2Bolle, = 0,



3) WEAK FORMULATION: For all v,h € L?([0,T]; H*(T3)?)

T T
/ atW-V—/ G1(Dn,(w) ® Dy, (w)) : Vv
0 Tg 0 TS

T T
(3.6) +A A Gl(DNQ(b) ®DN2(b)) : VV-f—‘/0 Vq-v

T3
T T
—|—1// VW:VV:/ Gi(f) - v,
0 Tg 0 TS

T T
/ 8tb-h—/ G2(Dp,(b) ® Dy, (w)) : Vh
(37) 0 T3 0 T3

T T
+/ GQ(DNI(W)®DN2(b)):Vh+M/ Vb : Vh = 0.
0 Tg 0 T3

Observe that, for simplicity, we suppressed all dx and dt from the space-time integrals. With
the same observations as in [5], one can easily check that all integrals involving Dy, w and Dy,b
in (3.6)—(3.7) are finite under the regularity in (3.2)-(3.3). We now prove the following theorem,
which is an adaption of the existence theorem in [5] and at the same time a slightly more precise
form of the various existence theorems available in literature for doubly viscous MHD systems.

Theorem 3.1. Assume that (3.1) holds, 0 < «; € R and N; € N, i = 1,2, are given and fized.
Then, problem (1.3) has a unique reqular weak solution.

In the proof we use the usual Galerkin method (see for instance the basics for incompressible
fluids in [30]) with divergence-free finite dimensional approximate velocities and magnetic fields.
We also point out that Theorem 3.1 greatly improves the corresponding existence result in [22] and
it is not a simple restatement of those results. Some of the main original contributions are here
the estimates, uniform in N, that will allow later on to pass to the limit when N; — +oc.

Proof of Theorem 3.1. Let be given m € N* and define V,,, to be the following space of real valued
trigonometric polynomial vector fields

Vi ={weH;: w(x)e % * =0, Vk with k| >m}.
Ts
In order to use classical tools for systems of ordinary differential equations, we approximate the
external force f with f;/,, by means of Friederichs mollifiers. Thanks to the Cauchy-Lipschitz

Theorem, we can prove existence of T,,, > 0 and of unique C' solutions w,,(t,x) and by, (¢,x)
(belonging to V,, for all ¢ € [0, T},[) to

/ OrWip, -V — G1(Dn, (W) ® Dy, (Wy,)) : VV
Tg TS

(3.8) + G1(Dpn,(bym) ® Dy, (b)) : Vv
Ts
+v Vw,, : Vv = Gi(fi/m) - v,
Tg TS
O¢by - h — G2(Dn, (b)) @ Dy, (W) : Vh
(3.9) Ts Ts
+ G2(Dn, (W) ® Dy, (b)) : Vh+ Vb,, : Vh =0,
Ts Ts

for all v,h € L2([0,T]; V).

Remark 3.1. Instead of (W, by,), a more precise and appropriate notation for the solution of
the Galerkin system would be (Wi, Ny, Ny.a1,a0s Pm, N1, Na,a1,a0)- We are asking for a simplification,
since in this section N; and a; are fixed and the only relevant parameter is the Galerkin onem € N*.



The natural and correct test functions to get a priori estimates are A1 D, (w,,) for the first
equation and As Dy, (b,,) for the second one. Arguing as in [5], it is easily checked that both are
in V,,,. Since Aj, Ay are self-adjoint and commute with differential operators, it holds:

o G1 (DN1 (Wm) Y DN1 (Wm)) : v(AAll)N1 (Wm)) dx = 0,

| Ga(Dx(bm) @ D, (b)) = V(A2 Doy (b)) i = 0.

Moreover,

i G1(Dn,(bym) ® Dy, (b)) : V(A1 D, (Wi)) dx

- . G2(DN2 (bm) ® Dn, (WM)) : V(AZDN2 (bm)) dx

+ . G2(DN1 (WM) ® D, (bm)) : V(AZDN2 (bm)) dx

. / (Diy () - V) Dy () - Dy, (Won) dix
+ / (D, (Wnn) - V) Dy (byn) - D, (by) dix
Ts

- /[[‘ (DNQ(bm) : v)DN1 (Wm) . DNQ(bm) dx=0.

Summing up the equations satisfied by w,, and b,,, using standard integration by parts and
Poincaré’s inequality combined with Young’s inequality, we obtain

[AFDR, (W) 0. + 14 D, (b))
t 1 1
(3.10) + [ 1valnd i iar+ [ 1vad D, )7 ar
< C(Jluoll, I1Boll, v~ IEll L2qo,rsm 1))

which shows that the natural quantities under control are Alé D]%\,1 (Wp,) and AQ% D]%\,2 (by,).

Since we need to prove many a priori estimates, for the reader’s convenience we organize the
results in tables as (3.11). In the first column we have labeled the estimates, while the second
column specifies the variable under concern. The third one explains the bound in terms of function
spaces: The symbol of a space means that the considered sequence is bounded in such a space.
Finally, the fourth column states the order in terms of a, m and N for each bound.

Label Variable bound order
a) |A? D3 (W), A3 D, (by) |L([0,T]; Ho) N L2([0,T]; Hy) | O(1)
b) Dy (W), Dy (bm) |L([0,T);Ho) N L2([0,T);Hy) | O(1)
¢) Dy (W), Dy (bw) [L([0,T];Hy) N L2([0,T);Ho) | O(a™?)
(3.11) d) Wi, by |L®([0,T]; Ho) N L2([0, T]; Hy) | O(1)
e) Wi, b |L%°([0,T]; Hy) N L3([0,T]; Hy) | O(a™1)
1) Dy, (W), Dn,(by,) |L°([0,T]; Hg) N LQ( 0,7T);Hy) 0(1)
9) D, (W), Dy (b)) [L([0,T]; Hy) N L2([0,T]; Hy) | O
h) ath, &gbm L2([0,T],HQ) O(Olil).

In the previous table, a« = ay for w,,, @« = as for b,,, while in h) we can take o := min{ay,as}
for both w,,, and b,,

Proof of (3.11-a) — This estimate follows directly from (3.10). Notice also that since the
11 1
operator A; > D has for symbol p}\{fk <1, then [[A} DR G1fy/m || < C|f]| and also

11 L1 L1
A7 DY, PrGial| = [P A DY, Gial| < [|A7 Dy al < [lall,



which will be used with a = ug, Byg.
Proof of (3.11-b)-(3.11-c) — Let v € Hy. Then, with obvious notations, one has

1 ~
Az VI = Y (L+ oF k)il = IV + af | Vv,
KeTy

It suffices to apply this identity to v = D]%\,1 (Wm), D]%\,2 (by,) and to v = 8¢D]%\,1 (Wm), &»D]%Vl (bm)
(1=1,2,3) in (3.10) to get the claimed result.

Proof of (3.11-d)-(3.11-e)-(3.11-f) —These are direct consequence of (3.11-a)-(3.11-b)-(3.11-c)
combined with (2.4).

Proof of (3.11-g) — This follows directly from (3.11-€), together with (2.4).
Remark 3.2. One crucial point is that (3.11-g) is valid for each N = (N1, N3), but the bound
may grow with N;.

Proof of (3.11-h) —Let us take Oyw,y,, Otb,, € V,, as test vector fields in (3.8). We get
0w+ [ Gr(V+ (D (w0) © Dy, (i) - v
Ts
vd
- / G1(V - (D (b) © Doy (b)) - Bewin + 5 [ T2 = / oty - O W,
Tg t TS
0D+ [ G2V (Do (br) © Doy (w)]) - 01D,
Ts

d
- / Go(V  [D, (W) @ D, (byn)]) - O4brm + £ (| Vb 2 = 0.
Ts

2dt

To estimate the time derivative, we need bounds on the bi-linear terms

AN, =GV - (Dn, (W) ® Dy, (Win)),
BN,m = le : (DN2 (bm) & DN2 (bm))v
CN.m = G2V - (Dn, (Wm) ® Dy, (b)).

Even if we have two additional terms, this can be easily done as in [5] by observing that, by
interpolation inequalities, both Dy, (W,,) and Dy, (by,) belong to L4([0,T]; L3(T3)3). Therefore,
by observing that the operator (V) o G; has symbol corresponding to the inverse of one space
derivative, it easily follows that AN ., BN,m, Cnm € L2([0,7] x T3)3. Moreover, the bound is of
order O(a; ') as well.

From the bounds proved in (3.11) and classical Aubin-Lions compactness tools, we can extract
sub-sequences {W,, by, }men converging to w, b € L>°([0,T]; H;1) N L?([0, T]; Hz) and such that

m
(3.12) V]VO _)V; weakly in L2([0, T]; Hy),
m —
(3.13) v:) _)v; strongly in LP([0,T); H1), Vp € [l, 0],
OtW o, — O
(3.14) 5::) - 5;: weakly in L2([0, T]; Hy).

This already implies that (w,b) satisfies (3.2)-(3.3). From (3.13) and the continuity of Dy, in
H,, we get strong convergence of Dy, (W, ), Dn,(by,) in L*([0,T] x Ts3), hence the convergence of



the corresponding bi-linear products in L2([0, T] x T3). This proves that for all v, h € L?([0,T]; H;)
T T
/ 8tw-v—/ G1(Dn,(w) ® Dy, (w)) : Vv
0 Tg 0 T3

T
(3.15) +/O | Gi(Dy,(b) ® Dy (b)) < T

T T
—I—I// VW:VV:/ Gi(f)-v
0 Tg 0 TS

T T
/ b -h— / G2(Dy,(b) ® Dy, (w)) : Vh
(3.16) 0 JTs 0 JTs

T T
+/ Go(Dy, (w) ® Dy, (b)) : Vh+u/ Vb : Vh = 0.
0 Tg 0 TS

To introduce the pressure, observe that taking the divergence of the equation for w, we get

(3.17) Ag=V-Gif+ V- Ay,

for Ay :== —G1[V-(Dn, (W)®Dn,(w)) =V (Dn,(b)® Dn,(b))]. A fairly standard application of
De Rham’s Theorem shows existence of ¢, and the regularity of Ay yields ¢ € L2([0, T]; H(Ts)).

The meaning in which the initial data are taken is completely standard and we end the proof
by showing uniqueness: Let (wy, b1) and (w2, bs) be two solutions corresponding to the same data
(ug, By, f) and let us define, as usual, W := w; — wy and B := b; — by. By standard calculations
(mimicking those employed in [5]), we get

1d

5E(I\AED?V1(W)II2 + HASD?Vz(B)HQ) +V|[VAZDZ W)|? + u|VA; DZ, (B)|?

- / (Dy(B) - V) D, (by) - D, (W) — / (D, (W) - V)Di, (w1) - Do, (W)

" / (D, (B) - V) D, (w1) - D, (B) - / (D, (W) - V) D, (by) - Dy, (B),

< 2| D, (B)|| all Day W 14 IV Dy (b1) [ 12 + [ D, W74l VD v, (W) 2,

+ D, (B) |71V D, (w1) [ 2

< 2| Dy, B)IM | Dv, V) |14V Dv, (B) |41V Doy, (W) |[/4 ([ V D, ()|

+ 1D, W) M2V D, V) 1PV Dy, (w)l| + | Doy (B) |2 [V Doy (B) [PV Dy, (wa) |-
= (N; + 1), the bound of wy,b; in L>®([0,7]; Hy), and Young’s inequality, we

obtain
S (14F DA, VI + 143 DF, B)IP) + —|\VA2D2 o I+ —||VA2D2 (B)|2
<O+ 1) (sup vwal* ) [ 14f DR, W)IF + 5143 DA, 817
+C(N2+1)4(§;18||Vb1|\ )W[H@D;(W)”u”AED]%JB)”Q]'

In particular, we get

1d

577 AT DR, OV)I” + [[AZ DR, (B)]I”) < M(||Af DX, W)II* + 143 D, (B)II*],

where

M = (max{— —}) [N1—|—1 (iggHVWl”‘*) —|—(N2+1)4(igg|\vb1||4)].

Smce the initial Valueb W(0) = B(0) are vanishing, we deduce from Gronwall’s Lemma that
A D2 (W) = A D2 ,(B) = 0 and we conclude that W = B = 0. O



Remark 3.3. The same calculations show also that the following energy equality is satisfied

| =

33 2 33 2 33 2 s 2
(1A D3 (w)|I? + |A3 D, (b)|I?) + v|[VAE DR (w)||> + ul[VA3 D (b)]]

|~
U

t
= (43 D§, (G1f), A7 D§,, (w)).

As we shall see in the sequel, it seems that it is not possible to pass to the limit N — +oo directly
i this “energy equality” and some work to obtain an “energy inequality” is needed.

4 Passing to the limit when N — oo

The aim of this section is the proof of the main result of the paper. For a given N € N, we denote by
(Wn, by, qn) the unique “regular weak” solution to Problem 1.3, where N = min{Ny, No} — +c0.
For the sake of completeness and to avoid possible confusion between the Galerkin index m and
the deconvolution index N, we write again the system:

own + V- G1(Dn,(Wn) ® Dy, (Wn)) =V - G1(Dn,(bn) ® Dy, (by))
+ Vgny — vAwy = Gif in [0,7]x Ts,

(4.1) Obn + V- G2(Dn,(bn) @ Dy, (Wn)) = V- G2(Dn, (Wn) @ D, (by))
' —puAby =0 in [0,7] x Ts,

V-wy=V-by=0 in [O,T]XT;;,

(WN,bN)(O,X) = (GluO,GQBo)(X) in Tg.

More precisely, for all fixed scales ay, @y > 0, we set

wy = Hm W N Nyoma

and similarly for by.

Proof of Thm. 1.1. We look for additional estimates, uniform in N, to get compactness properties
about the sequences {Dn, (Wx ), Dn,(bn)}ven and {wx, by} ven. We then prove strong enough
convergence results in order to pass to the limit in the equation (4.1), especially in the nonlinear
terms. With the same notation of the previous section, we quote in the following table the estimates
that we will use for passing to the limit. The Table (4.2) is organized as (3.11) and & = min{ay, az}.

Label Variable bound order

a wy, by L>([0,T]; Ho) N L*([0,T); Hy) 0(1)
b wy, by LOO(O,T;Hl)ﬂLg( O,T;Hg) O(Ozil)

(42) [ ¢ Dw(wa), Dn,(by) (0, T]; Ho)  L*(0. 7] Hy) | O(1)
d 8,5WN, O:bn LQ([O,T] X Tg)g O(Oz_l)
e gy |L*([0,T]; H'(T5)) N L7([0, T|; W*5/°(T3)) | O(a™")

f atDNl (WN)v 8tDN2(bN) L 3([07T];H—1) O(l)

Estimates (4.2-a), (4.2-b), (4.2-c), and (4.2-d) have already been obtained in the previous section.
Therefore, we just have to check (4.2-e) and (4.2-f).

Proof of (4.2-e) — To obtain further regularity properties of the pressure we use again (3.17).
We already know from the estimates proved in the previous section that Ay € L2([0,T] x T3)3.
Moreover, classical interpolation inequalities combined with (4.2-¢) yield Dy, (wn), Dn,(bn) €
LY/3([0,T] x T3). Therefore, Ay € L%3([0, T]; W5/3(T3)). Consequently, we obtain the claimed
bound on gy

10



Proof of (4.2-f) — Let be given v, h € L*([0,T]; H1). We use Dy, (v), Dy, (h) as test functions.
By using that d,w, d;b € L?([0,T] x T3)?, Dy, commute with differential operators, G; and Dy,
are self-adjoint, and classical integrations by parts, we get

(8tWNa DN1(V)) = (8tDN1(WN)aV)

v(Awn, Dy, (V) + (DN, (W) ® Dy, (Wn), G1Dn, (VV))
— (DN, (bn) ® D, (bn), G1 DN, (VV)) + (Dn, (Gif), v),

(8th7 DN2 (h)) = (8tDN2 (bN)a h)
= w(Aby, D, (h)) + (Dn,(bn) @ Dy, (Wn), G2 DN, (Vh))
— (DN, (Wn) ® D, (bn), G2Dn, (Vh)) .
We first observe that

[(Awn, D, (v))| = [(VDN(WN), VV)
|(Aby, D, (h))| = [(VDy,(by), Vh)
and that the L2([0,T]; H*(T3)?) bound for Dy, (wx), Dn,(by) implies that Cy(t) € L*([0,T)),
uniformly with respect to N € N. Therefore, when we combine the latter estimates with the
properties of Dy, we get, uniformly in N,
[(0:Dn, (Wn ), V)| + (9 D, (b)), V)]
< (C1(t) + Co() IVIl1 + (HC1 () + Ca()) [I]lx + |2, )]l € LY*(0, T).

1OVl

| <C
| < Ci(®)][hlly,

From the estimates (4.2) and classical rules of functional analysis, we can infer that there exist
w,b € L>=([0,T];H,) N L*([0, T); Ha),
21,22 € L([0,T]; Ho) N L*([0, T]; Hy),
g € L*([0,T); H'(Ts)) 0 L*/3([0, T]; W*/%(Ts))

such that, up to sub-sequences,

e weakly in L2([0,T]; Hy),
bN—>b weakly* in L>([0,T]; Hy),
N strongly in LP([0,T]; Hy) Vp € [1,00],

giﬁvjjj gf weakly in L2([0,T] x Ts),
weakly in L?([0,T7; Hl)

weaklyx in L>°(]0,T]; Ho),

strongly in LP([0,T] x T3)3 Vpell,10/3],

l)N1 (WN) — Z1
DN2(bN) — Z9

8,5DN1 (WN) — 8tz1

; 4/3 .
5,5DN2 (bN) — 3tz2 Weakly in L ([Oa T]7 H—l),

qN — q weakly in L2([0, T]; H*(T3)) N L>/3(]0, T]; W25/3(T3)).

We notice that
Dy, (Wn) ® Dy, (Wy) — 21 ® 21 strongly in LP([0,7] x T3)° Vp € [1,5/3],
(4.4) Dn,(by) ® Dy, (by) — 22 ® 25 strongly in LP([0,T] x T3)° Vp € [1,5/3],
Dy, (Wn) ® Dp,(by) — 21 ® 2o strongly in LP([0,T] x T3)® Vp € [1,5/3],

while all other terms in the equation pass easily to the limit as well. By using the same identification
of the limit used in [5], we can easily check that z; = A;w and zy = A3b, ending the proof. O

11



By using well established results on semicontinuity and adapting calculations well-known for
the NSE, we can prove that the solution (w, b) satisfies an “energy inequality.”

Proposition 4.1. Let be given ug, By € Hy, f € L2([0,T];Hy), and let {(wn,bn,qn)}nen be
a (possibly relabelled) sequence of regular weak solutions converging to a weak solution (w,b,q)
of the filtered MHD equations. Then (w,b) satisfies the energy inequality (1.5) in the sense of
distributions (see also [13, 18, 39]). This implies that (w,b) is the average of a weak (in the
sense of Leray-Hopf) or dissipative solution (u,B) of the MHD equation (1.1). In fact, the energy
inequality can also be read as

1d

2.dt
Proof. The proof is a straightforward adaption of the one in [5]. We start from the energy equality
for the approximate model as in Remark 3.3 and we observe that the same arguments as before

show also that 1o "
Dy, (wn) = Ay (w)
DY (by) — Ay*(b)

= ([ull* + B]*) + v[[Vu* + u| VB|* < (f,u).

} weakly in L2([0, T]; Hy).

Next, due to the assumptions on f, we have Af1/2 1/2f — f strongly in L2([0, T]; Hp) and, since

for all N € N we have wy(0) = G1u(0) € Hy and bN( ) = G2b(0) € Hy, we get
t
GMWDW( N0+ [143°D W<wa%+/(a”2”%>AWDW< N))ds
0

N [e'S) 1 t
=5 LA O + [ A4DO)) + [ (6 Aw)ds
0
Next, we use the elementary inequalities for lim inf and lim sup to infer that

mmm>wAWD”% MO + 1143 DY (o) (1)]12)
N—)Jroo

+mmm<l/nv&”1”< xnﬁw+u/|vm”DW<wa2w)

N —+4oc0

< %(HAlw(O)HQ-FHAQb(O)HQ) +/O (f(s), Aiw(s)) ds.

By lower semicontinuity of the norm and identification of the weak limit, we get the thesis. O

5 Results for the second model

In this section, we consider the following LES model for MHD, which is based on filtering only the
velocity equation (and on the use of deconvolution operators):

ow + V- Gl(DNl(w) ® DNl(W)) —-V-Gy (B ® B) + Vq — vAw = Gif,

OB+ V- (B®Dy,(Ww)) = V- (Dn,(w)®B) — uAB =0,

V-w=V-B=0,

w(0,x) = Giup(x), B(0,x) = By (x),

(5.1)

and we will work with periodic boundary conditions. A similar model in the case without decon-
volution has been also studied in [9)].
Here we take ag = 0, so that b =B and Ay = G2 = I, and Ny =0, so that Dy,B =1B = B.
We set for simplicity
a=a; >0, G=Gy, AZAl, N = Nj.

The first aim of this section is to show the changes needed (w.r.t Thm. 3.1) to prove the existence
of a unique solution to the system (5.1) for a given N € N, when we assume that the data are such
that

(5.2) u € Hy, BocHy, and fe L*([0,T]x Ts),

12



which naturally yields Giug € Ha, G1f € L?([0,T]; Ha).
We start by defining the notion of what we call a “regular weak” solution to this system.

Definition 5.1 (“Regular weak” solution). We say that the triple (w,B,q) is a “reqular weak”
solution to system (5.1) if and only if the three following items are satisfied:
1) REGULARITY

(5.3) w € L*([0,T); Hy) N C([0,T]; Hy), B <€ L*([0,T); H;) N C([0,T]; Hy),
(5.4) orw € L*([0,T]; Hy), 0:B € L*([0,T);H_,),
(5.5) g € L*([0,T]; H'(T3)),

2) INITIAL DATA

(5.6) lim [[w(t,-) = Gruolle, =0, lim [[B(Z,-) = Bolle, = 0,

3) WEAK FORMULATION: For all v,h € L?([0,T]; H*(T3)?),
T T
/ atw-v—/ G1(Dn,(w) ® Dy, (w)) : Vv
0 Tg 0 TS

T T
(5.7) +/ Gl(B®B):Vv+/ Vq-v
0o J1s 0

T3
T T
—|—1// VW:VV:/ /(Glf)-v,
0 Ts 0 Ts

/OT TgatB.h_/OT/Tg(B@DNl(W)):Vh

(5.8) T T
- /TS(DNl(w)QQB):Vh—HA/O [ vB:vh -0

Remark 5.1. Due to the certain symmetry in the equations, it turns out that B has the same
reqularity of Dyw (not that of w).

All terms in the weak formulation are well-defined. Indeed, the only term to be checked (which
is different from the previous section) is the bi-linear one involving B € L*([0,T7]; L?(T3))? and
Dy (w) € L>=([0,T]; L5(T3))3. To this end, we observe that

T T
[ [ BeDym) V< C [ [BOs D) O] ThO)1:
0 T3 0

< Cr|IBllza(o,71;.8) 1PN (W) || o< jo,77:26) | V| L2 (0,77 L2) -

We have now the following theorem showing that system (5.1) is well-posed.

Theorem 5.1. Assume that (5.2) holds, & > 0 and N € N are given. Then, Problem (5.1) has a
unique reqular weak solution satisfying the energy inequality

d 11 1.1 _
E(llx‘1217j‘§;(v‘/)||2 +B[?) + v[|VA2 DR (w)|1? + | VBI* < C([luoll, [IBoll, v~ £l 20,238 1))

Proof. We use the same notation and tools from the previous section and the main result can be
derived from the energy estimate. We just give some details on the estimates which are different
from the previous case, since the reader can readily fill the missing details. We use Dy (w,,) in
the first equation and B,, in the second one as test functions to obtain

1d

1/2 1/2
5= (142D (W) I2 + [Bunl2) + IV A DY (W) + ul VB

= (AY2D* (G )m), AV2 DY (W)
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Then, by using the same tools employed in the previous section, we have the following estimates.

Label Variable Bound Order
a) |A3Di(win), Bu |L(0, T);Hy) 0 L2([0, T Hy) | O(1)
b) Dy (W) [L([0,T); Ho) N L2([0,T]: Hy) | O(1)
0) D2 (W) |L([0,T); Hy) N L2([0,T); Hy) | O(a™Y)
d) W |L2(0,T]; Ho) N L%([0,T): Hy) | O(1)
(5.9) e) W |L2([0,T]; Hy) N L2([0,T]; Hy) | O(a™ )
f) Dy (W) [L([0,T];Ho) N L*([0, T]; Hy) | O(1)
9) Dy (W) |L>([0,T); Hi) N L*([0, T}; Ha) | O(XTH)
h) O W, L?([0,T7]; Hy) O(a™1).
i) 0B, L*([0,T); H_4) O((N;rll/)21/4)

The estimates (5.9-a)—(5.9-h) are the exact analogous of the corresponding ones from (3.11).
What it remains to be proved is just (5.9-1). Let be given h € L?([0,T]; H;); then

(8:Bm,h) = —u(VB,,, Vh) + (B,, ® Dn(wy,), Vh) — (Dy(Wy,) ® By, Vh).
Hence we obtain, by the usual Sobolev and convex interpolation inequalities,

(0B, W) < pl[ VB[ [V + 2[|By| Lo | Dn Wi [ 3| V]|
< VBl (1 + CIIDN W |[Y2V Dy woa | /2) [ V]

Next, by employing estimates (5.9-a)-d)-f)-g), we get

T
/ (0B, h) dt
0

< ||Bm||L2 ([0,7]:H1) (,LL + HDN(WM)HLOO( 0,7]; HO)HVDN(Wm)HLao( [0,TY; HO))HVhHLQ([QT];L?)v
(N +1)1/4
< C(u+ T) IVh| 220,77 L2)-

These estimates are enough to pass to the limit as m — +oo and to show that the limit (w,B) is
a weak solution which satisfies

T T T
/0 . oW - v —/ N G(Dn(w)® Dy (w)) : Vv+/0 s GB®B):Vv

T
+Z// Vw : Vv—/ G()- v
Ts Ts

/ B -h— / (B® Dy(w)): Vh
0 Tg TS

+/ (DN(W)®B):Vh+u/ VB :Vh=0.
Ts 0 Ts

(5.10)

(5.11)

The introduction of the pressure follows exactly as in the previous section, while the uniqueness
needs some minor adjustments. Let in fact (w1,B1) and (ws, Bs) be two solutions corresponding
to the same data (ug, By, f) and let us define as usual W := w; — wy and B := B; — By, We will
use ADy(W) and B as test functions in the equations satisfied by W and B, respectively. Observe
that, by standard calculations, ADy (W) lives in L%([0,T] x T3)3, while B € L?([0,T];H;y). In
order to justify the calculations — those for the velocity equation are analogous to the previous
ones — first observe that, for any fixed order of deconvolution NV,

(IB@I = 1BO)%),

N =

t
/ (OB, By, 1, =
0
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since the duality is well-defined thanks to (5.9-a)-1). We formally write the distributional expression,
keeping the time derivative, and we get the following equality (to be more precise, one should write
directly the integral formula, after integration over [0,¢], but the reader can easily fill the details):

;i(HAl/QDl/Q( 2+ 1B]?) + v VAY2D W) + pl| VB2
= —((Dy(W) - V)Dy(w1), Dn(W)) + ((B-V)By, Dy(W))
— ((DNOW) - V)Bu, B) + ((B-V)Dy(w1), B)

::Il+12+13+14.

Now, we need to estimate the four integrals in the right-hand side. The estimates are obtained by
using the standard interpolation and Sobolev inequalities together with the properties of Dy. We
have:

C(N + 1) sup, || Vwi |

L] < ev|| VAV DY W) + 3

|AY2DY? (W),

[To| < ||IB||La[VDN W) L4 |IB1|
< C|IB|[**| VB34V D V)|V ADN (W)[[>/4 By |

N1
< Uy ssoat/ 4 T DY W) a4 A DY W)/ B |
N1
SC%||B||1/4||vzs'|\3/4||Al/2D”2< AV A2 00 [/ B |
C-(N +1)*/5 1/2 1/2
2 2/5 1/2 2/5 1/2 6/5 8/5
<eu|VB| +WHBH PIAYZDNEOW)|PP||V AV D (W) By ¥/
C-(N +1)?
< eu|VBI? + ev| VAYZDP(W)|1? + WHBH 1AY2D W) B
C.(N +1)?

< eu||VB|? + ev|| VAY2DY 2 V)% + IBA*(IBI? + [|AY2 D> (m)|1?).

11372137204

13| < [[DNOV) L= VB [[Bi]]
< CIVDNO)IV2IADN (W) 2V B] || Bl

N +1
< OQHAWDW( V2V AY2 D2 W) | V2|V B] ||By|
C.(N +1
< el VBI? + ¥||AWDW< W) [VAY2DY2(W) | 1B,

C.(N+1
G+ V%) 1o 412D Y2 o) 2,

< ep||VB|* + ev| VA2 DA (W) +
|| < B3| VDN (W) < CBI2[VBP2(N + 1) Vw |

C(N+1)
3

< epl|VB|* + V7w [*1B]1*

We then set e = 1/6 and, by collecting all the estimates, we finally obtain

d 1/2 1/2 1/2

Z(IA2DY2 OV + [BI?) + vV AY2DY? W) + wl VB|? < CM (| 4DY> W) + 1BIP),
where

M = (N + 1)* maxsup
>0

{IIVVH(UH4 Vw1l _[B1(®)]* I\Bl(t)l\“}.

3 ’ 113 3232087 2ok

An application of the Gronwall’s lemma proves (for any fixed N) that ||Al/2D]1\,/2 (W) +11B]|*> = 0;
hence, by using the properties of A and Dy exploited before, we finally get W = B = 0. O
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We can now pass to the problem of the convergence as N — +o0, proving the counterpart of
Theorem 1.1.

Theorem 5.2. From the sequence {(Wn,Bn,qn)}nen, one can extract a sub-sequence (still de-
noted {(wn,Bn,qn)}Nen) such that

weakly in L?([0,T]; Ha),
WN — W weaklyx in L>°([0,T]; Hy),
strongly in LP([0,T]; Hy) Vp € [1,00],

weakly in L*([0,T]; Hy),
By — B weaklyx in L>°([0,T]; Hy),
strongly in LP([0,T] x T3)3 Vp € [1,10/3],
v — ¢ weakly in L*([0, T); H'(Ts)) N L%3([0, T]); W5/3(Ty)),
and such that the system
ow+ V- -G(Aw @ Aw) —V-G(B®B) +Vqg—vAw = f,
V-w=V-B=0,
0B+V - (B®Aw) -V (Aw ® B) — uAb =0,
w(0,x) = Gug(x), B(0,x) = Bo(x)

holds in distributional sense and the following energy inequality is satisfied:

(5.12)

1d
5 (LAW[ + [bI]2) + ][V Aw|? + | b < (£, Aw).
Proof. This result is based on the following estimates and from compactness results.
[Label | Variable | Bound | Order |
CL) WN LOO(O T]; Ho)ﬂL2(07T7H1) O(].)
b) W L=(0,T]; Hy) N L%([0, T]; Hy) | O(a™ D)
(513) C) DN(WN), Bn LOO(O T Ho)ﬂL2(07T7H1) (1)
d) an |L2([0, T]; HY(Ts)) 0 LO3([0, T); W25/5(Ts)) | O(a” )
e) hwWN L3([0,T];Ho) | O(a™ 1)
f) |0:Dn(wn), 0:Bn LA3([0,T;;H_1) | O(1)

The only new bound here is represented by the one for 9;By from (5.13-f). In fact, by the usual
interpolation inequalities, we get

[(0: By, h)| < pl[ VBN | [IVh| + 2Byl 4] Dy (W)l 2+ | Vh]|
< (1| VBN + CIBN Y VBN D (W) V41V D (wa)[I4) [ Vh.
Next, by employing estimate (5.13-c), we get
@By, h)| < (e VB + VBN |[**[V D (wn)|[*/*) [ Vh],
and since both VBy, VDx(w) € L%([0,T]; L*(T3)?), we can show that

T
/ (0:Bn,h)dt SMHVBN||L2([0,T];L2)HVhHLQ([&T];N)
0

+ CHVBN” 2([0,T); L2)HVDN( )N” [0 T); L2)HVhHL4 ([0,77;L2) »

thus proving that 9By € L*3([0,T]; H_;), independently of N.

The limit N — 400 can be studied as in the previous section. In addition to the same estimates
proved before, from the bound on the time derivative of B we obtain that By — B in LP([0,7]; Hy),
Vp € [1,00[, and reasoning as in (4.4) we get

Dn(wn) ® Dy(wy) — Aw ®@ Aw  strongly in LP([0,T] x T3)? Vp € [1,5/3],
By @By — B®B strongly in LP([0,T] x T3)° Vp € [1,5/3],
Dn(wy)®By — Aw® B strongly in LP([0,T] x T3)° Vp € [1,5/3].
Finally, the proof of the energy inequality follows the same steps as before. O
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