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Abstract We present the linear nonconforming finite element approximation of the variational
inequality resulting from Signorini problem. We show if the displacement field is of H ? regularity,
the convergence rate behaves like O(hg/ 4) with respect to the energy norm and can be improved
to quasi-optimal O(h|logh|'/*). Tt is of the same convergence rate as that of the continuous
linear finite element method. If stronger but reasonable regularity is available, the convergence
rate can be optimal O(h) as expected by the linear approximation.
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1. Introduction

Signorini problem is one of the model problems considered in the theory of variational
inequality(see [7],[11]). The continuous linear finite element approximations of this problem
have been studied in many works(see [2],[8],[12],[3]). As far as we have known that Scarpini
and Vivaldi (see [12]) first gave the O(h%*) convergence rate under the condition that the
displacement field u is of H? regularity. Then, Brezzi, Hager and Raviart(see [2]) presented O(h)
convergence rate by detailed analysis under the additional assumptions that u|sg € W1H°°(9Q)
and that the number of points in the free boundary set where the constraint changes from
binding to nonbinding is finite. For simplicity, we call these points "the critical points”. Later,
Belgacem (see [3]) proved that under weaker assumption, i.e., u € H?(2) and the number of
critical points is finite, O(h|logh|'/?) convergence order can be obtained. Recently, Belgacem
(see [4]) has established an improved result of O(h|logh|'/*) convergence order under the same
assumptions as in his previous paper. However, the convergence rate is not optimal if stronger
regularity and finite number of the critical points are not assumed. In this paper, we work
with Crouzeix-Raviart linear finite element (see [6]) to approximate the Signorini problem and
achieve the same results as those of the continuous linear finite elements. The whole process
of analysis is more complicated and probably more skillful. Moreover, if the displacement field
u € W?P with p > 2, we can obtain the optimal convergence rate without the assumption of
the finite number of the critical points on the contact region.

Throughout this paper all the notation about Sobolev spaces can be found in [1]. In addition,
the frequently used constant C is a generic positive constant whose value may be different under
different context. The paper is organized as follows: In section 2, we establish some notation
and lemmas. The main results are described in section 3, and in section 4, the proofs are given.
Next, we state the framework of the Signorini problem.

For the sake of simplicity, we only consider the Signorini problem for the Poisson equation.
The general continuous setting of this problem in R? can be illustrated (a mathematical model) as
follows. Suppose 2 C R? is a Lipschitz bounded domain, and it consists of three non-overlapping



Fig 1.1

parts I'g, I'y and I'y. T'g is the fixed boundary (Dirichlet condition) with the end points c1, co
while I'y is the contact region subjected to a rigid fundation with dy, ds as its endpoints, besides,
Iy is the "glacis” with Neumann condition.

Now the Signorini problem can be restated as the following mathematical model:

to find u€ K ={u€ H{ (Q):u>0 only}, such that (1.1)
a(u,v —u) > x(v—u), Vv e K, (1.2)
where
a(u,v) = / Vu - Voudz, x(v) = / fodx + / guds. (1.3)
Q Q T,

The notation Hy, stands for the set {v € H'(Q) : v =0on TIg}, 92 =Ty UT; UTy, and
int(To) Nint(Ty) = 0, nt(I'1) Nint(y) = 0. (see Fig 1.1). Here for concision, suppose the
domain € is polygonal in R?, and we only consider u > 0 instead of u > a on I'y in the closed
convex set K, since the whole subsequent analysis can be carried out to the case where a does
not vanish. It is easy to check that the equivalent differential form of (1.1) is the following

—Au=f in €,
u =10 on I,
du=g on Iy,
u>0, Ou>0, Gu-u=0 on I'i=TYUT],

(1.4)

where v is the unit outward normal to 9Q and I') = {z € I'; : u(z) =0}, ' = {z € "1 : u(z) >
0}. The existence and uniqueness of the solution of the above problem can be easily verified by
the ellipticity of a(-,-) and the continuity of x on H %O.

Suppose J}, is the regular triangulation of 2, and T' € J}, is the triangular element. Let V}, be
the Crouzeix-Raviart linear finite element space corresponding to [Jp, (which is nonconforming,
ie., Vi, € HY(Q)), that is to say,

v { v € L%(Q) : vp|7 € Pi(T), vy, is continuous at the midpoints of the edges of T
h for all T € J,, and Uh(a;j) = (, where a;j is the midpoint of a;a;- c Iy.

(1.5)
and let
lvnlln = O o3 r)'2, Von € W, (1.6)
T
be the norm on Vj,. Moreover, assume K}, is the following closed convex subset of V},,
Ky, = {v, € Vi, s vp(aij) > 0, where a;; is the midpoint of @;a; C I'y.} (1.7)



And we always consider that the triangulation 73 is built in such a way that the end points
of I'g and I'y are always chosen as the vertices of triangular elements. Then the finite element
approximation of problem (1.1)-(1.3) leads to : to find uj € Kj, such that

ah(uh,vh — uh) > X(Uh — uh), Vvh € Kh, (18)
where
ap(up,vp) = Z/ Vuy, - Vopdx, (1.9)
T JT
x(vp) = / fuopdz +/ gupds. (1.10)
Q r,

As |lvp|lp in (1.6) is a norm in V}, the solution of the discrete problem (1.8)-(1.10) uniquely
exists, and the following abstract error estimate holds:

Theorem 1.1  Suppose u € K is the solution of the variational Signorini problem (1.1)-(1.3)
and up, € K}, the solution of the discrete one (1.8)-(1.10) respectively, then

= wnlln < C inf {Jlu—ovnlf +an(u, vn = un) = x(vn - up) 2. (1.11)
h h

The proof is similar to that of the second Strang lemma(see [5]), so we omit it here.
Remark: In the following sections, we often use the subscript A to denote something related
to the finite element discretization.

2. Notation and lemmas

In this section, we introduce some notation and lemmas, which will be used in the later
context. Let F' C 02 be the line element with respect to the triangulation J},, and let

I = {F :F C Fl} (21)
then I'y;, can be divided into the following three non-overlapping sets:

Y ={Fely: FcIy},
I, ={FeTly,:FcIf}, (2.2)
Iy ={FeTly,: FNTY#0,FNT{ # 0},

and
Ty, =T, T, UTy,. (2.3)

Lemma 2.1 The following discrete trace inequality holds, for 1 < p < oo,
lv]lop.or < C{h;leHapI + hzi’p_1|v|’1’7p7T}l/p, Yo e WH(T), T e J. (2.4)

where C is a constant independent of v and hrp.
The proof is the same as Stummel(see [13]).

Lemma 2.2 Suppose F C OT is an edge of the triangular element T € Jy, and v € H*(F),
moreover, there exists some QF € F such that v(QY) = 0, then

dv
vllo,r < ChHEHO,F < Chlv|y,r (2.5)
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lollo, < CRY2[[vl1 /o5 (2.6)

where C = constant > 0 is independent of h and v, and Z—g denotes the derivative of v along F'.
Proof. Since C1(F) C H'(F) densely, it is sufficient to prove the lemma for smooth function
v € C1(F). Firstly, we have

e = [ %)~ 2@ las
dv?
// v dt|d<2/{/ OE
QF dt
<24 [ )| S5 ke < 2o rl 5 o
< 2h||UHO,F|U|1,F
from which the estimate (2.5) is proved. Next, we also have
e <2 | /
<2P| [ o)
< 2hlv[]y 2, FH H 12,F < Ch||U”1/2F

from which the estimate (2.6) can be obtained.

Lemma 2.3 Let u and uy, be the solutions of the problems (1.1)-(1.8) and (1.8)-(1.10) respec-
tively, and assume that u € H?(Q), then

- Z / dyu - upds < Chlu|a.ollu — up||n + Ch3/2HuH2 Qs (2.7)
Fel'y,

where C' = constant > 0 is independent of h.

Proof. For given F' € I'};, if up, > 0 on F, then — fF oyu - upds < 0, since d,u > 0 on I';. Thus
we need only consider such F' € I'};, that u;, > 0 does not identically hold on F. Then, for
those F', because we have uh(mF ) > 0, with m¥" the midpoint of F, and by the linearity of wuy,
on F, there exists some Q" € F, such that u,(QF) = 0. Let

PE |F| / vds, RE(v) =v — PF(v) (2.8)
then,
B uds = — /F RE(D,u)unds — PF (Do) /F upds
- [ RE@uuunds < 18§ @.llorlunlor (2.9)

since dyu > 0 on F, P§'(9,u) > 0 and [, upds = |Flup(m’) > 0. By lemma 2.1 for p = 2 and
the interpolation error estimate (see [5]), it can be seen that, for F' C 9T,

IRE (8,u)|o.r < ChY?|ulor, (2.10)



where C' = constant > 0 is independent of h. Thus again by lemma 2.1 for p = 2, (2.5) and
(2.10), one yields
—fF&,u-uhds < Ch3/2|u|2,T|uh|1,F
< Ch*Plulyr(ju — upl,p + [ulyr)
< WP lulo,r (W fu = unff o+ hlul3 )2 + CR* 2 ularlulyp

< Chlulyrlu = uphr + CR2[ufs 7 + Ch*Plula rluly F

where F' C 0T. Then, it comes out that

S / Byu - unds < Chlulagllu — wnlln + Ch2ul? g + Ch¥2|ulaqllull: o0
Fery, '

from which, and by the trace theorem, the proof is completed.

Lemma 2.4 Under the assumptions of lemma 2.8, assume that the number of the critical
points on I'y is finite, then

- Z /8,,u~uhds§Ch!u|27g|]u—uhHh+Ch2|]uH§,Q (2.11)
* Jr
FeTy,

where C' = constant > 0 is independent of h.
Proof. To begin with, following the same analysis of lemma 2.3, we only need to consider those
F, such that uy, has at least one zero point Q¥ on F. Then, for those I, by (2.5) we have

du
[unllo,r < Cth—Sh”O,F (2.12)

Furthermore, for all F' € I'};, we claim that there exists either some line segment F' C F € I'},,
with meas(F’) > 0 and u|p = 0 or card{x € F : u(x) = 0} is finite, since that the number of the
critical points on I'q is finite. For the latter case, which means 9, u = 0 almost everywhere on F’,
then — | 7 Ouu - upds = 0 by the definition of the Lebesgue integral. So we only need to consider
the former case, which implies that there must be some P¥ € F’ C F such that Lu(PF) = 0.
Let 4 (s) = v(s), from (2.9),(2.10) and (2.12), it can be seen that

du
~ [pdvu-unds < Ch*lular]| = lo.r

dup, du du
< Chg/z\ulgyT(HE — E”QF + HEHO,F)

du
< CR**ulor(Ju — uplr + HEHQF)
d
< CR3 2 ulop(h™ u — unlir + h|u|%,T)1/2 + Ch3/2|u|2,T||d_ZH0,F

du
< Chlula,rlu — uplir + Ch*|ul3 1 + Ch3/2|U|2,TH£||o,F

and by (2.6)
du du
||EHO,F < Chl/2\|£||1/2,p < Ch1/2||u||3/2,F (2.13)



As a result, by the trace theorem,

~Yper, Ovu-upds < Chlulyallu —upln +CR?ul3 o +Ch* Y Jularllullsys,r

Fel'

FCoT

< Chlulzollu —unlln + CR?|[ull3 o (2.14)

and the proof is completed.
Remark: In the following sections, we often use the subscript h to denote something related
to the finite element discretization.

3. Main results

In this section, we present the main results of the error estimates for Crouzeix-Raviart
linear element approximation to the Signorini problem stated in (1.1)-(1.3) in section 1. We
first provide the (’)(h3/ 1) convergence rate as that of the continuous finite element approxima-
tion(Theorem 3.1), then, we show the quasi-optimal error of the nonconforming method under
the reasonable assumption(Theorem 3.2). Furthermore, if additional regularity is assumed, op-
timality can be achieved(Theorem 3.3). Finally, if the displacement field u is in W2P(Q)(p > 2),
even without the assumption of the finite number of the critical points on the contact region,
optimal convergence rate is available.

Theorem 3.1  Suppose Q C R? is a polygonal domain, u,uy, are the solutions of (1.1)-(1.3)
and (1.8)-(1.10) respectively, and u € H?(Q)), then we have

[ = unln < CH¥|[ull2,0. (3.1)

Theorem 3.2  Under the assumptions of theorem 3.1, moreover, assume that the number of

the critical points in I'1 is finite, then we have
lu = unln < Chllogh|"/*||u]l20 (3.2)

Theorem 3.3 Under the assumptions of theorem 3.2, and in addition, assume u|pg €
Wheo(9Q), then

lu = unlln < Chlul2a(l[ullz + |ul1,00,00)- (3.3)
Theorem 3.4 Suppose Q@ C R? is a polygonal domain, u,uy, are the solutions of (1.1)-(1.3)
and (1.8)-(1.10) respectively, and u € W*P(Q) with p > 2, then we have

lu—unlln < Chljullzp.0- (3.4)

We should note that for the continuous linear element approximation to the Signorini prob-

lme (1.1)-(1.3) in section 1, the above results (3.1),(3.2) and (3.3) have been obtained in [12],[4],
and [2] respectively. In the proof of Theorem 3.2 in the next section, our method differs from
that of the Belgacem’s, but the result is same.

4. The proofs of the main results

Before verifying the main results, we present the following lemma.



Lemma 4.1 Suppose u,uy, are the solutions of (1.1)-(1.3) and (1.8)-(1.10) respectively, and
u € H?(Q), then we have

lu—unl < CR2uEg + 3 /F Dyl — up)ds} (4.1)
Fel'vp

Proof. By the abstract error estimate (1.11), we set
Ep(u,vp —up) = ap(u,vp —up) — x(vp — up)

— ET: /T Vu - V(vp —up)dr — /Qf(vh — up)dx — /Fg g(vy — up)ds

= — /Q(Au + f)(vp, — up)dz + ET: /E)T Opu(vp, — up)ds — / g(vp, —up)ds

Ly
= Z Z / Oyu(vy, — up)ds + Z / Oyu(vp, — up)ds
T Fcor Y F Felon ’ F'
FZoQ
+ Z /E?Vu(vh—uh)ds
Fel'yy F
=Lh+1LL+1I3 (4.2)

Let wp, = v, — up, by the standard error estimates of Crouzeix-Raviart linear finite element(see
[13]), we have

B=3 % [ - wds < Chlulaalunll 3)
T rcor Y F
FZoQ
and
L= 3, / Oyu - wpds < Chlulz.qllwp|n (4.4)
Felg, 7 F
By (4.2)-(4.4), one gets
Ep(u,vn — un) < Chlulzollvn — unlln + I3 (4.5)

Thus, by(1.11),
lu—upllz <C inf {|lu—wval; + Chlulan(llu = valln + lu — walln) + I3}
v €K}
Using the Young’s inequality

1
ab< a2+ =2, VYe>0
2 2e

we obtain
lu—upllf; <C inf {[lu—v4l} + Iz} + Ch|ul3q
v EKp ’

Let IIj, be the linear interpolation operator of Crouzeix-Raviart linear finite element, then Il,v €
K, for all v € K and choose II,u = vy in the above inequality and by the standard interpolation
error estimates of Crouzeix-Raviart linear finite element in [6], we derive,

lu —upl7 < C(hﬂu!%m +1I3) = C{hﬂu\%n + Z / Oyu(Mlpu — up)ds} (4.6)
Fel'yy F



which completes our proof.

With lemma 4.1 at hand, in order to prove the theorems in section 3, we only need to handle
the last term of the right-hand side of (4.1), i.e., Is.
Proof of Theorem 3.1.

I3 = Z /8uHhu—uds— Z /8,,u upds = A+ B (4.7)

Fel'qp Fel'yp

since yu-u =0 on I'y. By lemma 2.1 for p = 2 and the interpolation error estimates,

A / dyu(yu — wyds < 3 10,ullorllTTyu — ulor
Fel'yy Fel'1p
< D N0vullo.pCR* P ular < CH¥2|Dyullor, lulzg < CRYPul3 o (4.8)
Fel'yy

where F' C 9T By the differential information (1.4), we know d,u = 0 on I'};, which results in

Z/(‘)u upds = — Z/au uhds—Z/au upds = B1+ By (4.9)

O —_
Felin Fely), Felyy,

Consider for all F € T?, ulp =0, so

— [pOu-upds = RE(9,u)upds — PY (0, u)/ upds
F F

< — | RE(O,u)upds = —/ RE(0,u)RE (up,)ds
F

L(0,u)RE (uy, — u)ds

*q\*q

IRY (9uw) |07 || RE (un — u)lo,r

Note that
IRE@u)l, <2 /F IRE (0yu)[?ds + /F |RE (@) *ds)

< 2{/ |RE (01u)|?ds +/ |RE (Oqu)|?ds} < Ch|u\%yT (4.10)
F F

The last inequality is obtained by the discrete trace inequality (2.4) in lemma 2.1 for p = 2.
Now it follows again from (2.4) with p = 2 that

By Z /au upds < Z ChY2|ulyrh 2w — up1.r < Chlulagllu — uplln  (4.11)
Fer?, Fery,

From (4.6)-(4.9), and (4.11), one gets
lu—unli < C(A*|ul3q + B3 o + Blulsollu = unlln) + Bs (4.12)
Now using lemma 2.3, we know

By < Chlula.ollu — upln + Ch?’/zuuyy;g (4.13)



Combining (4.12)-(4.13) together with the Young’s inequality, the proof is completed.

Proof of Theorem 3.2. In order to obtain the quasi-optimal convergence rate, we should only
re-estimate the term I3. Note that d,u = 0 on th and d,u-u =0 on I'y,

I3 = Z /F&,u(ﬂhu—uh)ds: Z /F&,u(ﬂhu—uh)d5+ Z /Fauu(HhU—uh)dS

Felip Fer?, Fery,
= Z / Opu(Ilpu — up)ds + Z / Opu(llpu — u)ds — Z / Oyu - upds
Fery, F Fel'y, F Fel'y, F
=D1+ Dy + By (4.14)
Moreover, for any F € I‘(l)h, by lemma 2.1 for p = 2 and
J @ = wn)ds = P10 ug) ) =~ m [ ] <0
with m! the midpoint of F, it follows easily that
Jr Ovu(Ilyu — up)ds < / RE(9,u)(Tu — uy)ds
F
— F F F
= / Ry (Oyu)(ITpu — uw)ds + / Ry (Oyu)Ry (u — up)ds
F F
< R (Bvw)lo,r (IThw = ullo,r + | Ry (w = un) o)
< ||CRM P ulo,z (WPl + 22 u = up|y 1)
< Ch?|ul37 + Chlular|u — up|yr
hence,
(4.15)

D < Ch2|u|§,9 + Chlul|z,0llu — un||n
Now we turn to estimate Dj. For any F' € I'};, by discrete trace inequality lemma 2.1 and the
interpolation error estimates, we have
fF Oyu(llpu —u)ds < HaquLp’(F)HHhU - UHLP(F)

< CHauuHLp’(F)(h_lHHhu - U||8,p,T + hp_1|HhU - Uﬁ),p,T)l/p

< C”auu”Lp’(F)(hp—i_l’u‘gj)l/p

< Ch1+1/p|u|2,THauuHLp’(F)

Note that H'/2(I') < LV (T1), (1< p/ < +o0) and o] ry) < OV ol iz, e [3]), then

Dy = Z /0Vu(Hhu—u)dSSCth/pHauUHLP’(Fl) Z [ulzr
Fery, F Feryy,

< CRYP 0,0 [l < CVPRTP R [ull3 g

Choosing p’ = |logh|, we obtain

D, < Cllogh 1 [ulf} (4.16)
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Finally, using lemma 2.4,
By < Chlulzollu — uplln + Ch?||ul3 o (4.17)

we can finish the proof of Theorem 3.2 by (4.14)-(4.17) together with (4.6) and the Young’s
inequality.

Proof of Theorem 3.3. Following the proof of Theorem 3.2, to improve the convergence rate from
O(hllogh|'/*) to O(h), it is sufficient to re-estimate the term Do. For all F € I'},, by lemma 2.1
with p = 2 and the interpolation error,

[r Ovu(Ilyu —u)ds < ||8,,u||07oo,F/ (TTpu — u)ds
F

< ChM2)19,ullo,00,F
< Ch?|uly,00,F|ul2,r

|u — pullo,r

From which we deduce that

Dy= Y / dyu(Myu — u)ds < ChJulioor, Y lular < CR2[uli o ul20 (4.18)
FEF;;L F FEF;;L

here we have used the assumption that the number of the critical points is finite. Then, as a
consequence of (4.6),(4.14),(4.15),(4.17) and (4.18) as well as the Young’s inequality, the proof
is complete.

Proof of Theorem 3.4. Now observe that v € W?2P(Q), p > 2, by the trace theorem we have
ulgg € W21/PP(9Q), and then by the Sobolev imbedding theorem, Dulgg € W'=1/PP(9Q) —
C%(0Q), as p > 2. We still write

I3 = D1+ Dy + By (419)

It is easy to see that (4.15), (4.18) still hold. To be exactly, as a direct application of the above
imbedding theorem, now (4.18) can be re-written as

Dy < CR2[ullapalulzg (4.20)

Next, we need to bound Bsy. As before, we only need consider those F' on which uy has at least
one zero point and then (2.12) follows. Since F' € I'};, u has at least one zero point which we
denote by QF, i.e., u(QF) = 0. If furthermore there is a neighborhood W C F of the point QF
such that u(x)|y = 0, which implies that there must be fl—Z(QF ) = 0. Otherwise, there exists
a neighborhood W C F of the point QF such that u(x) > 0 in W except on one point QF. In
this case, it is easy to see that Q" is the minimum point on W which implies z—z(QF ) = 0 since
fl—g‘ € C°(9Q). In short, on those F, the fact that both u and Z—;‘ have zero points is crucial to
our relaxation of the finite number of critical points. Subsequently, following the same line of
the proof of lemma 2.4, (2.11) holds, i.e.,

By < Chlula.allu — uplln + Ch*|lul3 0 (4.21)

Finally, By (4.6),(4.15),(4.19)-(4.21) as well as the Young’s inequality we complete our proof.
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