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ABSTRACT. We consider a two-component system of semilinear wave equa-
tions in three space dimensions with quadratic nonlinear terms not satisfy-
ing the null condition. We prove small data global existence of the classical
solution if some quantity defined from the nonlinearities is positive. It is
also shown that only one component is dissipated and the other one behaves
like a free solution in the large time.

1. INTRODUCTION AND THE MAIN RESULTS

This paper is concerned with large time behavior of classical solutions to
the Cauchy problem for

D’Ul = —02(6,5@1)(&02), 3
{ Ovs = 1Oy )? for (t,z) e R xR?, (1.1)
where v = (vy,v5) : R x R® — R? is an unknown function, O = 9? — A, =
Of — (92, 4+ 92,4+ 92,), and ¢1, ¢, are non-zero real constants. In what follows
we will use the notation dy = 9; and 9; = &, for j =1,2,3.

The system ([LT]) has the following feature: It has a conserved quantity, that
is to say,

2
C.
1= [ (0t + 9yt o)) da
j=1

is independent of t if v = (vy,vy) satisfies (LI]). Based on this fact, it may
not be surprising that (ILI)) admits a global solution in a suitable weak sense if
c1co > 0. However, it is not trivial at all whether (LL1]) admits a global solution
in the classical sense (even when ¢;ce > 0) since the nonlinear terms appearing
in (L) do not satisfy the null condition in the sense of Christodoulou [2] and
Klainerman [I3]. Moreover, in view of recent works on the global existence
and the asymptotic behavior of solutions under some structural conditions
related to the weak null condition (see [17], [1], [10], [8], etc.), it is quite
natural to expect some long-range effects should appear because quadratic
interaction is critical for the wave equations in the three space dimensions and
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the null condition is violated. So we are lead to the following questions: Is
there a unique global classical solution for (1) if the initial data are smooth?
Moreover, what can we say about the asymptotic behavior of the solution as
t — +00? The aim of this paper is to address these questions in the case where
the Cauchy data are sufficiently small, smooth and compactly-supported.

In what follows, we suppose that the initial data are of the form

v;(0,2) = efj(z), Ow;(0,z) =egj(z) for x€R? j=1,2, (1.2)

where ¢ is a small positive parameter and f;, g; belong to C5°(R?). We intro-
duce the energy norm || - || by

1/2
ool = (3 [ (0te.0f + Vot 0) ds )

]RS
Note that the conservation law mentioned above is rewritten as
cllon ()% + colloa ()| = 1. (1.3)

Our main results are as follows:

Theorem 1.1 (Global existence). Suppose cico > 0. Then, for any f;,g; €
Cs°(R3), there exists g > 0 such that (LI)-(L2) admits a unique global C™
solution v for (t,z) € R x R® if e € (0,&0). On the other hand, if cico < 0, we
can choose fj,g; € C(R?) such that the corresponding classical solution for
([CI)-(T2) blows up in finite time, both in the future and the past, no matter
how small € 1s.

Theorem 1.2 (Asymptotic behavior). Suppose cico > 0. Let € be sufficiently
small and v = (vy,vq) be the global solution for (LI)—(L2]) whose ezistence is
guaranteed by Theorem [Tl Then we have

im0y (6)]5 =0, (1.4)

and there exist two pairs of functions (f5,g5) € H'(R?) x L*(R®) such that
lim_[Jea(t) — vE(E)]16 = 0, (15)
t—+oo

where two functions vy = vy (t, ) solve Ovyi = 0 with (vE, Owi)(0) = (fF, g5).

Here H'(R?) denotes the completion of C3°(R?) with respect to the norm
given by [|o[| ;1 = [[Vao|[ 2.
Remark 1.1. From (L3), (I4), (L) and the energy conservation for the free

wave equation, it follows that

21
IV /Nl + llor NIz = P

which implies (f;°, g) # (0,0) unless the Cauchy data for the original problem
vanish identically. Therefore Theorem tells us that only vy is dissipated
and vy behaves like a (non-trivial) free solution in the large time. As far as the
authors know, there are no previous results on such decoupling in the context
of nonlinear wave equations.
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Remark 1.2. Our proof does not rely on (LL3]) at all. In fact our approach can
be applied to a bit more general system which does not have the (explicit)
conservation law. For example, let us consider the system

{ml = —5(8p01)(Byva) + N1 (O0),

1.6
D’Uz = Cl(aﬂ)l)2 + NQ(@'U), ( )

where
2

3
Nj(0v) = > AMQo(vi,v) + Y B Quy(v1,1v2)
k,l=1 a,b=0

with real constants Afl and B?b. Here )y and Q4 are the null forms

Qo(9,¥) = (0:9)(9ph) — (V19) - (V)
Qab(¢7 w) = (8(1@5)(6(,’!7[)) - (abgb)(aaw)a a, be {0’ 17 2’ 3}

If ¢1¢o > 0 then the global existence part of Theorem [Tl and the conclusion
of Theorem remain true (see also Section [§ below). The null condition
is satisfied if and only if ¢; = ¢ = 0. If the initial date are small, the null
condition ensures the global existence of a unique solution v, whose components
v1 and v, in the large time behave like free solutions, which are non-trivial in
general, differently from (L4]). On the other hand, in the case of ¢; = 0 and
¢y # 0, or the case of ¢; # 0 and ¢y = 0, (L6) admits a global solution for
small data, whose energy grows up to co as t — oo (at different growth rates
for two cases; see [§] for the details).

For closely related works on the nonlinear Klein-Gordon systems in two
space dimensions, see Kawahara-Sunagawa [12] (see also [3], [11], [19], etc.).

2. REDUCTION OF THE PROBLEM

In this section, we make some reduction of the problem and give a proof of
the blow-up part of Theorem [L.1l

First we observe that the system (1)) is invariant under the time-reversing
(t,z) — (—t,z). So we have only to consider the forward Cauchy problem
(i.e., the problem for t > 0).

Proof of the blow-up part of Theorem [Tl Let us remember the famous result
by John [7]: For every fy, go € C3°(R?) with (fo,90) Z (0,0), the classical
solution w(t, z) for Ow = (Jw)?* with (w,dw)(0) = (efo,£90) blows up in
finite time no matter how small ¢ is. Now we assume c¢j¢e < 0 and set

1 —
t t = —w(t

\/T102w< ,.T), UQ( ,SL’) Co w( ,.T)

with the above w(t,z). Then (vq,vy) is a blow-up solution for (I1]), which

yields the desired conclusion. U

vi(t,x) =

Now we make further reduction for the proof of the global existence part.
We assume cicy > 0 from now on. Then we see that it is sufficient to consider
the case of ¢; = ¢ = 1 through the scaling: If we put u; = /cicov; and
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Ug = Co¥q, then we see that (uq,us) satisfies (LI) with ¢; = ¢ = 1. Moreover,
if we put u = uq + fuo, then u satisfies

Ou = F(Ou), (2.1)
where
F(z) =i(Rez)z.

Here and hereafter, the symbol i always stands for the imaginary unit y/—1.
Remark that

Re(ZF(2)) =0 (2.2)
for all 2 € C. Eventually our problem is reduced to 1) for ¢t > 0, z € R3
with the initial data

u(0,2) = £f(x),  Byu(0,7) = 2g(x), (23)

where f, g € C°(R3;C). Since the local existence of the solution is well
known, what we have to do for the proof of the global existence is to get a
suitable a priori estimate for the solution to (2ZI)—(2.3]). This will be carried
out in Section 5 after some preliminaries in Sections 3 and 4. The proof of
Theorem will be given in Sections 6 and 7.

3. COMMUTING VECTOR FIELDS

In this section, we recall basic properties of some vector fields associated with
the wave equation. In what follows, we denote several positive constants by C'
which may vary from one line to another. For y € R" with a positive integer
N, the notation (y) = (1 + |y|*)*/? will be often used. Also we will use the
following convention on implicit constants: The expression f = Zi\e A 9) means
that there exists a family {Ax}rea of constants such that f =3, ) Axgx.

Let us introduce

3
S=t0,+ Y x;0;,
j=1

L; =10; + x;0, je{1,2,3},

Qjp = x;0p — 1,05, J k€ {1,2,3},

0 = (0a)a=0,1,2,3 = (O, Oy, Oy, Oy),
and we set

I'=(To,I'y,...,T0) = (S, L1, La, L3, Qa3, 031, Q12, 0o, 1, O, 03).
For a multi-index o = (ap, ay,...,a10), we write I'* = ' - I'f° and
la] = ag + ag + -+ - + agg. We define
1/2 1/2

ot a)lk=| Y o) |l )= | D IT°6(t,)lI7

lal <k lal <k
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for a non-negative integer k£ and a smooth function ¢ = ¢(t,x). As is well
known, these vector fields satisty [0, S] = 20 and [0, L;] = [0, Q] = [0, 0.] =
0, where [A, B] = AB— BA for linear operators A and B. From them it follows
that N

Oreg = re0e, (3.1)

where I = (I + 2)*T¢1 ... -T‘f‘(}o. We also note that

3
0,1y = Zrl, .00 =Y 0,
b=0

Hence we can check that the estimates

IT°TP 8| < Clo)jaf481,
C'ogl, < ) |org| < Clog), (3.2)

jal<s

are valid for any multi-indices «, § and any non-negative integer s.
Next we set r = |z|, w; = z;/r, 0, = Z] Lw;0;, and 0y = 0, £ 0,. We write
w = (wj);j=1,23. For simplicity of exposition, we also introduce

1 1
Dy.=4+-0. = — e + 0,).
+ 508 =5 (0 1)
We summarize several useful inequalities related to I'.

Lemma 3.1. For a smooth function ¢ of (t,z) € [0,00) x R3, we have

| D (ro(t,2))| < Clo(t, ), (33)

rowg(t, z) + D_(ro(t, z))| < Clo(t, )]s, (3.4)
and

r0;é(t, x) — w;D_(ré(t, z))| < Clo(t, x)|x (3.5)
forj=1,2,3.

Proof. (33) and (B4]) are direct consequences of the following relations:

Dy (r¢) = m(séf”r L,¢) + (b

ro = — D_(r¢) + Di(ro),
where L, =10, + t0, = Z;’Zl w;L;. [B.35) follows just from

3
r(0; —wioh)d =Y wildo (3.6)
k=1

and

r0¢ = D_(ré) + Di(r¢) — o,
if we use (B.3)) to estimate D ¢. O
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Lemma 3.2. For a smooth function ¢ of (t,x) € [0,00) x R® and a non-
negative integer s, we have

06(t, )]s < C(t — |2) " d(t, 2)|s41.

This lemma is due to Lindblad [16], which comes from the identities

(=106 = —— (5 ~ L),

(=106 = (1L, —75)o,

and tQy;¢ = xpL;¢ — x;Li¢, as well as ([B6) (see [16] for the detail of the
proof).

We close this section with the following decay estimate for solutions to in-
homogeneous wave equations.

Lemma 3.3 (Hormander’s L'-L> estimate). Let ¢ be a smooth solution to
O¢p =G, (t,z)€ (0,T)xR?
with ¢(0,x) = 0;¢(0,x) = 0. It holds that
t
-+ lalota)| <€ Y [ PG oy

la|<2

dr
(r)
for 0 <t <T. Here the constant C' s independent of T'.

See [B] for the proof (see also Lemma 6.6.8 of [6], or Section 2.1 of [18]).

4. THE PROFILE EQUATION

Let 0 < T < oo, and let u be the solution to (1)) on [0,7) x R3. We
suppose that

supp f Usuppg C Bgr (4.1)

for some R > 0, where By = {z € R3; |z| < M} for M > 0. Then, from the
finite propagation property, we have

suppu(t,-) C Birg, 0<t<T. (4.2)
Now we put r = |z|, w = (w1, ws, w3) = x/|x| and set
Ag= Y O
1<j<k<3
so that
1

rO¢ = 0,0_(r¢) — ;Aggqﬁ. (4.3)

We define
U(t,z) .= D_(ru(t,z)), (t,z)€[0,T)x (R*\ {0}) (4.4)
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for the solution u of ([21]). In view of ([B.4]) and (B.5]), the asymptotic profiles
as t — oo of dyu and V,u should be given by —U/r and wU/r, respectively,
because we can expect |u(t, z)|; — 0 as t = co. Also it follows from (&3 that

.Ut ) = —%F(—U(t,x)) +H(t ), (4.5)

where H = H(t,z) is given by

1 1 1

r

As we will see in Lemma [4£.1] below, H can be regarded as a remainder. For
these reasons, we call (@3] the profile equation associated with (2.]), which
plays an important role in our analysis. We also need an analogous equation
for I'*u with a multi-index «. For this purpose, we put

U (t,z) := D_ (rTu(t, z)).
Since O(I'*u) = I'* (F(d,u)), we deduce from (E3) that
0, .U = —Q%Ga + H, (4.6)
for |a| > 1, where
Gult,z) = z{ (ReU™)U + (ReU)U'™ }

and

1/ ~ 1 1
Ha<t, .I‘) = —5 (TFQF(atU) — ;Ga) — ZASQFQU-

In the rest part of this section, we focus on preliminary estimates for H and
H,, in terms of the solution u near the light cone. To be more specific, we put
Arri={(t2)€[0,T)xR* 1 <t/2<|z|<t+ R}.

Note that we have
(T+t+ o)t <zt <207 <30+ P <3(R+2)(1+t+ |z) 7"

for (t,2) € Ar . In other words, the weights (¢ + |z|)~*, (1 +¢)~!, |z|~!, and
t~! are equivalent to each other in Ay p. For a non-negative integer s, we also
introduce an auxiliary notation | - |; 5 by

[6(t,2) | = [00(t, 2) s + (t + [2) 7t @) 51
Lemma 4.1. We have
[H(t, )] <C (Julgoluly + ¢ ulz)
for (t,z) € Arp. Here the constant C' is independent of T. Also, in the case
of s > 1, we have
D I Halt,0)] <Col[ulgslulssr + toufz_y + 7 ulsso)
|al=s

for (t,x) € Ar g, where Cy is a positive constant which does not depend on T
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Proof. Let (t,z) = (t,rw) € Ar g and s = |a| > 0. First we note that
U@ (¢, 2)| < r|D_Tu| + %|F°‘u|
< Cr(|0uls + 1 Huls) < Ctlu(t, )|y (4.7)
by the definition of | - |45, and that

<vaU@uwnscn(@—AWMuwu+“‘¢NMuwu)

(t+7r)
< Ctlu(t, x)|s+1 (4.8)
by Lemma B2 Also (3.3]) implies
Dy (rTu)| < Clulssa. (4.9)

Now we consider the estimate for H. We decompose it as follows:
t—r
2rt
It is easy to see that the third term can be dominated by C't!|uly. As for the

second term, we have
t—r|
rt

because of (A7) and (4.8) with s = 0. To estimate the first term, we use the
relation

H = o (PF(ow) - F(-U)) -

r

1
F(—U) - §A§2u.

[F(=U)| < Ct™H{t = n)|U| - t7HU] < Cluliulzo,

r?*F(Ou) — F(=U) = F(d(ru)) — F(=U)
F(=U + Dy (ru)) — F(=U)
= ir(0yu) Re Dy (ru) — i(Re U) D4 (ru)

to obtain
1 _
glrzF(&sU) — F(=U)| < C(|ou] 4+ r~U[)| Dy (ru)] < Clulgolul,

with the help of (£1) and (4.9).

Next we turn to the estimate for H, with s = |a| > 1. For this purpose, we
set

E, = z’{(Re 0 *u)0u + (Re 0tu)8t1"°‘u}

to split H, into the following form:
t—r
2rt

Since the first term consists of a linear combination of the terms in the form
r(TP0,u)(T70yu) with |3, |y| < s—1and a,b € {0, 1,2, 3}, it can be estimated
by Ct|0u|?>_,. Other terms can be treated in the same way as in the previous
case. U

H, — —g (fO‘F(ﬁtu) - ﬁa) _ 2i <r2ﬁa _ Ga) _

1
Ga — _ASQ Fau.
T 2r
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5. PROOF OF THE GLOBAL EXISTENCE PART OF THEOREM [L.1]

Let u(t,z) be a smooth solution to ZI)—(Z3) on [0,7) x R?® with some
To € (0,00]. For 0 < T < Tp, we put

e[ul(T) = sup ((t+ ) (t = [])'#|Ou(t, x)|
(t,2)€[0,T)xR3

(a7 = fal) Du(t, @)l
with some p, v > 0 and a positive integer k. We also put

elu](0) = lim elu)(T).

T—40

Observe that there is a positive constant £; such that 0 < ¢ < g7 implies
e[u](0) < /2/2, because we have e[u](0) = O(e).

The main step toward global existence is to show the following.

Lemma 5.1 (A prioriestimate). Letk > 3,0 < u < 1/2, and0 < 4(k+1)r <
. There exist positive constants o and m, which depend only on k, i and v,
such that

e[ul(T) < V& (5.1)
implies

elul(T) < me, (5.2)
provided that 0 < e < &9 and 0 < T < Tj.

Once the above lemma is obtained, we can show the small data global ex-
istence for (ZI)—(23) by the so-called continuity argument: Let 7™ be the
lifespan of the classical solution for (2.I)—(2.3) and assume 7" < oco. Then, it
follows from the standard blow-up criterion (see e.g., [I8]) that

lim . |Ou(t, x)| = oco. (5.3)

t—T*—

On the other hand, by setting
T, =sup {T € [0,T%);e[ul(T) < Ve},

we can see that Lemma [B.1] yields T, = T, provided that € is small enough.
Indeed, if T, < T*, then we have e[u](T}) < /e, and Lemma 5.1l implies that

e[u](T,) < me < Ve/2
for 0 < ¢ < min{ey,eq,1/4m?} (note that we have T, > 0 for € < &1). Then,
by the continuity of [0,7*) 5 T + e[u|(T), we can take § > 0 such that
e[u](T. +0) < Ve,

which contradicts the definition of T, and we conclude that T, = T™.
In particular, we have

e[ul(T7) < Ve.
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This implies that (5.3]) never occurs for small €. In other words, we must have
T* = oo, that is, the solution u exists globally for small data. We also note
that

elul(o0) < Ve (5.4)

holds for this global solution u, and Lemma [5.1] again yields
elu](o0) < me. (5.5)
Now we turn to the proof of Lemma[5.Il It will be divided into several steps.

Proof of Lemmal5.1l In what follows, we always suppose 0 <t < T.
Step 1: Rough bounds for |u(t, z)|o and |Ou(t, z)|ki1-
First of all, we will establish the following energy estimates:

10u(t)||; < Ce(1 + t)C-vertv (5.6)

for 1 € {0,1,...,2k + 1}, where C, is a positive constant to be fixed later.
In preparation for the proof of (5.6]), we make some observations: Let 1 <
[ <2k + 1. From 31), (32), and the standard energy inequality, we get

ou(®)|l; < Cyy (H&u(O)Hl +/0 HF(au(r)Hldr) , (5.7)

where Cy; is a positive constant depending only on . From (5.l we have
|Ou(t, )| < V2e(1+t)7t and |Ou(t, z)|p < vV2e(1+ )", since (t + |z|)~! <
Vv2(1 +t)~!. Hence we get

|F(8tu)\l SCQJ (|8u| \0u\l + \8u\[l/g}|8u|l,1)
<Cyv/2e (1 +1)7Hul; + (1 4+ )" 0uli-)
with a positive constant Cy; depending only on [/, which leads to
|F@u(t))], < V2oV (1 + ) u®) i + (1 + 0" u(®) 1) . (5.8)

Now we put C, = V2 + MAaX1]<|<2k+1 \/501710271, and we shall prove (5.6])
by induction on [. In the case of [ = 0, it follows from the standard energy
inequality and (5.0]) that

t
1Bu®)llo < Ce+/ 1£(Beu(T))lodT
0
t
§06+/ 18 (T, )| oo sy | Ou(T) [lodr
0

t
< Ce i /oE / (14 7)1 @u(r)odr,
0

whence the Gronwall lemma implies

[0u(t)|lo < Ce(1 + t)V% < Ce(1 + )%V,
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Next we assume that (5.6]) holds for some [ € {0,1,...,2k}. Then it follows

from (5.7) and (5.8) that
t

|Ou(t)]lis1 <Ce + C*\/E/ (A + 1) Hou() i + (L +7) " ]0u(r)]) dr
0

t
<Ce + C*\/E/ (14 7)"H|Ou(T) |11 dT
0
t
+C€3/2/ (1_'_7_)71+C*\/E+(l+1)1/d7_
0

t
<Ce+ CuvE [ (U 1) 0u(r)lisadr + C2(1 4 7)OE ey,
0

which yields
[0w(t) |13 < Ce(1 4 6)CVE + Ce¥(1 + t)C-VErt+y < Cg(1 4 ¢)C-VEri+y,

This means that (5.6]) remains true when [ is replaced by [ + 1, and (5.6]) has
been proved for all [ € {0,1,...,2k + 1}.

From now on, we assume that ¢ < v?/C?. Then, since k > 3 and 2(k+1)r <
p/2, it follows from (5.6) with [ = 2k + 1 that

10u(t)lira < 10u(t)l|zer < Ce(t)* D < Cet)?

and
1Dty Dlisal| o sy < CllOw®) 7aa < C(0)"
Hence Lemma B3] yields

t
(4 [ ult, 2)]kss < Ce + 052/ () ldr < Celt + ||,
0

that is,
Ju(t, @)k < Celt + [af) " (5.9)
for (t,x) € [0,T) x R®. By Lemma B.2] we also have
[Ou(t, 2)|ear < Cet+ [al) = — |2f) (5.10)

for (t,2) € [0,T) x R3.

Step 2: Estimates for |Ou(t, z)|, away from the light cone.
Now we put A% := ([0, T) x R3) \ Ar g, where R is the constant appearing
in ([@J)). In the case of t/2 < 1 or |z| < t/2, we see that

{t—lz)) < Clt+ )"
On the other hand, it follows from (2] that u(t,z) = 0 if |x| > ¢t + R. Hence

(510) implies
sup  (t+ |z|){t — |2y H|ou(t, z)|p < Ce. (5.11)

(t,z)EAT g

Step 3: Estimates for |0u(t,z)| near the light cone.
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Let (t,2) € A g throughout this step. Remember that ¢!, 2|7, (¢)7!, and
(t+ |z])~! are equivalent to each other in Az z. We define U, U™, H, H, and
| - |45 as in Section 4. We see from (5.9) and (5.10) that

u(t, z)|sp < Cet' ' (t — |z|)~ . (5.12)
By B.2), B.4), B5), and (5.9), we have
tou(t, z)|, <C > | |z|oru(t, z)]

laf<l

<C Y Ut x)| + Cet'™! (5.13)

o <
for I < k. Also, it follows from (5.9), (5.12), and Lemma [A.T] that
|H(t,z)] < C (272t — |o]) "+ eth?) < Cet™ (- [z]) ™. (5.14)
Next we put
Y={(t,x) e Arp;t/2=1 or t/2=|z|}

and we define ¢y, = max{2, —20c} for 0 < R. What is important here
is that the line segment {(¢,(t + o)w); 0 < ¢t < T} meets ¥ at the point
(to.o, (to + 0)w) for each fixed (o,w) € (—oo, R] X S*. We also remark that

C Yoy <ty, <Clo), o<R (5.15)

When (t,z) € X, we have t* < C(t — |z[)*. So it follows from (4.1) and (5.12)
that

SO U@ )] < Cotr(t — [al) 7 < Ot — 2}, (ta) €S (5.16)
o <k
Now we define
Vou(t) =U(L, (t+ 0)w) (5.17)

for 0 <t < T, with (0,w) € (—00, R] x §? being fixed. Then, since the profile
equation (4.5 is rewritten as

VA1) = = F(~Voolt)) + H(, (04 7)) (5.18)

for tg, <t < T, it follows from (2.2 that
d 9 Vo
N — 2 )
IVea0) = 2 (Voo Tz

—2Re< () H(t, (t+0)w)>
< 2|Vou[H(E, (t + o)w)] (5.19)
for tp, <t < T. We also note that (5.16]) for £ = 0 can be interpreted as
Vyltos)] < Cefo)i™. (5.20)
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From (1), (G15), (F19), and (G20) we got

Vo) < Volton)] + / H(r, ( + o)w)|dr

tO,o

t
< Celo)™ 4 Celo) " / P2

to,o
< Ce (o) + (o) Mgy )
< Celo)y! (5.21)
for t > ¢y, where C' is independent of ¢, o, and w. (5.2]]) implies
U(t,2)| = [Viej—ta1al ()] < Cet = 2}, (t,2) € Arp.
Finally, in view of (5.13) with [ = 0, we obtain

sup  (t + |z|){t — |z} #|ou(t, v)| < Ce. (5.22)
(t,$)€AT’R

We remark that the derivation of (5.19]) is the only point where we make use
of the structure (2.2)) (see also Section [ below).

Step 4: Estimates for |0u(t, z)|; near the light cone.
We assume (t,x) € Arp also in this step. Let 1 < |a] < k. For a non-
negative integer s, we set

U (tx) =Y Ut ).

18I<s
By (B.13) we get
0u(t, )] ja)-1 < C (UMD (¢t 2) + ett7?) . (5.23)
It follows from (£5.9), (5.12)), (5:23)), and Lemma A.T] that
|Ho(t,z)| <C (52152“*2@ — Jz) 7t et 4 23 (U (g, :c))2>
<Cet® 2t — |x|) " + Ot (U1 (1, 2)) . (5.24)
We put
VIOt = U (¢, (t + o)w)
for 0 <t < T and (o,w) € (—o0, R] x S?. Then (0] is rewritten as
(Vi) (6) = =5 { (Re Vi () Voua(t) + (Re Voo ((DVLS) (1)} + Halt, (¢ + o))
for to, <t < T. Hence by (0.21) and (5.24) we obtain
d 2
Vel OF <Z VoI VEE OF + 2| Halt, (¢ + o)) VD (2)]

%‘ oW
2C*e
t

S VIO +C (o) + 47 (VI (1)) VD),
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V(S Z |V(6

1BI<s
and C* is a positive constant independent of cr. Therefore it follows from (5.15)

and (5.16) that

VR (0] <tog

where

t
Vo(,il;) (too)| + Cs(a>“/ 7O e 22 g

tO,o‘

t
+C’/ T_C*a_l(Vﬂg‘_l)(T)de

tO,o
t
<Ce(o)r! +C/ T_C*a_l(Vggl_l)(T)de.
2
To sum up with respect to |a| <1, we have
t
VY (1) < Celo) !+ C / O (WY (7)) dr
2

for 1 € {1,...,k}. Using this inequality, we can show inductively that
V(1) < Celoyr1? e (5.25)
for to, <t <T and ! € {1,...,k}. Indeed, we already know that
VEL(t) = |Vou(t)] < Celo)
by (5:21]). Hence we have

=V (t) < Celo)* ! + Ce*(o) ™2 / 77 e < Celo) Y,
2

which implies (5.25]) for [ = 1. Next we suppose that (5.25]) is true for some
le{l,...,k—1}. Then we have

t
t’C*EVgIl)(t) <Celo) 1+ Ca2<a)2“2/ @ -)CTe1 g,
2

§C€<0>u71t(2171)c*e’

which yields (525) with [ replaced by [ + 1. Hence (5258 for [ € {1,...,k}
has been proved.

By (5.13) and (5.25) with [ = k, we have
Oult, D) < Celt + [y 27— al) T (1,0) € Ar
Finally we take ¢ < 217%1//C* to obtain
sup  (t+ |z) 77 (t — |z|) T |ou(t, x|, < Ce. (5.26)

(t,:L‘)EAT’R

The final step.
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By (100, (5.22), and (5.26), we see that there exist two positive constants
g9 and m such that (5.2) holds for 0 < & < e5. This completes the proof of
Lemma 5.1 O

6. ASYMPTOTICS FOR THE SOLUTION TO THE PROFILE EQUATION

This section is devoted to preliminaries for the proof of Theorem [L2l Let
to > 1. Keeping the application to the profile equation (or (B.I8])) in mind, we
consider the following ordinary differential equation for ¢t > #:

dz, o D(2(1))
zg(t) =— 2(t) + J(t), (6.1)

where @ : C — R satisfies

|®(2) — ®(w)| < Cylz —w| for z,weC (6.2)
with a positive constant Cy, and J : [tg, o) — C satisfies
|J ()] < Bt (6.3)

with positive constants Ey and A. Concerning the asymptotics for the solution
z(t) of (6.1]), we have the following lemma.

Lemma 6.1. Let z(t) be the solution of ([6.1), and suppose Co( Eotg™+|2(to)|\) <
A2. Then there is a function p = p(s) on [logty, 00) such that we have

EQ)\
()~ pllom)| < g R P2 (64

and
dp

i<L(s) = @(p(s)pls), 5 > logto (6.5)

To prove Lemma [6.1], we introduce some sequences. For the solution z(t) of
(61), we define sequences {2 (1) 1520, {On(t)}320, and {C,}32 in the following
way: We set zo(t) = z(t), and inductively define

O,(t) :/ (I)(Zn(T))d—T, t > to, (6.6)

to T

G, = lim zn(T)ei@"(T),

T—00

Zny1(t) =Cne ion(t), t >t (6.7)

for n € Ny, where Ny denotes the set of non-negative integers. In order to
see that this definition works well, we have only to check the convergence of
lim, o0 2, (7)e©(™) for each n.
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Lemma 6.2. The above sequences {z,(t)}22, {On(t)}22,, and {(,}52, are
well-defined. Moreover we have

o= (st =i [ smrear)
X exp (z /t:o{q)(zn(T)) - q>(zo(r))}dT_T) (6.9)

and

_A n
na(t) = 2] < o (AL

for n € Ny.

Proof. We prove Lemma by the induction on n.
First we consider the case of n = 0. Since zy = z, it follows from (G.1]) that

(20 (t)ei@()(t)), = —iJ(t)e"®®,

which yields
t
20(t)6%0 = z(t) — i / J(7)e 0 dr.
to

This shows that zo(7)e’®(") converges as 7 — oo, and that (6.8) for n = 0
holds, because (6.3) implies J(-)e®®0¢) € Li(ty, 00). As for (69) with n = 0,
we have

(21(t) — 20(t))e 90l = ¢y — zo(t)e’®W = —i /OO J(1)e® M dr,

whence
40 - %0 < [ I0ldr < 55
t

Note that by (6.3]) we have

S(to) — i / J(7)e® ) dr

to

2
< |z(t —. 6.10
<k@l+ygs (610

|Co| =

Next we consider the case of n = ng + 1 under the assumption that ¢,
for n < ng are well-defined (thus z,(t) and ©,(t) for n < ng + 1 are also
well-defined), and that (6.8) and (6.9) are true for n < ny. We set K =

Co(Eoty™ + |2(to)|\) /N2 By (6.2) and (.9) for n = ng, we get
CoEy
At

| @ (2ng+1(8)) = P20y (1))] < Colzngr1(t) = 200 (t)] < K. (6.11)

We put

emzlfﬁwmﬂv» G},
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which is finite because of (6.11). It also follows from (G.IT]) that

& dr
O a(6) = €y (8) = Oua| < [ [Blenyia() = Blany ()| T
t
<COE0
— N2
Now we obtain from (€7) for n = ng and (612) that
Guot1 = 1 (2031 (7)€ @02 0) = Gy exp (i Tim (O 11(7) = Oy (7)) )

:Cno €i9n0 )

K™, (6.12)

which immediately leads to (6.8]) for n = ng + 1 if we replace (,, by the right-
hand side of (6.8) for n = ng. Since |(y,| = |Col, it follows from (E.7), (€10,
and (612) that

}zn0+2(t) - Zn0+1(t)‘ = ‘Cnoewno e~ Onor1l) _ ¢ e=1Om (t)}
< ’CWOHQM - @"0+1(t) + Ong (t)’

Ey\ CoE
< (It + 1 ) Savaee
0

A2t
- ﬂ no+1
At ’
which is (69) for n = ng + 1. This completes the proof. O

Now we are in a position to prove Lemma [6.11

Proof of Lemma Bl We put K = Cy(Eoty” + |2(to)|]\)/A%. Then we have
0 < K <1 from the assumption. By (6.9]) we can easily show that {z,(-)}2,
is a uniform Cauchy sequence on [ty, 00), and {z,(-)}5°, converges uniformly
on [tg,0) as n — oo. We put

p(s) := lim z,(e®), s> logty.
n—oo

Note that we have |p(s)| = |(o|, because (6.7)) and (6.8) imply |z,(t)| = [(o1] =
|Co| for any n € N. Since we have p(logt) = lim, . 2,(f) and 0 < K < 1, it
follows from (G.9) that

2(t) — pllog )] = lim |zo(t) — za(1)]

< E — < E — K< —

which is (6.4]).
To show (G.5]), we set
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which is well-defined because |p(s)| = |(o| for s > logty. Then it follows that

00~ 8,(0)] < | Gulpliog™) — 2, (1|

< [Cay gt
to

p ATA T
CoEgK™
— A (1-K)t)’

whence lim,, o, 0, () = O (t). Similarly we can show

lim [ {8(20(r) ~ ®((r)} T = [ {B{o1ogn)) — @ (aalr)} T,

n—oo

which implies that {(,} converges as n — oo with the help of (6.8]) (note that
([64) shows the existence of the integral on the right-hand side of the identity
above). Thus, by setting (o, = lim,_, (,, we have

p(s) = lim Guore ™91 = (e = (exp (‘z/ %(o»d") '
n—oo 1

ogto

By differentiation, we see that p(s) solves the desired equation (G.5]). O

In the remaining part of this section, we will apply Lemma to the profile
equation. Let u be the global solution to ([ZI)-(23) for small ¢, let U be
as in (L4), and let R be the constant appearing in ([@1]). From now on, we
write V(t;0,w) = U(t, (t + o)w), instead of V, ,(t), for (o,w) € R x S? and
t > max{0, —o}. It follows from (5.I8) that V(¢; 0, w) satisfies

Re(V(t; o, w))
2t

for t > ty, and 0 < R. Note that all the estimates obtained in the proof of
Lemma [5.1] are valid with 7" = oo, because we have already shown that (5.4)
is valid. On the other hand, for ¢ > R, we have

10V (t;0,w) = V(t;o,w)+iH(t, (t+ 0)w) (6.13)

lim V(t;o,w) = lim0=0
t—o00 t—o00

because of the finite propagation property (4.2]).
As an application of Lemma [6.1] we have the following.

Corollary 6.3. Let ¢ be sufficiently small. Then limy_,, V (t;0,w) exists for
each (o,w) € R x S2. If we put

Vt(o,w) := lim V(t;0,w)

t—o00

for each (o,w) € R x S?, then we have
ReV*t(o,w) =0 (6.14)
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for (o,w) € R x S?. Moreover we have V™ € L*(R x §?) and

lim Ix:(0)V (t;0,w) — VT (0o,w)*dodS, = 0, (6.15)

t—o00 RxS2
where x¢(0) =1 for o > —t, and x(c) =0 for o < —t.

Proof. First we show the convergence of V(t;0,w) as t — oo, and (6.14]). We
have only to consider the case o < R, because the opposite case is trivial. By

(GI4) and (5:20), we can apply Lemma 6.1 to (613) with 2(t) = V(¢;0,w),
J(t) =iH(t, (t+ o)w), to = to, if € is small enough, because we have

CO(EOta)\ + ‘Z(to)‘)\) < (Cie < A2

for 0 < ¢ < A?/Cy, where we have taken Cy = 1/2, Ey = Ce(o)™*, and
A =1—2pu, while ] is an appropriate positive constant independent of ¢ and
w. It follows from Lemma [6.1] that for any (o, w) € (—oo, R] x S?, there is p(s)
satisfying

25y - )

and
lim |V (t;0,w) — p(logt)| = 0.
t—o00

So it is enough to show that p(s) converges as s — oo, and that Rep(s) — 0
as s — 0o. For this purpose, we set X (s) = Rep(s)/2, Y(s) = Imp(s)/2 to
rewrite the above equation as

%(8) = X ()Y (s), ﬂ(s) = —X(s)*. (6.16)

We observe that

%(X(s)2 + Y(s)z) — 0,

which implies that X (s)?+Y(s)? is independent of s. We denote this conserved
quantity by p?, where p > 0. The case p = 0 is trivial, because we have
X(s) = Y(s) = 0. Hence we assume p > 0 from now on. From the second
equation of (6I6) we have

() =Y -0

This can be explicitly integrated as

_ (pAme ™ —(p—m)e”
YO = e T (= wer

with some real constant 7 satisfying |n| < p. We can also see that

2p€
(o +m)ers + (p—n)ers

X(s) =
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with some real constant ¢ satisfying &2 +n? = p?. If € = 0, then we have
X(s) =0, and Y(s) = £p. If £ # 0, then n* < p?. Especially we have 1 # p,
and we get

2pEere

lim X (s) = lim =0,
800 sooo (p+n)e? + (p—n)

—2ps __ _
lim Y (s) =p lim o+ T})€72 (p=n) = —p.
3500 s=o0 (p+n)e= + (p—n)

Now the existence of lim;_, V(¢; 0,w) and (6.14]) have been established.
It follows from (B.5]) and (5.9) that

U(t,rw)| = |D_(ru(t,rw))| < Ce(t —r) =+

for any (t,7,w) € [0,00) x (0,00) x S%. Since V(t;0,w) = U(t, (t + 0)w), we
obtain

V(t;o,w)| < Celo) 1t
for (o,w) € R x §? and ¢ > max{0, —o}. Hence, by taking the limit of this
inequality as t — oo, we have

[Vt (o,w)| < Celo) ™, (0,w) €R x S,

which shows V* € L*(R x S?) since p < 1/2. Furthermore we have

Ix:(o)V (t;0,w) — VT (o,w)? < Ce*{o) > ¢ LR x S?)
for ¢ > 0. Now, since limy_,, |x¢(0)V (t;0,w) — VT (0,w)|? = 0 for each (o,w) €
R x S?, Lebesgue’s convergence theorem implies (6.I5). This completes the
proof. O

7. PROOF OF THEOREM
In the following, we write
2(2) = (@ol)) gy = (~Lo1/lel, 22/l 23/l

for z € R®\ {0}. For the proof of Theorem [[.2, we will use the following
lemma:

Lemma 7.1. Let ¢ € C([0,00); H(R?)) N C([0,00); L*(R®)). There emists
(o8, 07) € HY(R?) N L*(R?) such that
lim [|6(t) = ¢™(t)]|z = 0,
—00
if and only if there is a function P = P(o,w) € L*(R x S?) such that
lim [[9u(t, ) — &) Pt o) = 0.

where ¢ € C([0, 00); HY(R?)) N C*([0, 00); L2(R?)) is the unique solution to
O¢* =0 with (¢+,0,67)(0) = (¢g, ¢1), P* is given by

1
Pzl =t |2 7he), 2 #0,

Pt z) = ™
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and 0 = (80, 01, 82, 63)

See [9] for the proof (see also [§], where the above result was implicitly
proved). We note that if (¢d, ¢]) is given, P above is obtained as the trans-
lation representation of (¢f, #), which was introduced by Lax-Phillips [14]
Chapter IV].

Proof of Theorem[L2. Let u be the global solution to (ZI)-(23) for small €
We put U(t,z) := D_(ru(t,z)) (with r = |z), V(t;0,w) = U(t, (t + o)w),
and V*(o,w) = lim;_,o, V(¢;0,w) as in the previous section. Then, as we have

mentioned above, all the estimates in the proof of Lemma [5.1] are valid.
Let

1 _
VIR L) = Vel = el ), a0,

We define

Ji(t) = ( /S 2 ( /0 " roult, rw) — B(r)V (L — t,w)|2dr) dSw) v ,
Jo(t) = ( /S 2 ( /0 T BOrw)V (s — £ w) — () VL, Tw)|2dr) dSw> "

By (B), (B3), and (1) we get

np <o [ ([ wteroar)as. < o2 [
S2 0 0

<Ce2t)* 1 =0

as t — oo. It follows from (6.15) that

Jo(t)* =2 /SQ (/OOO Vt;r —t,w) =V — t,w)|2dr) dsS,
2 [ ([ oo - viewpas ) as,
§2/S2 (/R (o) (Eo,w) — Vo, w)\2da> ds, = 0

as t — oo, because x:(0) = 1 for 0 > —t. Therefore we get

[0ut, ) = DOV ) ooy

( ( lrou(t, rw) — ro(rw)VH4(t, W)Ier> S )1/2
< Ji(t) + Jo(t) = 0 N

as t — oo.
We write u; = Reu and uy = Imu as before. Similarly we put V& =

ReV*, V5 = Im VT, V1thi ReV*#, and V+ﬁ = Im V. (B14) says that
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Vit (o,w) = 0, and accordingly we have V;"(¢,2) = 0. Hence from (7)) we
get

. ) 1 .
Jim (8, ) = lim <19t ) = SOV |z = .

— 00

It also follows from (1)) that
lim 9us(t, ) — B()V5 ()l o) = 0.

Hence recalling that V," € LQ(R x §?), we can apply Lemma [Z1] to conclude
the existence of (f, g5 ) € H' x L* such that

T Jus(t) — g (6] = 0.

where u3 solves Ouj = 0 with (u3, dus)(0) = (f5,g5). This completes the
proof. O

8. CONCLUDING REMARKS

Our reduction of the original two-component system (LI) to the single
complex-valued equation (ZII) in Section [ is just for simplicity of exposi-
tion and not essential in our proof. In fact, we can apply our method to show
the small data global existence for an N-component system

Ov; = Fj(0v), (t,z) € R x R? (8.1)

for 1 < j < N with v = (vj)1<j<ny : R x R® — R" under the following
assumptions:

(i) F; vanishes of quadratic order at the origin of R,

(ii) There are positive constants x1, ..., sy such that
N
S RYViFwY) =0, (w,Y)eS* xR, (8.2)
j=1

where, writing F;(0v) = F;(0yv, O1v, 02v, O5v), we define the reduced nonlin-
earity FJ]-red by

Fj?ed(w7Y) = lim )\72Fj(_)\y7 w1 AY, waAY, w3AY')

A—=+40

for w = (wy,ws, w3) € S* and Y = (Y;)1<;<n € RY. Note that
Flred(w’ Y) = _CZYiYéa
F3d(w,Y) = Yy

in the case of (LIl or (L), whence (ii) is satisfied if and only if ¢;co > 0 or
C1 = Co = 0.

For a solution v = (v;)i1<j<n to @), we put U;(t,rw) = D_(rv;(t,rw))
and U = (U;)1<j<n. Then the associated system of profile equations becomes

1
04Uj(t, rw) = = B (w, Ut rw)) + Hy(t rw),
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where H; is given by

—_

1 1
Hj = —— (TFj(a'U) - ;F’;‘red(wa U)) - ZASQUT

[\]

We also put U}a)(t,rw) = D_(rI'®vj(t,rw)) for |a| > 1. Then the system
corresponding to (4.0 is
1

0, U =——
i 2t

Gj,a + Hj,on

where

N
Gia=_ (Ov,Fr) (w,U)U,
k=1

1/ ~ 1 1
ija = — 5 (rFO‘FJ(ﬁv) — gG%a) — Q—TAS2FO£’UJ'.

The condition (ii) plays the role of (2.2)) in the derivation of an estimate cor-
responding to (5.19), because (82) implies

N N
0+ Z K|U;(t, mw)|* = 2 Z kUi (t, rw)H;(t, rw).
j=1 j=1
We need only apparent modifications for the other parts of the arguments
to obtain the small data global existence. We can also show that the global
solution v to (81 satisfies

sup |[v(t)||g < o0

teR
and

Ov(t,z)| < Celt + |z|) 1t — |z|) "1, (t,7) € R x R?

under (i) and (ii), where p € (0,1/2) can be arbitrarily fixed. However, it is
difficult to specify the asymptotic profile of the solution as precisely as that
stated in Theorem because our argument heavily depends on the form of
the profile equation and the explicit integrability of (€.5). For related results
on the nonlinear Schrédinger systems, see [4], [15], etc.

ACKNOWLEDGMENTS

The first author (S. K.) is supported by Grant-in-Aid for Scientific Research
(C) (No. 23540241), JSPS. The third author (H. S.) is supported by Grant-in-
Aid for Young Scientists (B) (No. 22740089), JSPS.

REFERENCES

[1] S. Alinhac, Semilinear hyperbolic systems with blowup at infinity, Indiana Univ. Math. J.
55 (2006), 1209-1232.

[2] D. Christodoulou, Global solutions of nonlinear hyperbolic equations for small initial
data, Comm. Pure Appl. Math. 39 (1986), 267—282.



24 S. KATAYAMA, T. MATOBA, AND H. SUNAGAWA

[3] J-M. Delort, D. Fang and R. Xue, Global existence of small solutions for quadratic
quasilinear Klein-Gordon systems in two space dimensions, J. Funct. Anal. 211 (2004),
288-323.

[4] N. Hayashi, C. Li and P.I. Naumkin, On a system of nonlinear Schrédinger equations
in 2D, Differential Integral Equations, 24 (2011), 417-434.

[5] L. Hormander, L, L> estimates for the wave operator, in “Analyse Mathématique et
Applications, Contributions en I'Honneur de J. L. Lions”, Gauthier — Villars, Paris,
1988, 211-234.

[6] L. Hormander, Lectures on nonlinear hyperbolic differential equations, Springer Verlag,
Berlin, 1997.

[7] F. John, Blow-up for quasilinear wave equations in three space dimensions, Comm. Pure
Appl. Math. 34 (1981), 29-51.

[8] S. Katayama, Asymptotic pointwise behavior for systems of semilinear wave equations
in three space dimensions, to appear in J. Hyperbolic Differ. Eq. 9, no. 2 (2012).

[9] S.Katayama, Asymptotic behavior for systems of nonlinear wave equations with multiple
propagation speeds in three space dimensions, preprint (arXiv: 1205.5944 [math.AP]).

[10] S. Katayama and H. Kubo, Asymptotic behavior of solutions to semilinear systems of
wave equations, Indiana Univ. Math. J. 57 (2008), 377-400.

[11] S. Katayama, T. Ozawa and H. Sunagawa, A note on the null condition for quadratic
nonlinear Klein-Gordon systems in two space dimensions, Comm. Pure Appl. Math.,
in press (doi: 10.1002/cpa.21392).

[12] Y. Kawahara and H. Sunagawa, Global small amplitude solutions for two-dimensional
nonlinear Klein-Gordon systems in the presence of mass resonance, J. Differential Equa-
tions 251 (2011), 2549-2567.

[13] S. Klainerman, The null condition and global existence to nonlinear wave equations,
Lectures in Appl. Math., vol. 23, Amer. Math. Soc., Providence, RI, 1986, pp. 293-326.

[14] P. D. Lax and R. S. Phillips, Scattering Theory, Academic Press, 1967.

[15] C. Li, Decay of solutions for a system of nonlinear Schridinger equations in 2D, to
appear in Discrete Contin. Dyn. Syst.

[16] H. Lindblad, On the lifespan of solutions of nonlinear wave equations with small initial
data, Comm. Pure Appl. Math. 43 (1990), 445-472.

[17] H. Lindblad and I. Rodnianski, Global existence for the Einstein vacuum equations in
wave coordinates, Comm. Math. Phys. 256 (2005), 43-110.

[18] C. D. Sogge, Lectures on non-linear wave equations, International Press, 1995.

[19] H. Sunagawa, A note on the large time asymptotics for a system of Klein-Gordon
equations, Hokkaido Math. J. 33 (2004), 457-472.

DEPARTMENT OF MATHEMATICS, WAKAYAMA UNIVERSITY, 930 SAKAEDANI, WAKAYAMA
640-8510, JAPAN.

E-mail address: katayama@center .wakayama-u.ac. jp

OSAKA PREFECTURAL TENNOJI HIGH SCHOOL, 2-4-23 SANMEICHO, ABENO-KU, Os-
AKA 545-0005, JAPAN.

DEPARTMENT OF MATHEMATICS, GRADUATE SCHOOL OF SCIENCE, OSAKA UNIVER-
SITY, 1-1 MACHIKANEYAMA-CHO, TOYONAKA, OSAKA 560-0043, JAPAN.
E-mail address: sunagawa@math.sci.osaka-u.ac.jp



	1. Introduction and the main results
	2. Reduction of the problem
	3. Commuting vector fields
	4. The profile equation
	5. Proof of the global existence part of Theorem ??
	6. Asymptotics for the solution to the profile equation
	7. Proof of Theorem ??
	8. Concluding remarks
	Acknowledgments
	References

