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Hereditary Polytopes
Mark Mixer, Egon Schulte and Asia Ivi¢ Weiss

With best wishes to our friend and colleague Peter McMullen.

Abstract Every regular polytope has the remarkable property thabiiits all sym-
metries of each of its facets. This property distinguisheataral class of polytopes
which are called hereditary. Regular polytopes are by dafinhereditary, but the
other polytopes in this class are interesting, have passipplications in modeling
of structures, and have not been previously investigatbid. Japer establishes the
basic theory of hereditary polytopes, focussing on theyamabnd construction of
hereditary polytopes with highly symmetric faces.

1 Introduction

In the classical theory of convex polyhedra, the Platonid Archimedean solids
form a natural class of highly symmetric objects. The symmygtoup of each of
these polyhedra acts transitively on its vertices. If wérigtso those solids whose
symmetry groups also act transitively on their edges, améyregular polyhedra,
the cuboctahedron, and the icosidodecahedron remaine flodégopes all have the
distinguishing property that every symmetry of their palpgl faces extends to a
symmetry of the solid. In fact, if we look for convex “hereatiy” polyhedra (those
having this property of inheriting all the symmetries of ithiaces) with regular
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faces, we find that vertex and edge transitivity is impliesi@ shall see in a more
general setting in Section 4).

It is natural to generalize this idea of hereditary polylzetdr the setting of ab-
stract polytopes of any rank. In this paper we study thosgtppés that have the
property of inheriting all symmetries of their facets. Themhal definition of a
hereditary polytope can be found in Section 2, along witreotiasic notions re-
quired for the understanding of this paper.

An abstract polytope of rank 3 can be seen as a map, that ieh@bedding of
a connected graph into a closed surface. Regular and chaad imave been studied
extensively in the past (see for example [3], [8]), and fornatural class of highly
symmetric maps. In some older literature, chiral maps doeléal as regular, as
locally they are regular in the following sense. The symgngtoup of a chiral map
acts transitively on the vertices, edges, and faces, anthéps have the maximal
possible rotational symmetry. However, none of the refteai symmetry of any
of the faces of a chiral map extends to a global symmetry. &fbez chiral maps,
although highly symmetric, are not hereditary in our sense.

The non-regular hereditary maps are the 2-orbit maps whizhertex and edge
transitive. This type of map has been extensively studied sr example[[10],
[34],[27]). It will be shown that certain 2-orbit polytopesll always be heredi-
tary (see Theorefd 2). However, the characterization ofditry polytopes of rank
greater than three is complex.

In Section 3, we consider how various transitivity propestof the facets affect
the transitivity properties of a hereditary polytope. 8t# deals with polytopes
with regular facets, with an emphasis on hereditary polyhebh Section 5, we
consider polytopes with chiral facets, and prove the emtsteof certain hereditary
polytopes of this type. In Section 6, some questions reggrtlie extensions of
hereditary polytopes are considered. We conclude withef baction which sug-
gests some interesting problems for related work.

2 Basic notions

Following [19], apolytopeZ of rankn, or ann-polytope is a partially ordered
set of faces, with a strictly monotone rank function haviagge{—1,...,n}. The
elements o with rank j are calledi-faces typically F; indicates g-face. Achain
of type{is,...,ik} is a totally ordered set faces of ranis, ...,ix}. The maximal
chains ofZ are called flags. We require that have a smallest—1)-faceF_4, a
greatesn-faceF, and that each flag contains exaatly- 2 faces. Also,# should
be strongly flag-connectedhat is, any two flagsp and ¥ of & can be joined
by a sequence of flag® := @g, @y,..., D =: ¥ such that eacl®h;, and &, ; are
adjacent(in the sense that they differ by just one face), @ W C @; for each
i. Furthermore, we require the following homogeneity properhenever < G,
with rank(F) = j — 1 and rankG) = j + 1, then there are exactly twjefacesH with
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F < H < G. Essentially, these conditions say thi# shares many combinatorial
properties with the face lattice of a convex polytope.

If @ is a flag, then we denote thi@djacent flagby @', that is the unique flag
adjacent to and differing from it in the face of rank More generally, we define

@®l': otherwise in generatp’ # @i,

The faces of rank 0, 1, ami— 1 are calledvertices, edges, and facetespec-
tively. We will sometimes identify a fac&},_; with the sectiori,_1 /F_1 when there
is no chance for confusion. K is a vertex, the sectiof,/F := {G|F <G < F,}is
called thevertex-figureof &7 atF. A polytope is said to bequivelarof (Schlafli)
type{pa,...,pn-1} if each sectiorF 1 /F_» is combinatorially equivalent to g;-
gon. Additionally, if the facets of” are all isomorphic to afin — 1)-polytope.z”
and its vertex-figures are all isomorphic to @ 1)-polytope.Z, then we say?
is of type{.#",.#}. (This is a small change of terminology from[19].)

The set of all automorphisms o? is a group denoted bff (#?) and called the
automorphism groupf £2. For 0< i < n— 1, ann-polytope & is calledi-face
transitiveif I (&) acts transitively on the set 6faces ofZ. In addition,’ is said
to be{0,1,...,i}-chain transitiveif I (4?) acts transitively on the set of chains of
Z of type{0,1,...,i}.

A polytope 2 is said to baegularif I (£?) acts transitively on the flags, that is
if #is{0,1,...,n—1}-chain transitive. The automorphism group of a regualar
polytope is known to be string C-group(a smooth quotient of a Coxeter group with
a linear diagram, which satisfies a specified intersectiowition), and is generated
by involutionspy, ... ., pn—1, Which are called thdistinguished generatoessociated
with a flag ®, and defined as follows. Eagh maps® to ®'. These generators for
a polytope of Schlafli typépa, ..., pn_1} satisfy relations of the form

(pipj)pij:eforiaj:Ov"'an_lv (1)

wherep; =1, pij = pji := p; if j =i+ 1, andpjj = 2 otherwise. When the sec-
tionsF,_1/F_1 of a polytopeZ” are themselves regular, we way thtis regular-
facetted

A polytope & is said to bechiral if there are two orbits of flags under the action
of I (£?) and adjacent flags are in different orbits. In this case,rgavdlag® =
{F_1,...,F} of & there exist automorphisms, which are also called diststad
generatorsgs, ..., 0,1 0f & such that eacls; fixes all faces inb\ {F_1,F} and
cyclically permutes consecutiviefaces of & in the rank 2 section oF;1/F_».
Each chiral polytope comes in twenantiomorphic formsone associated with a
base flagb and the other with any of its adjacent flags. When the seckgng/F_;
of a polytopeZ” are themselves chiral, we say th#tis chiral-facetted

A polytope & is said to bek-orbit if there arek orbits of flags under the action
of ' (£2). In the case of 2-orbit polytopes, ifadjacent flags are in the same orbit
fori el and in different orbits for & |, then we say tha#”’ is in theclass?2,.

Finally, a polytopeZ is calledhereditaryif for each facet~ of & the group
I (F/F_1) of the corresponding sectidty F_1 is a subgroup of (£); in fact, then
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' (F/F_1) is a subgroup of g (4?), the stabilizer o in ' (7). More informally,
& is hereditary if every automorphism of every faBe¢xtends to an automorphism
of & which fixesF.

3 Transitivity on faces

We begin with a number of basic properties of hereditary foggs which have
highly-symmetric facets.

Proposition 1. If an n-polytope? is hereditary and each facet{9, 1,...,i}-chain
transitive for some i with K n— 2, then4? is {0,1,...,i}-chain transitive, and
hence the i-faces of? are mutually isomorphic regular i-polytopes.

Proof. Let @ and¥ be two chains of” of type {0, 1,...,i}. SinceZ? is strongly
flag-connected and< n— 2, there exists a sequenge:= @y, @,,..., P = Y of
chains of type{0,1,...,i} such that, forj = 1,... k, all faces of®;_1 and ®; are
incident to a common facéd;. As each facet is transitive on chains of this type,
there is an automorphism &f; mapping®;_; to ®;. These automorphisms of the
facetsH; are also automorphisms 6?, and their composition maggto . 0O

In much the same way we can also prove the following proposithgain ap-
pealing to the strong flag-connectedness.

Proposition 2. If an n-polytopeZ? is hereditary and each facet is i-face transitive
for some i with i< n— 2, then &2 is i-face transitive. In particular, if each facet is
vertex transitive, ther” is vertex transitive.

Proof. Join any twoi-faces of & by a sequence adffaces in which any two con-
secutivei-faces lie in a common facet. Then proceed as in the previmgf.p O

Propositior 1L also has the following immediate consequence

Proposition 3. If an n-polytope?” is hereditary and each facet is regular, then the
(n— 2)-faces of &2 are all regular (n — 2)-polytopes mutually isomorphic under
isomorphisms induced by automorphismg/f

Our main interest is in hereditary polytopes all of whosefaare either regular
or chiral. The following theorem says that any such polytopest have its facets
either all regular or all chiral. In other words, the “mixedse” does not occur.

Theorem 1. If &2 is a hereditary polytope with each facet either regular oirah
then either each facet ¥ is regular or each facet o is chiral.

Proof. Suppose? has at least one regular facet. We prove that then each facet o
& must be regular. By the connectedness propertie® dof suffices to show that
each facet adjacent to a regular facet must itself be regular
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Let H be a regular facet, and lét’ be an adjacent facet meetikgin an (n—
2)-faceG. Let Q be a flag ofH /F_; containingG. SinceH is regular, its group
I (H/F_1) contains a “reflectionpf! which mapsQ to Q°, the 0-adjacent flag of
Qin H/F_;. SinceZ is hereditaryp}j extends to an automorphism 6#, again
denotedp}!, which takes the flag := Q U {F,} of & to ¥°. But pf! fixesH and
G, so must necessarily fild’ as well and hence belong fo(H’/F_1). Moreover,
pt! maps the flag2’ := (Q \ {H})U{H'} of H'/F_; to its 0-adjacent flagQ’)°.
Thusr (H’/F_1) contains an element which takes a flag-8fF_1 to an adjacent
flag. On the other hand, each facet®fis regular or chiral, séi’” must necessarily
be regular. Bear in mind here that a chiral polytope doesawitan automorphism
mapping a flag to an adjacent flaga

A hereditary polytope with some of its facets regular, neetihave all of its
facets regular. This is illustrated by the example of theissgmlar tessellation7
of Euclidean 3-space by regular tetrahedra and (vertemgated regular tetrahedra.
This tessellation is related to the Petrie-Coxeter polyted6,6|3}. The facets
(tiles) of 7 are of two kinds, namely (regular) Platonic solids and (sequilar)
Archimedean solids, or more precisely, truncated Platealitls. This tessellation
is a hereditary 4-orbit polytope of rank 4.

More examples arise in a similar way from the semiregulaaiations of the 3-
spheres? or hyperbolic 3-spacH? related to the regular skew polyhedi, 2m|r}
in these spaces. Their tiles are Platonic sofids} and (vertex) truncated Platonic
solids{l,r}. These tessellations can be derived by Wythoff’s constnapplied
to the spherical or hyperbolic 4-generator Coxeter grouh square diagram

r

®
(2)

C r

More details, including a list of the various possible clesiforl,m,r, can be found
in [5,[17,[24]. The semiregular tessellatioh in E3 mentioned earlier is obtained
in a similar fashion from the Euclidean Coxeter group givgnte diagram in[(R2)
withl =m=r =3.

4 Hereditary polytopeswith regular facets

In this section we investigate hereditary polytopes whihragular-facetted. We
show that each such polytope is either itself regular or a&#-polytope.



6 Authors Suppressed Due to Excessive Length

4.1 Flag-orbits

We begin with the following observation.

Proposition 4. Let &2 be a regular-facetted hereditary n-polytope. If there &x&n
(n—3)-face F such that its co-face - is a g-gon with q odd, thes? is a regular
n-polytope of Schifli type {p1,...,Pn-2,9}, where{ps,...,pn_2} is the Schafli
type of any facet af”.

Proof. The proof exploits the fact that for odgthe dihedral groufq has just one
conjugacy class of reflections. Geometrically speakingigeans that the reflection
mirror bisecting an edge of a convex regutpgon also bisects the angle at the
opposite vertex. This conjugacy class then geneiges

First observe that, by Propositibh 2, the grdu@?) is transitive on thé¢n — 3)-
faces ofZ sinceZ” has regular facets. (This already implies tbathco-face of an
(n—3)-face is ag-gon.) Now, if we can show that the stabilizer of @ 3)-face in
I (2) acts transitively on the flags o containing tha{n— 3)-face, then clearly
I (&) acts flag-transitively o and hence? must be regular.

Now supposé- is an(n— 3)-face such thak,/F is ag-gon. Clearly, since the
facets of# are regularfF is also regular and its group(F /F_1) is a subgroup of
the automorphism group of any facet of that containd=. Moreover, since? is
hereditary/ (F /F_1) is also a subgroup df (&) acting flag-transitively ofr /F_1
and trivially onF,/F.

On the other hand, Hi is any facet of2? containingF, then there exists a unique
involution Priz (say) inl" (H/F_1) which fixes a flag of /F_; and interchanges the
two (n— 2)-faces ofH containingF. Now, sinceq is odd, the reflectionpr*]iz, with
H a facet containing-, generate a subgroup isomorphic to the dihedral gidyp
Hence, since this subgroup acts flag-transitivelfrg/F and trivially onF /F_4, it
can be identified with™ (Fn/F).

Thenl=(2) =T (F/F_1) x I (Fy/F), andle (&) acts transitively on the flags
of & that contairF. O

The following theorem says that the hereditary polytopdh vagular facets fall
into two classes.

Theorem 2. A regular-facetted n-polytope is hereditary if and onlyt isiregular or
a 2-orbit polytope in the clas®(g; . n-2;-

Proof. Let & be a regular-facetted hereditanpolytope. As beforeZ is (n— 3)-
face transitive. LeF be any(n— 3)-face of 2. We must show that the stabilizer
e (22) has at most two orbits on the set of flags#f containingF. SinceF is
regular and?? is hereditary/ (F /F_1) is again a subgroup d& (&) acting flag-
transitively onF /F_1 and trivially onF,/F.

As in the previous proof, for each fackt of &2 containingF, there exists a
unique involutionp{! , (say) inl" (H/F_1) which fixes a flag of /F_; and inter-
changes the twgn — 2)-faces ofH containingF. Suppose the co-fade,/F is a
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g-gon, allowingq = . By Propositiori #, ifg is odd, then?? is regular and we are
done.

Now suppose? is not regular. Them is even orq = . In this case the sub-
groupA of e (Z?) generated by the involutiorrﬁ'ﬁz, with H a facet containingr,
is isomorphic to a dihedral groupy, »; when restricted to th@-gonal co-facé/F,
these involutions;):]"f2 generate a subgroup of index 2 in the full dihedral automor-
phism grouq of F,/F. HenceA, restricted td5,/F, has two flag-orbits oft, /F.
It follows thatlr (£?) =T (F/F_1) x A, and that= () has two orbits on the flags
of & that contairF-. ThusZ? is a 2-orbit polytope. Moreover, sinc? is hereditary
and the facets of are regular[” (£?) contains the distinguished generators for the
group of any facet of?, so & is necessarily of type,2vith {0,...,n—2} C 1. On
the other hand, sinc#” itself is not regular, no flag can be mapped ontdiits- 1)-
adjacent flag by an automorphism&f. HenceZ” must be a 2-orbit polytope in the
class 201,..n-2}-

Conversely, if? is in the class & 1. n-2), then it has regular facets, and since
all flags that contain a mutual facet are in the same orb#,hereditary.

O

.....

Schlafli symbol of the form

{pla---7pn—37 g::zz }a

where{ps,..., Pn-3, Pn—2} and{pa,..., Pn—3,0n—2} are the ordinary Schlafli sym-
bols for the two kinds of facets (se€e [15]). This is a geneagion of the classical
Schlafli symbol used in Coxeterl[6] for semiregular convelytopes.

We now describe some examples of regular-facetted herggitdytopes of low
rank, concentrating mainly on rank 3. All regular polytopes hereditary and (triv-
ially) regular-facetted, so we consider only non-regutdyfopes, which, as we just
proved, must necessarily be 2-orbit polytopes in the clags 2,2,

4.2 Hereditary polyhedra

Since all abstract 2-polytopes (polygons) are regular, lbgofeni 2, each heredi-
tary polyhedron is (trivially) regular-facetted and heigeither regular or a 2-orbit
polyhedron in the classgy,. Both the cuboctahedron and the icosidodecahedron
can easily be seen to be hereditary polyhedra. In fact, thesthe only hereditary
polyhedra amongst the Archimedean solids. Similarly, thifoum Euclidean plane
tessellation of typé3.6)? is an infinite hereditary polyhedron (sée][12]).

Recall that thamedialof a polyhedron (map)” on a closed surface is the poly-
hedron Mé#?) on the same surface whose vertices are the “midpoints” afdiges
of £, and whose edges join two vertices if and only if the corresiing edges of
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& are adjacent edges of a face #f. All three examples of hereditary polyhedra
just mentioned can be constructed as medials of regular,mapgely of the cube
{4,3}, the dodecahedrofb, 3}, and the euclidean plane tessellat{@3}, respec-
tively.

More generally, given a regular polyhedrgfof type{p,q}, the medial M€Z?)
is a hereditary polyhedron, and #¢?) is regular if and only ifZ is self-dual (see
[21, Theorem 4.1]). This can be quickly seen algebraic#ilthe automorphism
group of the original polyhedron i§(2?) = (po, p1,p2) (say), then (Me(£)) is
isomorphic tol" (22) if & is not self-dual, o (£?) x C, if & is self-dual (this
latter group is just the extended group#f, consisting of all automorphisms and
dualities of #2). When £ is not self-dual, there are generally two kinds of facets of
Me(£?), namelyp-gons corresponding to conjugate subgroup®efp:) in I (£2),
andg-gons corresponding to conjugate subgroup®efp,) in I (£2); in particular,
whenq = p all facets of Mé%?) are p-gons, so MéZ?) has facets of just one type
(we describe an example below). This is also true whers self-dual; however,
in this case the two subgroups are conjugate in the extenaeg gof &2 (under
a polarity fixing the base flag). In either case, (M#) is hereditary since the two
kinds of conjugate subgroupsin(#?) are also subgroups &f(Me(2)).

Using the medial construction, we can find a finite hereditsrlyhedron with
only one isomorphism type of facet, which, although it haschl&li symbol, is
not regular. Consider a non self-dual polyhedron of typep}, for example the
polyhedron&? of type {5,5}1» denoted as “N98.6” by Conder|[3] (or 45,5}
192 by Hartley [13]). The medial of” is a polyhedron of typ€5,4} with the
same automorphism group, of order 1920, but with twice asyrflags. Thus this
polyhedron is not regular, but it is still hereditary andyjde 2 1.

The previous example is also of independent interest wighnas to the follow-
ing problem about the lengths of certain distinguished atlits edge graph.

Remark 1In Problem 7 of([[26], it is asked to what extent a regular oraltpoly-
hedron of type{p,q} is determined by the lengths of ijsholes and the lengths
of its j-zigzags. The polyhedro& with 1920 flags, mentioned above, has Petrie
polygons (1-zigzags) of length 12, 2-zigzags of length %, 2¢holes of length 12.
Thus, we say it is of typg5,5(12} 125 (see [19, p. 196]). However, calculation in
MAGMA [1] shows that the universal polyhedron of this type has 80#&)s. This
gives an example of a regular polyhedron which is not deteechby the lengths of
all of its j-holes and the lengths of all of its j-zigzags.

Every non-regular hereditary polyhedrgf, by Propositioi#4, has vertex-figures
which are 2-gons for somay. In particular, by Theoreri] 27 is a 2-orbit poly-
hedron in class @1,. Additionally, Theorem 4.2 of [21] shows that any 2-orbit
polyhedron in class 3 1) is the medial of a regular map if and onlyg= 2.

However, there are non-regular hereditary polyhedra whrehnot medials of
regular maps. We now define a class of such examples via a neagtimm which we
call “generalized halving.” The halving operation itsaldescribed in Secti¢n 5.3.1.
If ¢ is a regular map of typ€2p, q} whose edge graph is bipartite, then we define
a hereditary polyhedrary@ (on the same surface &) as follows; here “a” stands
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for “alternating vertices” (see also Sectlon 513.1). Siggtbat the vertices o are
coloredred andyellowsuch that adjacent vertices have different colors. Theexert
figures at the red vertices of” (obtained by joining the yellow vertices adjacent to
a given red vertex in cyclic order) form one class of facets#t. The other class
of facets of 7@ is defined by joining the yellow vertices of a facet#f whenever
they are adjacent to the same red vertex in that facet. Titirgspolyhedron has
facets of type{ p} and{q}, and vertex-figures of typg2q}. The polyhedron#? is
in the class 2 1), and thus is hereditary.

Hereditary polyhedra can be seen as quotients of the untiessellationgp.q)"
of the sphere, Euclidean plane, or hyperbolic plane, whigh be derived by
Wythoff’'s construction from thép,q,r) extended triangle group as indicated be-
low (seel[6]).

(3)

©

In particular, the hereditary polyhedra arising as medileegular maps of type
{p,q} are quotients of the above infinite tessellations consditom the(p, q,2)
extended triangle groups. Similarly, the polyhedra agsirom our generalized
halving construction of a regular map of typ2p,q} are quotients of the infinite
tessellations constructed from the g, q) extended triangle groups.

Moving on to rank 4, we observe that the semi-regular tessetl of Euclidean
3-space by regular tetrahedra and octahedra gives a sing@hapée of a regular-
facetted hereditary polytope which is not regular. Its getsia symmetry group is
a subgroup of index 2 in the symmetry group of the cubicaktiéstsons of 3-space.
Note that the combinatorial automorphism group of eithsseé#lation is isomorphic
to its symmetry group.

5 Hereditary polytopeswith chiral facets

When a hereditary polytope has chiral facets, its rank isastl4. In this section we
show that any such polytope has either two or four flag-orbits
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5.1 Flag-orbhits

Call an abstract polytop&? equifacettedf its facets are mutually isomorphic. All
regular or chiral polytopes are equifacetted. A 2-onbjtolytope in a class;2with
n—1e¢ | is also equifacetted.

Theorem 3. A chiral-facetted hereditary n-polytope isZaorbit polytope which is
either chiral or in clas2;,_1 (and hence is equifacetted), odeorbit polytope.

Proof. Let 2 be a chiral-facetted hereditanypolytope. First note that we must
haven > 4, since the facets of polytopes of rank at most 3 are alwaygag not
chiral. By Propositiof 2, the polytop€” is (n — 3)-face transitive since its facets
are(n— 3)-face transitive. In particular, any flag 6f is equivalent undefr (£?) to

a flag containing a fixedn — 3)-faceF of &2. Again we employ the action of the
stabilizerls (£2) on the set of flags of” containingF.

Let F be an(n— 3)-face of 2, and letQ be a flag of the sectioR /F_;. For
each faceH of & containingF there exists a unique involutior(I_;"nf2 (say) in
I" (H/F_1) which interchanges the twm — 2)-faces ofH containingF while fixing
all faces ofQ except the O-face. LeA denote the subgroup ¢f(£?) generated
by the involutionsr&nfz, with H a facet containing-. Now suppose again that the
2-polytopeF,/F is ag-gon, allowingg = «. When restricted to the co-faég/F,
the involutionsr(*;"nf2 act like reflections in perpendicular bisectors of edges of a
convex regulag-gon, and so the restrictetl is isomorphic to a dihedral groupq
or Dg/2 according agj is odd or even. Henca, restricted td5,/F, has one or two
flag-orbits on the 2-polytop, /F, respectively; in the latter case the two flag-orbits
can be represented by a pair of 1-adjacent flags,0f . Note, however, that unlike
in the case of hereditary polytopes with regular facAtgjoes not act trivially on
the (n— 3)-faceF /F_,. (In fact, eachr{!,_, mapsQ to Q°, the 0-adjacent flag, so
the restriction ofA to F /F_1 is a groupCy.)

Now let G be an(n— 2)-face of 2 incident withF, and letH andH’ denote the
two facets of%” meeting atG. Then® := QU {G,H,F,} is a flag of # contain-
ing F. Note that{F,G,H,F,} and{F,G,H’ R} are 1-adjacent flags of theegon
Fn/F which are contained i or ®"~1, respectively. Now le¥ be any flag of#
containingF. Then two possible scenarios can occur.

First suppose is odd. Then sincé\ acts flag-transitively o, /F, the flagW
can be mapped by an element#fto a flag¥’ containing{F,G,H,F.}. Then
W\ {FR,} is a flag of the facetl /F_;, and sinceH /F_1 is chiral, it can be taken by
an automorphism dofl /F_; to either the flagb \ {F,} of H/F_; or the j-adjacent
flag (®@\ {F.})}, foranyj =0,...,n— 2. But Z is hereditary, so the extension of
this automorphism ta? then necessarily mapg’ to either® or ®i. On the other
hand, the two flage and ®! are not equivalent undét(.2), since otherwise the
facets would be regular, not chiral. Thli§%?) has two flag-orbits represented by
any pair of j-adjacent flags, witj = 0,...,n— 2. HenceZ? is a 2-orbit polytope,
either of type g and then?” is chiral, or of type 2,_,. (Note that our arguments do
not require the above automorphisms to belonft@??); in fact, whenj =n—3,
and possibly when = n— 2 with n > 5, they will not lie[=(#?).)
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Next suppose is even. NowA acts with two flag-orbits offr,/F, soW¥ can be
mapped undef to a flagW¥’ which either containgF, G,H, F,} or {F,G,H’,F,}. In
the former casey’ is as above equivalent® or @/, foranyj =0,...,n—2, again
under the extension of a suitable automorphism of the cfacatH /F_; to 2. In
the latter casey”’ is equivalent to®" 1 or @11, foranyj =0,...,n—2, now
under the extended automorphism of the- 1)-adjacent facetl’/F_; of H/F_1 in
2. As before,® and®! cannot be equivalent under %), and neither cad"*
and®" L1, Moreover,® is equivalent tap™1 or "~ 1.1 respectively, if and only if
@l is equivalentd" LI or "1, HenceZ has two or four flag-orbits. If there are
four flag-orbits, then these can be representedbgp!, @1 ®"-1i and we are
done. Otherwise? is a 2-orbit polytope with its two flag-orbits representeddy
and®!. In this caseZ is either of type g and thenZ is chiral, or of type 21y
accordingly,® and ®"~! represent different, or the same, flag-orbits undes?).
In either case we are done as well, and the proof is compléte.

Note that the proof of Theorefd 3 shows that the four flag-srbfta chiral-
facetted hereditary 4-orbit-polytope & can be represented by the four flags
W, o wn-1 wn-10 whereW is any flag of 2.

Inrank 4, many examples of chiral polytopes with chiral fa@e known (se&|2,
4,125]). These are chiral-facetted hereditary polytopdhefirst kind mentioned in
Theoreni B. By contrast, it is not at all clear that chiraleftded hereditary polytopes
of the two other kinds actually exist (for any rank> 4). In the remainder of this
section we establish the existence of such examples. We tstadthere is a wealth
of chiral-facetted hereditary 2-orbit polytopes in thessl&,_1; for anyn > 4; and
that chiral-facetted hereditary 4-orbit polytopes extdeast in rank 4.

5.2 Chiral-facetted hereditary n-polytopesin class2;,_1;

We begin by briefly reviewing the cube-like polytope€ driginally due to Danzer
(seel[9] 28] and [19, Section 8D]).

Let.# be a finite abstradin — 1)-polytope with vertex-sét := {1,...,v} (say).
SupposeX is vertex-describablemeaning that its faces are uniquely determined
by their vertex-sets. Thus we may identify the facesfwith their vertex-sets,
which are subsets af. Then 2’ is a (vertex-describable) abstraepolytope with
2V vertices, each with a vertex-figure isomorphick6. The vertex-set of 2 is

V= (gvg){o, 1}, (4)
i=1

the cartesian product ofcopies of{0,1}. When| > 1 we take ag-faces of 27,
for any(j — 1)-faceF of .#" and anye := (e1,...,&) in 2V, the subsetE (¢) of 2V
defined by

F(e):={(N,....nv) €2/ | m =& if i ¢F}, (5)
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or, abusing notation, by the cartesian product

0= (@101 (@)

icF igF

Then, ifF, F’ are faces of#” ande = (&1,...,&), € = (¢1,...,&,) are elements in
2V, we haveF (¢) CF/(¢') in 2% ifand only if F < F'in .#" andg = & for eachi
notinF’. The least face of4 (of rank—1) is the empty set. Note that the vertices
g of 2 arise here as singletons in the foFte) = {&} whenF = 0, the least face
of .#". Notice that if.# is the(n — 1)-simplex, then 2 is then-cube.

Eachj-face of 27 is isomorphic to g-polytope 2, where.Z is a(j — 1)-face
of JZ. More precisely, ifF is a(j — 1)-face of % and.Z7 := F/F_1, then each
j-faceF (¢) with € in 2V is isomorphicto Z .

The automorphism group of?2 is given by

Fr%)=Culr(#)=Cyxr(x), (6)

the wreath product o€, and " (.#") defined by the natural action &f(.#") on
the vertex-set of#". In particular,” (2%') acts vertex-transitively on’2 and the
vertex stabilizers are isomorphic kg ¢"). Moreover, each automorphism of every
vertex-figure of 2" extends to an automorphism of the entire polytoge 2

The following theorem summarizes properties df 2hat are relevant for our
discussion of hereditary polytopes.

Theorem 4. Let.# be a finite abstractn — 1)-polytope with v vertices, and let”
be vertex-describable. The’ is a finite abstract n-polytope with the following
properties.

(a) If ¢ is a k-orbit polytope for k> 1, then2” is also a k-orbit polytope.

(b) If ¢ is regular, ther2”* is regular.

(c) If ¢ is a2-orbit polytope in clasg, for | C {0,...,n—2}, then2* is a 2-orbit
polytope in clas®; for J:= {0} U{i+1]iel}.

(d) If ¢ is chiral, then2”* is a 2-orbit polytope in clasyo,.

Proof. For part (a), sincd (2%') acts vertex-transitively on“2, every flag-orbit
underl” (2) can be represented by a flag containing the vestex (0,...,0) of
2. Moreover, since the vertex stabilizer ofis isomorphic tol (%), two flags
containingo are equivalent i (2%') if and only if they are equivalent iff (.#").
Thus the number of flag-orbits o and 2% is the same. This proves part (a). For
part (b), simply apply part (a) witkh= 1.

For part (c), supposg?” is a 2-orbit polytope in class; 2Then part (a) shows
that 27 is also a 2-orbit polytope. Choose a fi#g= {Fo,Fi,...,F, 2} of .# and
consider the corresponding fla := {0, Fy(0),F1(0),...,F,_2(0)} of 2 which
containso (we are suppressing the least face and the largest face¥. lthe i-
adjacent flags”, ' of ¢ lie in the same orbit undeF (%) if and only ifi € I.
Relative to 27, the adjacency levels of are shifted by 1. Hence, if > 1, then
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a pair of j-adjacent flagsp, ®! of 27 lie in the same orbit undef (2) if and
onlyif j € {i+1|i €l}. In addition, the 0-adjacent flags, ®° of 2" always are
equivalent undeF (2); in fact, the mapping on‘2defined by

(e1,8,...,6) — (&1+ 1, &,..., &),

with addition mod 2 in the first component, induces an autqiism of 2" taking
@ to @°. Thus,® and®! are in the same flag-orbit of2 if and only if j € J. This
proves part (c). For part (d), apply part (c) witk=0. O

Appealing to duality, the previous theorem now allows usetitls the existence
of chiral-facetted hereditany-polytopes in class @_1,. Call an abstract polytope
2 facet-describablé each face of2 is uniquely determined by the facets@fthat
are incident with it. Thus2 is facet-describable if and only if its du&t* is vertex-
describable. Just like vertex-describability, facetedigmbility is a relatively mild
assumption on a polytope. Any polytope that is a lattice pithlvertex-describable
and facet-describable.

Corollary 1. Let2 be afinite chiraln— 1)-polytope, and let2 be facet-describable.
Then(22")* is a chiral-facetted hereditarg-orbit n-polytope in clas®n_1; with
facets isomorphic t&2. Moreover,

r((22°)") 2 Gl (2) =C, xI(2),

where f is the number of facets &%

Proof. The dual2* of 2 is chiral and vertex-describable. By Theoreim 4, the poly-
tope 2% has 2-orbits and belongs to clasgy2 Hence its dual(2?")*, is a 2-orbit

polytope in class g_1;. Its facets are the duals of the vertex-figures 8f 2Thus

the facets of22")* are isomorphic ta2 and hence are chiral. MoreovéR? " )*

is hereditary, since every automorphism of every vertenréigf 22 extends to an
automorphism of the entire polytop&€2 The second part of the corollary follows
from (8), bearing in mind that is just the number of vertices g#* and that dual
polytopes have the same groupd

Chiral polytopes are known to exist for every rank greatantor equal to 3
(see Pellicer[22]). We strongly suspect that most polysagnstructed in [22] are
also facet-describable. Corolldry 1 providesrapolytope of the desired kind for
everyn > 4 for which there exists a finite chiréh — 1)-polytope which is facet-
describable. Fon = 4 or 5 there are many such examples.

5.3 Chiral-facetted hereditary polytopes with four-orbits

In this section we describe a construction of “alternatipgtytopes which is in-
spired by the methods in Monson & Schulte][20] and providesmgXdes of chiral-
facetted hereditary 4-polytopes with four flag-orbits.
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5.3.1 Halving of polyhedra

We begin by reviewing a construction of polyhedra whichesiffom the halving
operationn of [19, Section 7B] described below; it can be considered spsezial
case of the construction given[in %.2.

Let .# be an equivelar map of typet,q} whose edge graph is bipartite. Then
every edge circuit iZ” has even length. Suppose that the verticegcére colored
red andyellowsuch that adjacent vertices have different colors. Theexdigures
at the red vertices of¢” (obtained by joining the vertices adjacent to a given red
vertex in cyclic order) form the faces of a map of typg g} (which is usually a
polyhedron) on the same surface as the original map. ltgesrand “face centers”
are the yellow and red vertices &f’, respectively; its edges are the “diagonals” in
(square) faces of” that join yellow vertices.

When the two colors are interchanged, we similarly obtaitlaer map of type
{q,q}, the dual of the first map, which a priori need not be isomarpithe first
map. However, if# admits an automorphism swapping the two color-classes of
vertices, then these maps are isomorphic; this holds, famgie, if the original
polyhedron’#” is vertex-transitive. In our applications this will alwalys the case,
and in such instances we denote the map#®¥ (with the “a” standing for “alternate
vertices”).

We now impose symmetry conditions oif". First let # be regular, and let
r () = (ag,a1,0a2), whereap, a1, a, are the distinguished generators. From the
halving operation

n : (ao,a1,02) — (AoQ100,02,01) =: (Bo, B1, B2), (7)

we then obtain the new generatgs 31, B, for the automorphism group of a self-
dual regular polyhedrax¥™ of type{q, g}, which is a subgroup ofindex 2 n(.%¢")
(seel[19, Section 7B]); bear in mind here that the edge grép# @s bipartite and
that (apa1)* = €. This polyhedron can be drawn as a map on the same surface as
2 by employing Wythoff’s construction with generatgig 1, B> and base vertex
z (say) of #". Then it is easily seen tha¥'" is just the polyhedron# 2 described
earlier, realized here withas a yellow vertex of?".

Notice that replacing by

n°: (ao,a1,az) — (a1,02, Ao0100) =: (b, V1, o) (8)

results in another set of generatoksyi, >, which are conjugate undexy to
Bo, B1, B2- When Wythoff’s construction is applied with these new gaiers and
base vertexap(z) adjacent taz, we similarly arrive at a regular polyhedroﬁtf(’70
on the same surface which is dually positioned#d’, has its vertices at the red
vertices of.#", and is isomorphic to#@. Note that the new generatoys 1, > in
@) can be found fronm, a1, a, in one of two equivalent ways: either asnif by
first applyingn and then conjugating th8's by ao, or by first conjugating thet;’s
by ag and then applying) to these new generators.
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If 22 is chiral, we can work with corresponding operations at titation group
level, again denoted by andn®. Supposd (.#") = (01, 0%), whereay, 0, are the
distinguished generators. Then the two operations

n:(01,02) — (0202,05, 1) =1 (¢1,92)
n°: (o1,02) — (02,0, 102) =: (Yn, Yp)

(9)

give a pair of self-dual chiral maps of tyde|, g} each isomorphic ta#@. These
maps can be drawn on the same underlying surface by empleywayiant of
Wythoff’s construction, now applied with the new generatof (3) and with ei-
therzor g1(z) as base vertex. The two maps are again dually positionetiveeta
each other. The vertexof % is a vertex of# "1, but not of. #1°. Hence, ifzis a
yellow vertex of.#", then.#™1 uses only yellow vertices o while #° uses only
red vertices of’#". In analogy to what we said about the operation§in (7) hd (8)
the new generatoug, > in n° of (@) can be found fronay, 0> in one of two equiv-
alent ways: either as in° by first applyingn and then passing to the generators for
the other enantiomorphic form o, or by first passing to the generators for the
other enantiomorphic form of” and then applying to these new generators.

5.3.2 Alternating chiral-facetted 4-polytopes

Following [20], ann-polytope is said to balternatingif it has facets of possi-
bly two distinct combinatorial isomorphism types appeguiim alternating fashion
around faces of rank— 3. We allow the possibility that the two isomorphism types
coincide, although we are less interested in this case. ibeatahedron is an ex-
ample of an alternating polyhedron in which triangles angbsgs alternate around
a vertex.

A more interesting example is the familiar semiregulanglis of Euclidean
3-spaceE? by regular octahedra and tetrahedra illustrated in Fighivehich is an
alternating 4-polytope in which octahedra and tetrahetearete around an edge
(see[6/20]). Its vertex-figures are (alternating) cubloetiia. More generally it is
true that the vertex-figures of an alternatingolytopes are alternatingn — 1)-
polytopes. From now on, we restrict ourselves to polytofeartk 3 or 4.

The relationship of the semiregular tilirlg with the (regular) cubical tiling” :=
{4,3,4} in E3 will serve as the blueprint for our construction. As the edg#ph of
% is bipartite, we can color the verticesd or yellow such that adjacent vertices
receive different colors. Then the octahedral tilesotan be viewed as the vertex-
figures of%” at the red vertices, each spanned by the yellow verticesewlj&o the
corresponding red vertex. The complemeriE#of the union of all these octahedral
tiles gives rise to the family of tetrahedral tiles.@f, each inscribed in a cube &f;
each cube contributes exactly one tetrahedral tile, suaththie tetrahedral tiles in
adjacent cubes share a common edge.
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Fig. 1 A patch of the semiregular tilingZ” derived from the cubical tiling’. Shown are a tetra-
hedal tile with vertice#\, B,C, D, and one eighths of an octahedral tile (vertiéeB,C) centered

at the base vertefy = z. The axes of the three generating rotatianso», g; for the rotation
subgroup of¢” are indicated, as is the fundamental tetrahedron for thigrewp with vertices
Fo, Fj, P2, Fs. The plane througth, B,C dissects this fundamental tetrahedron into two smaller
tetrahedra, each becoming a fundamental tetrahedronddulirsymmetry group of a tile, namely
the tetrahedron with vertice®), R}, R, E for the octahedral tile and the tetrahedron with vertices
F, P2, E, Fs for the tetrahedral tile.

Now let & be any finite 4-polytope, let#” be a vertex-transitive polyhedron of
type{4,q}, and letZ be a polyhedron of typ€q,r}. Suppose that all facets oP
are isomorphic to%’, and that all vertex-figures are isomorphic# ThusZ is
equivelar of type{4,q,r}.

Further, suppose the edge graphfis bipartite, with vertices colored red or
yellow such that adjacent vertices have different coloet.R.andY, respectively,
denote the sets of red or yellow vertices#. Then every edge circuit i? has
even length, and the edge graph’éfis also bipartite. It is convenientto require two
additional “lattice-like” conditions to hold. First, bott? and.# should be vertex-
describable, so that we may identify faces with their vedets; then, as a facet of
a vertex-describable polytop&, must also be vertex-describable. Second, any two
opposite vertices of a 2-face 6F should not be opposite vertices of another 2-face
of &. Later we impose strong symmetry conditions#f . and %2, but for now
we work in the present generality.

We now derive fromZ? a new 4-polytope??@, where ‘@” indicates “alternating”.
The vertex-set 0f72 is the setY of yellow vertices of%?. Our description of the
faces of 72 is in terms of their vertex-sets, that is, subset¥ ofn particular, the
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edges of4?2 are the diagonals of the (square) 2-facesZbfthat connect yellow
vertices; more preciselyy,w} is a 1-face of#?2 if and only if v,w € Y andv,w are
opposite vertices in a 2-face oP. Then, by our assumption on the 2-facesZf
any two vertices 072 are joined by at most one edge.

The 2-faces of%72 are the vertex-figures, within the facets g%, at the red
vertices of these facets; more precisg, ..., Vy } is a 2-face of2?? if and only
if there exists a faceff of &2 with a red vertex such that{vy,...,vy} is the set
of (yellow) vertices, labeled in cyclic order, of the veriigure atv in F. Clearly,
the 2-faces of#2 must beg-gons, that isgf = qin each case. Alternatively, we can
describe the 2-faces a#? as the 2-faces of the vertex-figures at red vertice®’in

The facets 0f%22 are of two kinds and correspond to either a halved facet or the
vertex figure at a red vertex @P. Each faceF of &7 gives rise to a facdt? of &2,
of thefirst kind, obtained (as in Sectién 5.8.1) as the polyhedron whoseé&sfare
the vertex-figures of at the red vertices; wheh is viewed as a map of typet, g}
on a surfacef-2 is a map of typg g, q} that can be drawn on the same surface. Note
here that, by the vertex-transitivity of", the combinatorial structure &2 does not
depend on which class of vertices in the bipartition of theeseset ofF is used as
the vertex-set foF2 (the two maps arising from the two possible choices of vertex
sets are related by duality, but they are isomorphic si#€as vertex-transitive).
Thus the facets?2 of the first kind are mutually isomorphic, each to the nvéf of
Sectiof5.311. The facets aP? of the second kindare the vertex-figures? /v, of
& at the red vertices,

For example, if# is the cubical tessellatios described earlier, then the facets
of the first kind are tetrahedf? = {3,3} inscribed in cubef of ¢, and the facets
of the second kind are the octahedral vertex-figifgs= {3,4} of ¢ at the red
vertices. Thus, combinatoriallg?? = .7, the semiregular tiling oE2 by tetrahedra
and octahedra.

Incidence of faces i@ is defined by inclusion of vertex-sets; that is, two faces
of 222 are incident if and only if their vertex-sets (as subsetheftertex-set of?)
are related by inclusion. Note that two facets@f can only be adjacent (share a
2-face) if they are of different kinds, and that a faEétof the first kind is adjacent
to a facet#/v of the second kind if and only ifis a vertex of. Each edge of#2is
surrounded by four facets a#?, occurring in alternating fashion; more explicitly,
if {v,w} is an edge of?2 given by the diagonal of a 2-facgof &7, then these four
facets ard=-2, Z/u, (F')® and 22/U, in this order, wher& andF’ are the two facets
of & meeting aiG, andu,u’ are the two vertices d distinct fromv andw. Thus
S8 s alternating.

The vertex-set of the vertex-figur#?/v of 222 at a vertew (a yellow vertex of
) consists of the vertices of 222 such that{v,w} is an edge of%?2. Combina-
torially, 22v is the mediaMe(.¥) of the vertex-figureZ of £. To see this, in
the above, replace the vertexof the edge{v,w} by the “midpoint” of that edge
(this is equivalent to the “center” of the respective 2-fate” that determines that
edge), and impose on this new vertex-set the same comhalattructure as on
the original vertex-set of#3/v. In the example of the semiregular tiling of E3
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the vertex-figures are cuboctahedra, occurring as medigitemctahedral vertex-
figures of the cubical tilings” at yellow vertices.

Notice that the new polytopg?? has the same number of flags as the original
polytope . In fact, the number of vertices a#2 is half that of 22, while the
number of flags of the vertex-figurdde(.¥) of &2 is twice that of the vertex-
figures.Z or &2. Bear in mind our assumption th& is finite.

We now investigate the combinatorial symmetries#?. First observe thap??
inherits all automorphisms o that preserve colors of vertices. Observe here that,
since the edge graph 67 is bipartite and connected, an automorphjsof &2 maps
the full set of yellow vertice¥ to itself if and only if y maps any yellow vertex to
a yellow vertex. Lef” ¢(£?) denote the subgroup 6f(%?) mappingY (and thusR)
to itself. Clearly, ¢(?) has index 1 or 2 i (£?). Then it is immediately clear
that " ¢(#) is a subgroup of (£?). In fact, the combinatorics of?2 is entirely
derived fromY and has been described ity @nvariant fashion.

With an eye on the hereditary property, we remark furthet tha vertex sta-
bilizer I,(<?) of a red vertexv in ' (£?) becomes a subgroup of the automor-
phism group of the corresponding facét/v of £#2. Similarly, for any facef of
£, the subgroup of color preserving automorphisms$ 6£2), which is given by
re(£)nr(F/F-1), becomes a subgroup of the automorphism group of the corre-
sponding faceF? of 422,

Our remarks about ¢(#?) have immediate implications for the number of flag-
orbits of 272

In particular, if & is regular, ther ¢(4?) must have index 2 as a subgroup of
(&), and thus index 1 or 2 as a subgrouplaf#??). To see this, note that the
order of ' ¢(2?) is exactly half the number of flags &P, and thus of#?2. Hence
2% is regular or a 2-orbit polytope in clasgd »). In either caseg”? is hereditary
(and regular-facetted).

Similarly, if £ is chiral, then™ ¢(£) must have index 2 as a subgrougdf#?),
and thus index 1, 2 or 4 as a subgroupldaf#?2). Now the order ofl ¢(%?) is
exactly a quarter of the number of flags#f, and thus of%2. Now suppose?? is
hereditary. We show that then the facets and vertex-figureg must be all regular
or all chiral.

In fact, if the facets of the original polytope” are regular, each fac&?® of
22 of the first kind must also be regular and its full automorphgroup must be
a subgroup of (£72) (see Sectioh 5.3.1); now since the combinatorial reflection
symmetry inF2 that takes a flag df @ to its 0-adjacent flag also gives a similar such
reflection symmetry in the adjacent facét/v (say) of 22 meetingF? in the 2-
face of the flag, it follows that the vertex-figures@f must actually also be regular
since they already have (at least) maximal symmetry byistaSimilarly, if the
vertex-figures of the original polytop&? are regular, then the hereditary property
of 222 implies that the full automorphism group(#?/v) of a facet#/v of 972 is
a subgroup of (£?) containing a combinatorial reflection symmetry&f/v that
takes a flag of#/v to its O-adjacent flag; as above, this reflection symmetrytmus
induce a similar reflection symmetry in an adjacent f&efsay) of 72 and hence
force this facet to be regular, since it already has (at Jeaakimal symmetry by
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rotation. Thus, if the original polytop&”? is chiral, theng?2 can be hereditary only
if the facets and vertex-figures 2 are all regular or all chiral.

Conversely, if the facets and vertex-figures of a chiral fupe &7 are all regular
or all chiral, then the new polytopé?? is hereditary, since each facet of either kind
has all its automorphisms extended to the entire polytéfSe In particular, if the
facets and vertex-figures a® are all regular, ther??? is regular-facetted and is
either itself regular or a 2-orbit polytope of typg2 ;. Otherwise, 2?2 is chiral-
facetted and has 1, 2 or 4 flag-orbits.

Now suppose? and all its facets and vertex-figures are chiral. Then réaaih
Sectior 5.1 that the flag-orbits of the corresponding héeaedpolytope#?2 can be
represented by one, two, or four flags from amaérg¥©, W3, w30 whereW is
any flag of 22. First note that a pair of 0-adjacent flags#® cannot possibly be
equivalent undef (£22), since otherwise the facet a#2 common to both flags
would have to be regular, not chiral. Théks WP (resp.¥3, w39) are not equivalent
underl” (27%), and 22 has 2 or 4 flag-orbits. Similarly, if the two kinds of facets
of 222 are distinct (that is, non-isomorphic), then a pair of 3aadpt flags ofz?2
cannot possibly be equivalent either, since any automsmnpbi 272 taking a flag to
its 3-adjacent flag would provide an isomorphism betweenwleacets contained
in these flags. Thu¥, w3 (resp.4°, w30) are non-equivalent ang”® must have 4
flag-orbits. Note that the non-isomorphism condition ontthe kinds of facets of
278 holds, for example, if their numbers of flags are distincattis, if the number
of flags of #" is not exactly twice that of/.

Our main findings are summarized in the following theorem.

Theorem 5. Let & be a finite regular or chiraé-polytope of typg 7", ¥}, where
2 and.¥ are polyhedra of typd4,q} and {q,r}, respectively. Suppose that the
edge graph of# is bipartite, that%? and . are vertex-describable, and that any
two opposite vertices ofzface of £ are not opposite vertices of anoth2aface of
Z. ThenZ?? is a finite alternating hereditarg-polytope with facets isomorphic to
Z or 8, and with vertex-figures isomorphic to the medial(M® of .. Every
edge of#72 is surrounded by four facets, two of each kind occurring iraliarnat-
ing fashion. MoreoverZ?? has the following hereditary properties.

() If o and . are regular, theng?2 is a regular-facetted hereditary polytope
and is either itself regular or 2-orbit polytope of typ&;¢ 1 2.

(b) If £ and.Z are chiral, then2?? is a chiral-facetted hereditary polytope
with 2 or 4 flag-orbits. If ¥ and .72 are not isomorphic (for example, this
holds whenr (Z)| # | (¢)]/2), then 222 has4 flag-orbits.

In either case (a) or (b), the group of all color preservingt@morphismd ¢(%?)
of & is a subgroup of (£72) of index1 or 2, with the same or twice the number of
flag-orbits asl” (£22).

The construction summarized in the previous theorem idesocrce for interest-
ing examples of chiral-facetted hereditary 4-polytopethwiflag-orbits. To begin
with, supposeZ is a finite chiral 4-polytope of typé.#", ¥} such that?',.¥ are
chiral and.# @, ¥ are non-isomorphic. There is a wealth of polytopes of thiglki
Now, if the edge graph of” is bipartite,#? and.# are vertex-describable, and any
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two opposite vertices of a 2-face gf are not opposite vertices of another 2-face of
Z, then Theorer]5 applies and yields a chiral-facetted altarg 4-polytopes??@
which is hereditary and has 4 flag-orbits. Thus we need toragbat these three
conditions hold; the requirement of a bipartite edge gra@Enss to be the most se-
vere condition among the three. In our examples describledvbee verified these
conditions with MAGMA.

For example, starting with the universal 4-polytope= {{4,4}13,{4,4}13}.
which has 50 vertices, 50 facets, and an automorphism grégz® 2000, our
construction yields a hereditary 4-orbit polytog€ which has two kinds of chiral
facets, namely{4,4}, 3 and{4,4}1 . It can be seen, for example usingaIMA,
that the universal 4-polytope with the same facets but temgomorphic vertex-
figures fails the conditions of Theoréih 5, in that there existopposite vertices of
a 2-face which are opposite vertices of another 2-face ofgbigtope.

6 Extensions of hereditary polytopes

In this section we briefly discuss extension problems foetigary polytopes. We
begin with a generalization of the notion of a hereditarypape.

Let 1< j <n-—1. Ann-polytopeZ is said to bej-face hereditanyf for each j-
faceF of &2, the automorphism group(F /F_1) of the sectiorF /F_1 is a subgroup
of ' (£?) (and hence of: (£)). ThusZ? is j-face hereditary if every automorphism
of a j-faceF extends to an automorphism &#. Note that a hereditary polytope is
(n—1)-face hereditary, diacet hereditary

A j-face hereditary polytope &rongly j-face hereditaryf for eachj-faceF of
Z, the automorphism group(F /F_1) is a subgroup of (4?) acting trivially on
theco-face I/F; thenl” (F /F_1) is the stabilizer of a flag d¥,/F in [ (£?). Thus,
for a stronglyj-face hereditary polytope, every automorphism ¢ffaceF extends
to a particularly well-behaved automorphism#f, namely one which fixes every
face of & in the co-face of in £.

The (vertex) truncated tetrahedron is a 1-face (or edgeéditary polyhedron
which is not 2-face hereditary. The perpendicular bisectdits edges are mirrors
of reflection, but no geometric symmetry or combinatoriabawrphism can rotate
the vertices of a single face by one step. This example isriBmolyhedron.

Note that every 2-orbibh-polytope in a class2with {0,1,...,j—1} Clis a
strongly j-face hereditary polytope with regulfaces. This follows directly from
the definition of the class;2For example, a 2-orbit polytope of rank 4 and type
20,1y is 2-face hereditary; it may also be 3-face hereditary, btiarpriori so.

Now the basic question arises whether or not each hereditpojytope occurs
as a facet of ain — 1)-face hereditaryn+ 1)-polytope; or more generally, whether
or not eachj-face hereditary-polytope occurs as @face of ak-face hereditary
(n+1)-polytope, for anyj <k <n.

In this context the following result is of interest.
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Theorem 6. Let.#” be a finite j-face hereditary n-polytope for some L,...,n—
1, and let#" be vertex-describable. Thept” is the vertex-figure of a vertex-
transitive finite(j + 1)-face hereditaryn+ 1)-polytope.

Proof. We employ the Z° construction described in Sectibn15.2. Sin#é is a
vertex-describable finite-polytope, 27" is a vertex-transitive finitén+ 1)-polytope
all of whose vertex-figures are isomorphict6. Every (j + 1)-face of 2 is iso-
morphic to a(j + 1)-polytope 2, where.Z := F /F_1 is the j-polytope given by a
j-faceF as.#". Moreover[ (2%') = CY x I ('), wherev is the number of vertices
of #; similarly, ' (27) = C‘Z’(% x T (%), wherev(.7) is the number of vertices
of Z (that is, the number of vertices &fin .%"). In particular, the automorphism
group of any(j + 1)-face 2” of 2* is a subgroup of (27) if % is j-face heredi-
tary, since the (.%) is a subgroup of (.#). Thus 27 is a(j + 1)-face hereditary
(n+1)-polytope if ¢ is a j-face hereditary-polytope. O

Whenj = n— 1 we have the following immediate consequence.

Corollary 2. Each finite vertex-describable hereditary n-polytope is tlertex-
figure of a vertex-transitive finite hereditafy + 1)-polytope.

Theoreni ® and its proof are good sources for interesting plemof hereditary
polytopes. For instance,.f” is the truncated tetrahedron, which is 1-face hereditary
but not 2-face hereditary, then2is a 2-face hereditary 4-polytope which is not 3-
face hereditary. In fact, the facets of 2are of two kinds, 3-cubet, 3} = 2{3! and
orientable regular mapgs,6|4,4} = 2{6! of genus 9 (se€ [19, p. 261]); however,
not all automorphisms of facets of the latter kind extendutoaorphisms of 2’
(otherwise#” would have to be 2-hereditary). Similar examples of arbjtragher
ranks can be constructed by iterating th€ 2onstruction. For example, whet”
is the truncated tetrahedror?,l 2isa 3-face, but not 4-face, hereditary 5-polytope.

Note that a further generalization of hereditary polytograploys sections rather
than faces. For & i < j < n—1, ann-polytopeZ” is said to b, j)-section hered-
itary (resp.strongly (i, j)-section hereditaryif for each sectionG/F, with F an
i-face andG a j-face withF < G, the groupl" (G/F) of G/F is a subgroup of
I (2) (resp. fixing, in addition, each face in bd®F_; andF,/G).

7 Conclusion

This paper established the basic theory of hereditary ppgg. One should pursue
these ideas further by considering some of the followindpfams, which have been
brought to light by our work.

As a first example, one could examine if there exist heredpjatytopes whose
i-faces are all themselves non-regular hereditary polgdpe 3). In other words,
given any hereditary polytop&?, can another hereditary polytope be built which
hasZ as its facets? This question is open even whkers of rank 3.
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In this paper we considered polytopes where the automarpgisup of each
facet is a subgroup of the full automorphism group of the fog. It would also be
of interest to study “chirally hereditary” polytopes, thiat those polytopes which
are not hereditary, but have the property that each rot@tisymmetry of a facet
extends to a global symmetry. For example, an interestiagsobf such objects is
the chiral polytopes with regular facets - which includd<hiral maps.

Additionally, it would be of interest to investigate the &@lef geometrically
hereditary polytopes. For examplelii¥, can one classify theface transitive ge-
ometrically hereditary polyhedra, that is, those with syetmygroup inheriting all
isometries of their polygonal faces? The rhombic dodecatmeid an example of
a 2-face transitive geometrically hereditary polyhedr@mr a survey on related
questions for convex polyhedra see alsd [18].)
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