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1 Introduction

We consider a convergence acceleration method for collocation solution of the Volterra

integral equation with vanishing variable delay

t 0(t)
u(t) = f(t) —|—/0 k1 (t,s,u(s))ds —|—/0 ko(t, s,u(s))ds, teJ:=10,T], (1.1)

where 6(t) := ¢t — 7(t) > 0 is such that the continuous delay 7 satisfies 7(0) = 0. Equation
(1.1) includes an important special case (see [7, 16]) where 7 is the proportional delay

T(t) =(1—q)t with0 < ¢ <1, 1ie,

u(t) = f(¢) —i—/o ki(t, s, u(s))ds + /Oq ka(t,s,u(s))ds, teJ:=][0,T]. (1.2)

There are many literature to study delay functional equations frequently encountered in
physical and biological processes, see, for example, [19]-[21], [26] and [28], [30] and [33]. The
analysis to the second-kind Volterra integral equations with proportional delays dates back
to the works in [38](pp. 92-101), [1] and [17]. Some more recent results on this subject can
be found in [14], [16] and [32]. During the past decade, numerical methods for (1.1) or (1.2)
has attracted wide attention of many researchers. Various numerical methods for (1.1)
have been introduced such as quadrature method [3], iterated collocation method [6, 11],
Euler-type method [31] and spectral method [2, 37]. Numerical methods for functional
integral and integro-differential equations of Volterra type have been summarized in [8].

It is well known that Sloan iteration first proposed in [34] can greatly raise the conver-
gence rate of projection-type solutions of compact operator equations. The convergence of
Sloan iteration for integral equations with smooth kernel can be further improved by con-
vergence acceleration methods such as extrapolation method and correction method (see,
for example, [27] and [35]). Two kinds of multilevel correction methods for collocation
solutions of Fredholm integro-differential equations and for discrete collocation solutions
of the Volterra integral equations with constant delay were introduced in [24] and [25],
respectively. For the multilevel correction method, the convergence rate of the multilevel
corrected approximation is much higher than that of the original collocation approxi-
mation. This means that the multilevel correction method has significant advantages for
reducing the cost of calculation and improving the computational efficiency. In the present
paper, we try to develop a multilevel correction method for collocation approximation of
the equation (1.2).

It is well known that for the classical Volterra integral equations (k2 =0 in (1.2)) the
iterated collocation solution associated with piecewise (m — 1)st degree polynomial spline

collocation based on a uniform mesh possesses the optimal superconvergence order 2m at



the nodes of the mesh, provided that the collocation parameters are chosen as the m Gauss
points in (0,1). However, it has been shown in [7] and [36] that these superconvergence
properties on uniform meshes do not carry over to equation (1.1) (k2 # 0). In fact, it can
be seen from [7] and [36] that for this kind of delay integral equation the optimal (local)
superconvergence order p* is at most p* = 2m — 1. Fortunately, an important observation
was fall to be escaped. It has been proved in [13] that a properly chosen geometric meshes,
which is similar to the meshes introduced in [4, 23], can generate iterated collocation
solutions possessing the almost optimal local superconvergence order p* = 2m — ¢ at
all mesh points (see also [11]). It is certain that we can consider multilevel correction
method for the collocation solutions based on such geometric meshes. In order to develop
a multilevel correction method, we need to construct a high order interpolation operator
which must be uniform bounded. However, we find that the high order interpolation
operator defined on geometric meshes is not uniform bounded yet. Therefore, we need to
make the change of the distribution of grid points.

In the present paper we introduce a kind of hybrid mesh, which can be viewed as
a combination between the geometric meshes and the uniform meshes. We find that
not only the hybrid mesh can generate collocation solutions possessing the almost optimal
local superconvergence as geometric meshes, but also the high order interpolation operator
defined on such hybrid mesh is uniform bounded. It will be shown that when the collocation
solutions are continuous piecewise polynomials whose degrees are less than or equal to m
(m < 2), the global accuracy of k time corrected approximation is O(N~@m(k+D=¢))
where N is the number of the nodes and ¢ is an arbitrary small positive number.

The paper is organized as follows. In section 2, we describe the main result about
multilevel correction for collocation solutions of the linear version of the equation (1.2).
In section 3, we analyze the properties of the collocation method and the high order
interpolation operator based on hybrid meshes. Then we prove a few of auxiliary results.
In section 4, the proof of main results is given. In section 5, some numerical results are

reported to confirm the theoretical result.

2 Main result

The theoretical analysis of the equation (1.2) will be carried out in the Banach space
C™[a, b] of n times differentiable and continuous functions being real-valued on [a, b]. When

y(t) is k times differentiable, y(*) (t) coincides with the usual notion of derivative: y* (t) =



DFy(t) = d*y/dt*. This space is equipped with uniform norm

1911n,00,[a,6] = sup. y® @), ¥yea,b. (2.1)

0<k:<n

Assume that the given function f € C**2[0,T], K; € C?**2(Q)(i = 1,2) where
Q=0UQ, O :={(t,s): 0<s<t<T} Q:={(t,s): 0<s<qt, t € J}andp
is a nonnegative integer (see also [7]). We consider the numerical methods for solving the

linear version of the equation (1.2),
qt
/ Ki(t,s)u(s)ds + Kg(t, s)u(s)ds, teJ, (2.2)

where 0 < ¢ < 1. It has been shown in [5] and [13] that the integral equation (2.2) has a

unique solution u € C?P*2(0, T7.
2.1 The collocation method for solving Volterra integral equation

Let N denote the set of all positive integers. For any N € N, let Jy: 0 =ty <
t1 < -+ <ty = T denote a mesh (or partition) on the given interval .J, and set e, :=
[tn-1, tn], hp :=tn —thp—1 (n=1,--- ,N), h := maxj<p<n hp. The finite-dimensional

collocation space on the meshes Jy is defined as
SO(JIn) =={v: v € C(J), Ve, € Pulen) (n=1,---,N)},

where m € N satisfying m > 1 and P,,(e;,) denotes the set of polynomials defined on e,
whose degree is less than or equal to m.
The collocation method for solving Volterra integral equation (2.2) concentrates on
looking for wy, € Ség)(jN) satisfying
qt

up(t) = f(t) + /Ot Ki(t, s)up(s)ds + ; Ko(t, s)un(s)ds, t € Xo(1<n<N), (2.3)

where )A(:n = {tn’j =tn_1 +thn, OD=c1 << <y < Cm+1 = 1} (n = 1,--- ,N).
The set X(N) := UM, X,, will be referred to as the set of collocation points, which is

completely determined by the given mesh Jn and the collocation parameters {¢; }Tzﬁl

2.2 Multilevel correction for collocation solution

In the subsection, we introduce a multilevel correction method. For convenience, we
define operators @h and 7, which will be referred to repeatedly below. For any function

y € C(J), we set

qt
/ Ki(t,s)y(s)ds — Kg(t, s)y(s)ds.



The sequence of collocation operators Qp, : C(J) — Sﬁ,?)(JN) is defined as Qpny € Sﬁ,g)(jN),
which is the unique solution of the discretic system:

~ t ~ qt ~ ~

Qny(t) = fy(t)+/0 Ki(t, s)Qny(s)ds+ ; Ko (t, s)Qny(s)ds, t € Xp(1<n < N). (24)
Using such definition we know that the collocation solution uj defined by (2.3) can be
written as u, = @hu, with u being the analytic solution of the equation (2.2).

A multilevel collocation method will involve a higher order interpolation operator 7.
Let the collocation parameters are chosen as Lobatto points. We define 7 as the sequence
of interpolation operators such that 7y(t,) = y(t,)(n = 1,2,--- | N) for any y € C(J)
and Ty(t) is a piecewise polynomial of higher order which is completely determined by
y(tn)(n=1,2,--- ,N). The detailed definition of T will be stated below.

Throughout this paper we let C¢ denote the combination number defined as usual,
where ¢ is a non-negative integer and r is a positive integer, which satisfy i < .

Let u denote the analytic solution of the equation (2.2), and define
k k N
fZZhJC = (=1)* Z CIJH—I WQh) Ty, = 1)* Z Cl]c-i-l ﬂQh) TTQRu.
Jj=0 7=0

In general the approximation uy, 1, has a faster convergence than the original collocation
solution uy,. But the convergence rate of up, i, (and @) depends on the meshes Jn. Because

of this we need to discuss how to choose a suitable meshes J N-
2.3 From geometric meshes to hybrid meshes
We first recall the geometric meshes introduced in [13] and [23].

Definition 2.1. The meshes {jN}N22 is called a sequence of geometric meshes if the

mesh points {t,} = {t%N)} satisfy
tp =tWN) =a¥ T, n=1,--- N, (2.5)
where d (0 < d < 1; d is independent of n) remains to be determined.

Remark 2.1. Note that the mesh diameter h is given by hy = T(1 —d). To guarantee h
satisfying that h — 0 as N — oo, we require d — 1 as N — oo. Therefore d will depend

on N.

Since ho/h1 = (t2 —t1)/t1 —to = d/1 —d — o0 as N — oo(d — 1) by the definition
of geometric meshes, not all Lagrange interpolation basic functions defined by geometric
meshes are uniform bounded. Therefore the error estimation of the high order interpolation

operator 7 is not optimal. To make the interpolation operator 7 available, we set 2p new



points t1,1,%1,2, -+ ,t1,2p in (to, t1) and define Ty(t) on [to,t1] as a 2p+ 1 order polynomial
which is determined by the values of y(t) at the points {to,t1,1,t12, - ,t1,2p,t1}. That is
to say, we have to define Ty(t) on [to, t1] and [¢1,tn] respectively. As we will see, the high
order interpolation operator 7 based on such meshes is uniform bounded. Set 1o = to and
t12p+1 = t1. Since [tg,t1] is partitioned by the new points, the set of collocation points

)?1 must be changed into X; = U?;l X1,x where
Xl,kz = {t17k7]’ = t17k_1 + Cj(tl,k — t17k_1), O=c1 <--- < Cm+1 = 1}(/{ = 1, s ,2p+ 1).

This means that the collocation method is carried out on the set X; U(UQLQ X,).
Let Jy : 0=t :tl,o <t171 <t172 < --e <t172p<t1’2p+1 =t <ty<---<ty=1T be
the new meshes on J, and let Zx denote the set of the nodes except 0

ZN = {t1717 ce 7t172p+17t27. .. 7tN}

Definition 2.2. The meshes {Jn}n>2 introduced above is called a sequence of hybrid
meshes, if the nodes {tn},]yzl is defined by the geometric meshes on J, and the nodes

{tlyk}i’; C [to,t1] is defined by the uniform meshes on [to,t1].
2.4 Multilevel correction based on the hybrid meshes

Set

e1k = [tih—1, tigl, hig =t —tip—1 (1 <k<2p+1)

and

en = [tn-1, tnl], hn i =tn —th—1 (1 <n < N).
Consider the finite-dimensional collocation spaces on the meshes Jy
SO (JIy) == {v € C(J) 1 v ey ,€ Prler )1 <k <2p+1),0 |e, € Pulen)(2 <n < N)},

where m € N, Py, (e1 ) and Py, (e,) denote the set of polynomials defined on e; j and e,

respectively, whose degrees are less than or equal to m. We are looking for u;, € ST(S)(J N)

satisfying
t qt
up(t) = f(t) +/ K (t, s)up(s)ds + Ko(t,s)up(s)ds, te X,(1<n<N), (2.6)
0 0
where X := i’:gl X1 with

Xl,k = {tl,k,j = tl,k—l + thl,ka O=c1 << - <ep< Cm+1 = 1} (1 <k< 2p + 1),
and

Xy = {tnj ==tn-1+cjhn, 0=c1 <ca < -+ <y <cpp1 =1} (2<n < N).



The set X(N) := Ui:le X, is referred to as the set of collocation points, which is completely
determined by the given meshes Jy and the collocation parameters {c; };”:Jil

The collocation equation (2.6) defines an unique approximation wuy, € S,gl))(J ~) when-
ever the mesh diameter defined below is sufficiently small. As for classical Volterra integral
equations, the approximation uy will be generated recursively by successive computation of
its restrictions ui’l, ‘e ,ui’QpH, u,zl, e ,ufl\] on the subintervals ey 1, ,€12p41, €2, - ;€N
given by the mesh Jy (compare also [15]).

According to the definition of hybrid meshes, the following two assumptions are sup-

posed to hold in the subsequent analysis.

A1 : Let k be the maximal positive integer satisfying q% < (11— %), namely,
o Ing
T (2p+2)InN\ |°
In(1 =N )

For a fixed ¢ € (0,1), we have k > 1 as N — oo. For such k, the parameter d in the
1

equation (2.5) is chosen as d = g=. Set t,, = ) = gN-nT (n=1,---,N).

Ay : A uniform partition is further made on [0,%1], and new nodes t;, € [0,%;] are

generated by ¢ = % (k=0,1,---,2p+1).

Set

h:= max {hig, hn}.
1<k<2p+1{ ks I}
2<n<N

It is easy to check that h satisfies h = hy =T(1 —d) — 0 as N — co.
For ease of notation, we define the operator K : C(J) — C(J) by setting
t qt
Ky(t) ::/0 Ki(t,s)y(s)ds + ; Ky(t,s)y(s)ds, t € J, Vye C(J).
For the new triangulation (hybrid meshes) Jy, we define the sequence of collocation op-
erators Qp : C(J) — Sﬁ,?)(JN) as follow: for Vy € C(J), Qpy is the unique solution of the

discrete system

(I = K)Qny(t) = fy(t), Vte X(N), (2.7)

where f, = (I — K)y and I is the identity operator. With the collocation operator Qp,, we
have up, = Qpu (compare a similar relation given in Subsection 2.2).

Let N’ be chosen as N’ = [é\;—ﬁ] +1, and set N = (2p+1)(N’ — 2). Let J be divided
into N’ subinterval {o,} such that each o, (r =1,2,--- , N’ — 1) contains 2p + 2 points in

Zy, and o contains N — N’ points in Zy. Then,

o1 = [to,t1],  or = [tpr1)r—2)+1> tpr1)r—1)41) 2 <7 < N') and onr = [tz 4, tN]-



It is easy to see that N — N' > 2p + 2.
Define

S(p, Zn) ={v e C(J) : vlo, € Popyi1(op),r =1, ,N' =1L v|s,, € Py_zr_1(on)}

Let 7 : C(J) — S(p, Zn) denote the sequence of the high order interpolation operators
such that 7y(t) = y(t) for t € Zy and y € C(J).

In this paper the collocation parameters {c; }’]”:ng are chosen as the m+1 Lobatto points
on [0,1]. Let k be a nonnegative integer. For the higher order interpolation operators 7

introduced above, define k level corrected collocation solution of the equation (2.2)

k k
upg = (— kZ CY o (TQR) T Quu = (— kz C o (7QR) Ty, (2.8)
J=0 J=0

Note that, when k = 0, we have uy, 1. = TQpu = Tuy,.

The approximation uy, ; can be regarded as a proper linear combination of the functions
ui,k = (th)’LJ'ﬁQhu (j =0,1,---,k).

The jth approximation ui , can be obtained by the following steps: 1) Obtaining the
collocation solution uj, = Qpu defined by the system (2.6); 2) Acting 7 on Qru to get the

interpolation approximation; 3) Acting 7TQ, on TQpu for k — j times repeatedly.

Remark 2.2. The reason why the collocation parameters are chosen as Lobatto points
rather than Gauss points is that the high order interpolation operator T is defined on the
nodes Zy. This means that Tup(t) should be determined uniquely by the values of up(t)

on Zn, so the collocation solution up(t) must be continuous on the nodes.

As usual, let C denote a generic constant independent of the meshes Jy, which may
has different values at different places.
The following result gives a superconvergence of the multilevel correction approxima-

tion up, k.

Theorem 2.1. Let m < 2, and let the meshes Jy be defined by the assumptions Ay and
Ag. Assume that the functions f, K; (i = 1,2) have the smoothness f € C**2(J), K; €
C?+2(Q), where Q=0 JQ2, Q1 :={(t,8): 0<s<t<T} and Ny :={(t,5): 0<s<
qt, t € J}. Let k be a nonnegative integer satisfying 2m(k+1) < 2p+ 2. Then the k level

corrected collocation solution uy j, possesses the superconvergence
—(2(k+1)m—
tn i — ullo,coy < CNTEEFIM=EN) Ny o0 (2.9)

where ey is an arbitrarily small positive number satisfying limy o eny = 0.



Remark 2.3. Theorem 2.1 indicates that the multilevel correction approrimation up
possesses very high accuracy, even if both m and k are small, for example, m = 1 and

k=2.

3 Auxiliary Results

The proof of Theorem 2.1 is a bit technical. To give the proof, we first, in the section,
investigate some properties of the collocation method and the high order interpolation

operator based on hybrid meshes.

3.1 Collocation method based on hybrid meshes

In this subsection, we give some properties associated with the collocation method

based on hybrid meshes. The following three Lemmas can be verified as in [13].

Lemma 3.1. Assume that Ay holds. Let k denote any positive integer. Then, for N > 2:

(1)

hy < CN ™ miz; (3.1)
(it)

N

S ()1 < ON~lewa), (3.2

n=2

with
_ ((2p +2)(InN)*)*
51\77/€ = lOgN< (m—|—2)k .

Here, en i s an arbitrarily small positive number satisfying imy_oc ey = 0.
O

Lemma 3.2. For k +1 < n < N, we have gt, = t,_€ZN. Here, k is defined in the

assumption Ai.

O

Lemma 3.3. Let Ay and As hold. Assume that the functions f and K; (i = 1,2) satisfy
feC®2()), K; € C?T2(Q), where Q = Q1 U, Q1 = {(t,5): 0<s<t < T} and
Qo :={(t,s): 0<s<gqt, t € J}. Then

[un — ullo,00.s < CP™ |[ullm,co.s (3-3)

OJ
Let €y, denote the set of the elements e;, (1 <k <2p+1)ande, (1<n<N). In

the rest of this paper, we always use o to denote any element in £ .



Let 7, : C(J) — ST(S)(J ~) denote the sequence of interpolation operators such that
mho(tik) = v(tiky) and  mu(t;) = v(te;), Yo € C(J).

(k=1,---2p+1;n=2,--- N;yj=1,--- ,;m+1)

It is well known that the following inequalities hold for each element o

H7Thv 0,00,0 < C””HO,OO,U; Vv € C(J), (34)

and

(7 = Dvlljc0.0 < CRE I |0]lkooo, 0<j <k <m, (3.5)

where h, := means(o) denotes the length of interval o.
The following two Lemmas are the standard results in the superconvergence theory of

integral equations. They can be proved by the method in [18] and [22].

Lemma 3.4. For 1 < k < 2m, assume that »€C™ (o) and ¢€C*(0). If the collocation
parameters {cj};-”jll are chosen as the m + 1 Lobatto points in [0, 1], then the following

estimate is valid for each element o

| [0~ Dot 1< CHE il oo (36)
g

Lemma 3.5. Assume that p and m are two non-negative integers such that m < p. Let

0 € C™*2(0) and ¢p € C**T2=™(5). Then we have for each element o
2j

p
/(7rh —Dp-pdt =Y > Cy / D™ Dig - )dt + O(h2PT3), (3.7)

j=m i=m+1

a a2 2j+r—1
/ Dii(my =Dt = > 3 hi 3 Cigy / DPTTH DT )d
g r=1j=ay 1=m-+1 g

a2 27
SRS oy / DE(DI g - p)dt + O(h2+3). (3.8)

j=m i=m+1
Here, 1 < a < m, a1 = [(m —7r+2)/2], aa = [p— «/2]; Cij;, Cij, are constants

independent of the meshes Jn. Dy denotes the differential operator.

]
By Lemma 3.4, we can obtain an almost optimal superconvergence property of Ke(t)

at hybrid mesh points.
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Theorem 3.1. Let Ay and Az hold. Assume that the functions f and K; (i = 1,2) satisfy
f e (), K; € C?P2(Q), where Q = Q1 JQ2, Q1 = {(t,s): 0<s<t<T} and
Dy :={(t,s): 0<s<qt, teJ}. Ifuy € Sf,?)(JN) denotes the collocation approximation

determined by the equation (2.6), then the resulting error e := uj — u satisfies

max [Ke(t)| < CN~F=eN)| || sosy N — 00, V1<k<2m, (3.9)
€4N

where en i s an arbitrarily small positive number, which satisfies A}im engk =0.
—00

Proof. Since uy, € Sﬁ,?)(JN), it follows by the definition of 7, that mpu, = wp. The

equalities (2.2) and (2.6) may be written in the operator form as
u=Ku+ f, (3.10)

and

up = wp Kup + mp f. (3.11)
Let e := up — u. Subtraction of (3.10) from (3.11) leads to
e=mKe+ (mp, — I)(Ku+ f).
Hence, by observing (3.10), we can lead to
e =mKe+ (mp, — Iu. (3.12)

In the following, we prove the inequality (3.9) for two cases: 1 < k < m + 1, and
m+ 2 < k < 2m. For the case with 1 < k < m + 1, it follows by (3.12) that we have for
any YeC™ (o)

| / b(s)e(s)ds |< C / p(s)] - [ Ke(s)lds+ | / B()(T = mn)uls)ds | -

This, together with (3.3) and (3.6), yields

|/w 5)ds |

C(hl[ o0 - lellocos + hg ™ [¥llm.ooo - l[ullkoo0
Cho(hg ™ [Yllo.so.0 + 1ullk00.0 + g 19 lm,s0.0  l1tll,00,0)
Chgt (hol[¥ 0,000 + 1¥llm.oo.0) - 1tllkoc,s (3.13)

Chg ™ 9 mooolll,00,0-

N

N

N

N

It is easy to check that

N_ N N, 1
InN  (InN)2  InN InN

) =00, N — 0.

For a sufficient large N, we have

Ing ] 1< [ Ing
2p+2)(InN)? 212Ny |
In(1 — CE2GE) In(1~ )

11



Thus,
1 (2p+2)(InN)?

1—-d=1—-¢gx < 3.14
1 (m+2)N (3.14)
From the assumption A;, we can obtain
_ . (2p+2)(InN)?
hp =ty —ty1=Td" "(1—d ngN”(— =2,---,N).
n n n—1 ( ) (m + 2)N ) (n 9 ) )
Since 0 < d < 1, we have
2p +2)F(InN)*
el N—(® =2,---,N). 3.15
n (’I?’L + 2)k ’ (’I’L s ) ) ( )
Set
2p + 2)F(InN )
p.e (2P E2)(InN) (3.16)
(m + 2)k
By the inequality (3.15) and the identity b = N9~ we can get
hE < ON~EoIND) N 0 (n=2,---,N). (3.17)
For a given constant k, we have from the equation (3.16)
Inb
= = — N .
ENk = lognb N — 0, — 00
This, together with (3.17), leads to (1 < k< m+1)
e < ON~k=enk) N 00, (n=2,---,N).
It is obvious that h]fl < h]f < N7F for any 1 <1< 2p+ 1. Thus, the inequality
e < ON~R=Enn) N o o0, (3.18)
is valid for any o € {e11,e12, - ,€12p+1,€2,€3, -+ ,en}. This, together with (3.13),
yields
| /w(S)e(S)dS |< Cho(N™F N8[9 00,0 [l 00,00 N = 00, (3.19)
o2

As to the case with m + 2 < k < 2m, it can be proved (refer to [13]) that the following

inequality is valid for any function ¢ € C™ (o)

| / W(s)e(s)ds |< Cho(N™F=80 [h]lo,00,0 + A |19 llm,00,0) 00,0 (3.20)

Now we are ready to prove Theorem 3.1. By (3.19), (3.20) and Lemma 3.1, we obtain
tn
’ 0 w(s)e(s)ds ‘g CN_(k_EN’k)Hme,oo,[O,tn]Hqupo,[O,tn]v V'¢ S Cm[oatn]a I1<n< N.

In particular, we find that
tn

[ Kt s)e(s)ds |< ON=E=80 |l 05, 1 <n < N, (3.21)
0

12



and

qtn
| Ko(tn, s)e(s)ds |< CN~F=
0

s ,[0711%]7 K+ 1 < n < N. (322)

When 1 < n < &, we have gt, < t;. According to (3.5) and (3.1), we can lead to
qtn

] Koty s)e(s)ds | < Ctihil|ulli,oo,e,

< Ch,fHHu”k,oom (3.23)
< CN_kHqu?OO’el, 1< n<xk.

In a similar manner, we can prove

t1,

[ Kt 9)e(s)ds 1< ONFfullpoeer, 1<1< 29+ 1, (3:24)
0
and
qti;
| Ka(t1g,8)e(s)ds |< CNF|ullhooe, 1 <1< 2p+1. (3.25)
0
These, together with (3.21), (3.22) and (3.23), give the desired result. O

The following result gives some properties of 7y,

Theorem 3.2. Let Ay and Ag hold. Assume that the functions f and K; (i = 1,2) satisfy
f e C?2()), K; € C?P*2(Q), where Q = Q1 JQ2, Q1 :={(t,s): 0<s<t<T} and
Qo :={(t,s): 0<s<gqt, t € J}. Letmp, : C(J) — Sﬁ,g)(JN) denote the sequence of
interpolation operators defined on Zy .

1) When 2 < n < N, the integral K (mp, — I)u(t,) has the following expansion

K(mp, — Du(t, :Z

Jj=

V4 F} (tn +Zh2]Fk 2)] + O(N~Cr2)y, (3.26)
2p+1 pt

where Ff € C*12721(J)(k = 1,---,N). And there are functions Fj € C**t272i(])
(j=m,---,p) satisfying F;(tp,) = > p_q Ff(tn) (n=2,---,N) and
IF; acos < Clllaszjoos (A=0,1,-+,2p+2 — 2j). (3.27)
2) When 1 < k < 2p+ 1, the integral K(mp, — Iu(ty ) can be written as
K(m, — Du(ty ) = O(N~3P+2), (3.28)
Proof. Tt is easy to see that K (m, — I)u(t) can be written as
K(mp — Hu(t) = Ky (mp — Du(t) + Ko(mp, — Iu(t), (3.29)

where

t
K (m — Du(t) = /0 K11, 8)(mn — Tu(s)ds,

13



and
Ko(mp — DNu(t) = Oq Ko (t,s)(mn, — Iu(s)ds.

Without loss of generality, we only need to verify that the second term in the right side
of the equation (3.29) can be written as (3.26) or (3.28) at the mesh points.
When n > k + 2, we have

qtn tn K
Ko(tn, s)(mh — Du(s)ds — / Ka(ty, s)(mh — Du(s)ds
0 0
= Z Ks(ty, s)(mp — Iu(s)ds (3.30)
k=2 "k

2p+1

+2/ Ko(tn, 8)(mh — Du(s)ds.

By Lemma 3.5, we get the following equality
/ Ko(ty, s)(mp — Iu(s)ds

— szﬂ Z Ci / D Dlu(s)Ka(tn, s))ds + O(N~P+2))  (3.31)

Jj=m i=m-+1

- Z hi]F’Jk(tn) +O(N_(2p+2))7 k= 2>37"' 7N7

j=m
where
2
Fft)=Y_ C”/ DY Dlu(s)Ka(t,s))ds, k=2,3,---,N, j=m,m+1,---,p
i=m+1 €k

Note that the constants C; ; are independent of the choice of e;. Similarly, we have

/ Ko(tn, s)(mn — Du(s)ds = Zp:hflejl’l(tn)+O(N’(2p+2)) (3.32)
J

Il
3

_h
2p+1

( VAFM (t,) + O(N~@F2)),

I
M“B

T
3

where

Z Cu/ DI (Diu(s)Ka(t,s))ds, 1=1,2,--,2p+1.

i=m+1 1,1
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Together with (3.30), (3.31) and (3.32), we can obtain

qtn

Ko(ty, s)(mp, — Iu(s)ds

0
2p+1
= Z K2 tn, 7Th_ d8+2/ K2 tn7 7Th_I) ( )d
k=2 "Y€k €1
n—K p 2p+1 p hy
— 2j k (2p+2)
= > Y WF tn+222p+1 tn) + O(N~2rF2)) (3.33)
k=2 j=m =1 j=m
p hl 2p+1 L n—k 0 ( )
_ 2 : J ik —(2p+2
= Z[(m) ! Z F(tn) + th F7(tn)] + O(NTHPT)
j=m =1 k=2
- I N (2p+2)
- 2j 1 J 1k 2p+2
= 2l (tn) + Y hy Ff ()] + O(N~PH2)
j= k=2
where Fj1 (t) = 125{1 Fjl’l(t). We can write Fj1 (t) as
2p+1
1,
Fl(t) = Z Fi()
2p+1 2j
- XIEZCM/‘D%ZU $)EKalt, 9))ds
=1 i=m+1
2j
S c”/ DX (Diu(s) Ky (t, 5))ds.
i=m-+1 €1

Letting

Z C”/ DY~ Diu(s)Ka(t, s))ds,

1=m+1
we can obtain that F; € C*T272(]), F]k € CW2=2()) (k =1,2,--- ,N;j = m,m +

L,---,p) and Fj(tn,) = > 54 Ff(tn). By the definition of Fj(t), it is obvious that
1 E 13 00,0 < Cllullr+2j,00,0 (A=0,1,--+,2p+2—2j).
When n = k + 1, we have

qtn t1
Ky(ty, s)(mp — Du(s)ds = Ko(ty, s)(mp, — Iu(s)ds

0
2p+1

/ KQ tn,S 7Th—f) ()d

It follows by (3.32) that

p

/0 U Kot 8)(mn — Du(s)ds = 3

j=m
When t € Zy N {t |t <tg}, we have gt < t;. According to (3.1) and (3.5), we can get

1 )X F} (ter1) + O(N~GPT2) (3.34)

qt
| Kalt,&)m =~ Du(s)ds| < Cth]™ ullnsr.coc
< Chi™2|ullm1,00.e: (3.35)

< ON"Oumprcoen
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This, together with (3.33) and (3.34), allows us to deduce that the following expansion is
valid for k + 1 <n < N,

p
_ 2) k(4 —(2p+2)
Ky (mp, ;m 2p+ 1 j )+ E by Fj (tn)] + O(N TP, (3.36)
where Ff € C?P220())(k = ---,N). Furthermore, by the definition of Fj(t), we

have Fj(tn) =Y p_y Ff(tn) (n=2,3,---,N). From (3.34) and (3.35), we have
Ko(mp — Du(t,) = O(N~@PF2)) 1 < n <k, (3.37)

and

Ko(mp, — Du(ty ) = O(N~P+2) 1 <k <2p+ 1. (3.38)

By a similar manner, we are led to

p

Ky (mp — I)u( Z Qp—jrl)zﬂF1 tn) +Zh2ﬂF’f ta)] + O(N~CP+2)) 2 < n < N,
Jj= k=2

Ki(mp — Du(ty) = O(N~@) 1<k <2p+1,
where F' € C?272/(J)(k = 1,2,--- , N). Moreover, there are functions F; € C**272(J)
(j=m,m+1,---,p) such that |F}|xc0s < Cllullx42j00 A =0,1,---,2p+2—2j) and

Fj(tn) = Xpoy Ff (tn) (n =2,3,--- | N).
Now, we have proved the theorem 3.2. ]

Remark 3.1. Theorem 3.2 is a version of Lemma 3.5. Both of them are the general
form of the usual integral expansion (refer to [29]), while this theorem is helpful for us to
consider the Volterra integral equation with proportional delays. The complete analysis to

the multilevel correction will be based on this theorem.

3.2 Error estimate of high order interpolation operator

In the subsection, we derive an error estimate of the high order interpolation operator.

For the convergence, set
Hy=t1—ty, Hyv =1In—tg,
and
Hy = topi1)(r—1)41 — tept1)r—2)11 2 < < N —1).

Lemma 3.6. For a given positive integer u satisfying 1 < p < 2p + 2, assume that
Yy € CH(J). Letw: C(J) — S(p,Zn) be the sequence of the higher order interpolation
operators. Then

< CHE |19l 00,0, (3.39)

ly
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Here, C is a constant independent of the meshes Jn, 0 < k < min{u,2p+1} and 1 < r <
N'.

Proof. Without loss generality, we only need to analysis 7 on a subinterval o, (r =
2,3,---,N —1). Let n, = (2p+ 1)(r —2) + 1. Then the restriction of 7v on o, is
determined completely by the values of v at the nodes {t,,,tn, +1, -, tn.+2p+1}. We can
regard (o, 1)(r—2)+1 = tn, < tn.+1 < <tn.+2p+1 = L2pt1)(r—1)+1 as the partition of 0.
Let p be any given positive integer such that 1 < p < 2p + 2. For a function y € C*(J),

Ty can be written as
2p+1

TYt) = > Yltn,45)Lj(t), Vt€ oy,
j=0

where L7(t) = H?pg};é]( tn,+1)/(tn,+j — tn,+1) is the jth Lagrange basic function on o,.

It is obvious that

2p+1
> (tn))FLi(t) =t", Vico, VO<k<2p+1. (3.40)
=0

From the equality (3.40), we can deduce

2p+1
> (t—tn4)FLi(t) =0, Vtco, YVOSk<2p+1
7=0

Noting y € C*(o,), we can write y(t) — y(t,,+;) as Taylor expansion with integral remain-

der

t
y@Wwﬂ==/  (s)ds

tnptj
¢
= YOt [ ) )i
2
/ (_1)H72 (p—1) pn—1
= YO —tn4j)+- -+ WZ/ )t = tn,+5) (3.41)
(=t /t (1) -1
+— y ¥ (s)(s — tn,+5)!' " ds.
(N_ 1)| bt ( )( +J>

Both sides of the equality (3.41) are multiplied by L%(t) respectively, and they are summed
over all j (j=0,1,---,2p+ 1). The error can be written as

) 2p+1
R(t)=y—7y= / y 1 (s)(s = tn,4 ) tds, Vieo,. (3.42)

Thus, the derivative of R(t) is

),LL 1 2p+1
R(t) = Z DI (1) /t Y (5) (5 — b )P~ ds
nr+j
2p+1
+ ZL’" Yt —tn i)"Y, ViEEo,. (3.43)
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Since y*)(t) in the equation (3.43) is independent of j, the second term of the right side
vanishes. By the same manipulation, we can deduce that the following equality is valid

for any integer k satisfying 0 < k < min{u,2p + 1},

1 2p+1
Df(y —7y)(t) = G Z DFLY(t) / y ) (5)(5 — tn, )" ds. (3.44)
tnp+j
Therefore
1 2p+1
DEy - (1)] < |Z DELi(t / Y (5)(s — t, )P Lds|
nr+j
2p+1
< ||y’u,oo or O IDFLG()(E = tn,15)"] (3.45)
7=0
1 2p+1
< mHﬁ‘HyHu,oo,aT > IDFL;(t).
! =~

For 2 < r < N’ — 1, the jth Lagrange basic function on o, is

2p+1
t—t .
=1 ; G 0,1, 2p+ L.
=0 L@t (r—2)+145 ~ L(2p+1)(r—2)+1+
I#j
Since the mesh on o, is geometric, we have
toprne—v+1 ~ teprne-y _ AV EPDHIA —ar

tapr1)r—2)+2 — baptr)r—zyr1 AN TI@PHDE=2+2(1 — d)T

By the definition of d, there is a positive number § such that 0 < § < d < 1. Therefore

t _ —1 _
1< @2p+1)(r=1)+1 — (2p+1)(r-1) <672, (3.46)
t2p+1)(r—2)+2 — Lap+1)(r—2)+1

Because of the inequality (3.46), we can find a constant C' which is independent of Jy

such that
ILj(t)| < C, |DfLj(t)| < C/Hf, Vteo,, 0<k<2p+1, 0<j<2p+1. (347

It follows by (3.45) and (3.47) that for V¢ € o,

2p+1
_ 1
IDE(y —Ty) (1) < i o, > IDELG ().
! P
< CHPH,™|[Yllso0,0- (3.48)

< CHrH_kHyHN,OO,om

where 0 < k < min{p,2p+1} and 2 <r < N — 1.
In an analogous way with above, we can prove that the inequality (3.39) is valid for

r=1andr=N'. O
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By Lemma 3.6, we can get an error estimate of the interpolation 7 on J.

Theorem 3.3. For a given positive integer p satisfying 1 < pu < 2p + 2, assume that
Yy € CH(J). Letw: C(J) — S(p,Zn) be the sequence of the higher order interpolation

operators. Then
ly = Fyllk,00,0 < ONTEFENwb) iy ||, o0 7, N — o0, (3.49)

Here, en ,—k is an arbitrarily small positive number, which satisfies A}gn ENu—k =0, and
o0

0 <k <min{u,2p+ 1}.

Proof. By Lemma 3.6, we only need to prove H) < CN~(=en2) for any positive integer
A

For the case of r = 1, we have Hf‘ = ( 2p+1 h”) = h{‘. Since 2p + 2 > m + 2, it
follows by (3.1) that

— 1) SON m2r L ON, (3.50)
When 2 <r < N — 1, we get
2p+1
HY = (Y hoprye—2148)
k=1
2p+1
A
< C Z hop1)(r—2)+14k -
k=1

From the assumption A; and the inequality (3.14), we obtain

hapriyr—2)+14k = t@pr1)r—2)+1+k — L@p+1)(r—2)+k
_ TdN—((2p+1)(T—2)+1+k)(1 B d)

< OgN-(@p+1)(r-2)+1+k) (2p + 2)(571]\7)2_

(m+2)N
Thus
2p+1
H) < C Z R 1) (r—2)+ 10
(1 — P ((2p+2)(InN))N )
< N N . 51
C A= (mt 2" — 00 (3.51)
Because of the fact that d — 1 as N — oo, we have
D e o [y 2 ) /S |
e i i S D W (3.52)

Since 0 < d < 1, it follows by (3.52) that there is a constant C' independent of the meshes

Jn such that
1 —g**!

1—ad sC
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By the inequality (3.51), we can lead to

((2p +2)(InN)*)*
(m+2)A

H)<C NN — . (3.53)

Set
= _ (@p+2)(InN)*)?
(m+2>

By the identity b = N ZOQNE, the inequality (3.53) can be written as
H» < CN~Q=loanh) Ny o, (3.54)

For a given constant A\, we have
~ b
EN,A OgN 0N ) o0

This, together with the inequality (3.54), yields
H) SCN~O=vA) N 00, 2<r < N — 1. (3.55)

Similarly, we can prove that

This, together with (3.50), (3.55) and (3.39), yields (3.49). O

3.3 Multilevel correction for collocation solution on hybrid meshes

k+1

In the subsection, we derive an estimate of ||[@(Qpn — I)]" " /0,00,

It follows by (3.12) that
e = mpKe+ (mp, —u

= Ke+ (mp—I)(Ke+u)

= Kie+ Kee+mpKe+ (mp, — I)(Ke + u)

= Kje+ Av,
where

A= Kye+mKe+ (m, — I)(Ke + u).

The standard Volterra theory implies that the resolvent kernel R; of Kj inherits the
smoothness of the Kernel K7 and satisfies

e:g—kRﬁ,

where

RA = /Ot Ri(t, s)A(s)ds.
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Furthermore, we have

e = Kae+ (mp, —I)(Ke+u)+ R[Kye+ (m, — I)(Ke + u)]
= (I+R)Kse+ I+ R)(m, —I)(Ke+ u) (3.56)

= [+ R)(m,—Iu+[(I+R)Ks+ (I + R)(m, —I)K]e.
Let A= (I + R)(mp, — I) and B = B; 4+ B with
By =+ R)Ky, By= I+ R)(m,—I)K. (3.57)
It is clear that the equality (3.56) can be simplified as

e = Au+ Be

= Au+ BAu+ B (3.58)
-1

= Z B'Au + Ble,
=0

where [ is any positive integer.

Lemma 3.7. Let the assumptions A1 and Ag hold. Assume that m < 2 and the functions
f, Ki (i =1,2) satisfy f € C*T2(J), K; € C?T2(Q), where Q = Q1 JQ2, O = {(t,5) :
0<s<t<T}and Qo :={(t,s): 0< s < qt, t € J}. Leti denote any nonnegative
nteger.

1) When 2 < n < N, the term B*Au(t,) possesses the following expansion

p
B'Au(t,) = Y _[( 2p + DYE] (ta) + Z Y FE(t,)] + O(N~(2P2), (3.59)

Jj=m

where Ff € CPT272(J)(k = 1,---,N). And there are functions F; € C*PT272i(J)
(]:mavp) satzsfymgFJ(tn) Zk 1 (n) (n:2’7N) and

[ EjlIx 00,0 < Cllullr+2jic0,0 (A=0,1,---,2p+2—2j). (3.60)
2) When 1 < k < 2p—+1, the term B'Au(ty ) can be written as
B Au(ty},) = O(N~ P2y, (3.61)

Proof. When ¢ = 0, by a similar way in the proof of Theorem 3.2, we can deduce the

following equalities

p
R(mn = Du(ta) = 3 _[( 2p—|—1 3t) + S RHFH ()] + OV 2 << N
Jj=m k=2

and

R(my, — Du(typ) = O(N~@2) 1<k <2p+1,
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where Ff € C**t272(J)(k = 1,---, N). Moreover, there are functions F; € C?PT272(.])
(j=m,m+1,---,p)such that ||Fj||x00,s < Clltu|[rx+2j00,0 (A=0,1,---,2p+2—2j) and
Fi(tn) = >y Ff(tn) (n =2,3,---,N). Thus, by the definition of A and 7}, we can

obtain

Au(tn) = R(mp — Dult) li=t, + (mn = Du(t) li=t,
= R(mp, — Dul(ty,)

and

Au(tig) = R(mp — Du(t) li=t, ), + (mn — Du(?) |i=t,,
= R(ﬂ'h — I)u(tl,k)
= ON"®+2) 1<k<2p+1.

When i = 1, we first verify that B; Au can be written as (3.59) or (3.61) at the mesh

points. In fact, changing the order of the integration, leads to

KiR(m, — Du(®) / Ki(t,2)] / " Ry, 5)(mn — Du(s)ds)dz
_ / / K ()R (2, 5)d](mn — D)u(s)ds (3.62)
= /Klts Wh—I)()d

where Ki(t,s) = fst Ki(t,x)Ry(z, s)dz. In the same way, we have

qt

KoR(mp — Du(t) = ; KoR(t,s)(mp, — Iu(s)ds, (3.63)
REy(m, — Du(t) = /O C RIS, 5) (7 — Du(s)ds, (3.64)
and )
RE>R(m, — Du(t) = /O REGR(t, s)(mn — Tu(s)ds, (3.65)
where
ToR(t.s) = [ Ko(t.o)Ri(x.s)dz, REa(t.s) = Kot ) a5
and
t qT1
RKQR(t, 8) :/ Rl(t,.Tl)[ Kg(ﬂfl,:EQ)Rl(l‘Q,S)dl‘g]dl‘l.
s/q s
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By the definition of A and Bj, we can write B Au as
BiAu(t) = (I+ R)K2(I+ R)(mp —Iu
= Ko(mp — Iu+ KoR(m, — Iu
+RKs(mp, — Iu+ REKR(mp, — Iu
qt __

= ; Ko(t,s)(mp, — Iu(s)ds,

where

Ko (t,s) = Ky(t,s) + KaR(t,s) + REKy(t,s) + RK2R(t, s).

Furthermore, as in the proof of Theorem 3.2, we can deduce that B Au can be written as
(3.59) or (3.61) at the mesh points.

Secondly, we verify that Bo Au can be written as (3.59) or (3.61) at the mesh points.
By the equalities (3.7) and (3.8), we can prove that R(m, — I)K(mp — I)u and R(m, —
IK R(mp, — I)u have the expansion (3.26) or (3.28) at the mesh points in an analogous
way with the proof of Theorem 3.2. By the definition of A and Bs, we obtain

BoAu(t,) = (I+R)(mp — K + R)(mn — Du(t)|i=t,
= R(mp — K + R)(mn — Du(t)|t=t, + (mn — DK + R)(mp, — Du(t)]i=t,

= R(’/Th I) (7Th — I)u(t)]t:tn + R(7Th — I)KR(’/T}L — I)’U,(t)|t:tn

p n
_ 1 2 1 2j ok —(2p+2)
— Z;L TS JFj(tn)Jrghij(tn)HO(N P2y 2<n< N

and
BoAu(tig) = I+ R)(mn — DK+ R)(mp — Du(t)|i=t, ,

R(mp — DK + R)(mh — Du(t)|e=t, ,

+ (mn = DK+ R)(mp — Du(t)|i=t,

= R(my — DK (mp — Du(t)|i=t, ,, + R(mn — D) KR(mp, — Du(t)|i=t, ,

= ON~+2) 1<k <2p+1,
where Ff € C**t272(J)(k = 1,--- , N). Moreover, there are functions F; € C?PT272(.])
(j=m,m+1,---,p)such that ||F}||xc0,s < Cllulx+2j00,5 A=0,1,---,2p+2—2j) and

Fi(tn) = >y Ff(tn) (n=2,3,---,N). Since B = B; + Bs, we deduce that BAu can
be written as (3.59) or (3.61) at the mesh points.
When i > 2, we can prove that BAu can be written as (3.59) or (3.61) at the mesh

points by the same manipulation with above. ]

Remark 3.2. When we prove that R(my, — 1)K (mp, — I)u and R(mp, — I) K R(m, — I)u can
be written as (3.26) or (3.28) at the mesh points, we need to use the condition that m < 2,

which seems necessary. A similar situation has appeared in [25].
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Set I = (2p + 3)(2p + m + 3) in the equality (i.e., (3.58))

-1
e = Z B'Au + Ble.
=1

Let B; and By be defined by (3.57). It is clear that B'e can be written as

I
B'e=(B1+ Ba)'e=>_ Biie,
i=0

where B;_; ; is the sum of Cli terms, with each term being a product between [ —1% operators
By and i operators Bo, which have different order in any two terms. We need to estimate
the norm || B;_; ;e||0,00,7 for each i.

We first consider the case with 2p + 2 < ¢ < [. As usual, we define the norms

| Bxvll0,00,7
IBrllo(y—cwy = sup ———— (k=1,2),
YoeC(J) 1v]]0,00,7
llvllo,c0,.770
and
HBkU 1,00,0
I Bellct (o)—cr (o) = sup R0 (k=1,2).
YoeC (J)NC (o) [v[]1,00,0
Hle,ooﬁ?éO

Lemma 3.8. Let Ay and As hold. Assume that the functions f and K; (i = 1,2) satisfy
f e C®2()), K; € C®2(Q), where Q = Q1 UQe, Q1 :={(t,5): 0<s<t < T} and
Qo :={(t,s): 0<s<qt, t € J}. Leti andl denote two given positive integers such that
2p+2 < i <1, Then

I Bi_iiello00.g < CN™PH2enzps2) ||y

1,00,J5 (3.66)

where enopt2 15 an arbitrarily small positive number, which satisfies A}im eEn2pt2 = 0.
—00

Proof. By the definition of the operator K5, we can deduce that

| K2v|2.000 < Clv]l1.00.0, Vv € C(J)NCYHo).

Therefore,

|| Bov

1,00,0 < CH(I - 71-h)I{QU ‘l,oo,a < Ch0||K2U”2,oo,a < ChJHU 1,00,0-
Thus we obtain
IB2llct (o=t (o) < Chy.
It is easy to check that
IBille(y—cwy <O, Biller(o)—cio) < C. (3.67)
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Since i > 2p + 2, we can deduce
|Bioiie(t)] < CllBallpr o) i lellions < CNTEPFmoN22) [y o o, VE € 0.
Furthermore, we get

| Bi_i.iello.00s < CNTEPF2=enp2)||y||y o 5 0> 2p + 2.

In the following we consider the case with 0 < ¢ < 2p + 1. For this case, we have

l—i>2p+3)2p+2+m).

Set I* =1—(2p+2+m), then I*—i > (2p+2)(2p+2+m). It means that 2lpj2 > 2p+2+m.
Therefore B;_;; e can be written as

F—i i =i 1

2p+2+m 1> ~ .
Brije=)_ > BB Bp—i-ri-je =) Y BnB",

r=0 j=0 r=0 j=0

where B, ; is the sum of C 4, terms, with each term being a product between r op-
erators B; and j operators Bs, which have different order in any two terms, Bri =
B%p+2+m§l*_i_r’i_]~e € C?*+2(J) and By ri—j is the sum of C’l* —ir ” terms, with each
term being a product between [* — ¢ — r operators B; and i — j operators Bs, which does
not contain the operator B2p rm

If 5 > 1, we can prove that BMB” can be written as (3.59) or (3.61) at the mesh
points by the similar manipulation in the proof of the Lemma 3.7, since Bri e C?+2()).
If j = 0, since || B1|l¢(s)—c(s)is bounded, we only need to estimate BY"Bj«_; ;. ;e, where r
is a integer such that 0 < r < {* — ¢, and Bj«_;_,; is the sum of C’i*_r terms, with each
term being a product between [* — i — r operators B; and ¢ operators Bo, which have

different order in any two terms.

Lemma 3.9. Let Ay and Ay hold. Assume that m < 2 and the functions f, K; (i =1,2)
satisfy f € C?PF2()), K; € C?T2(Q), where Q@ = Q1 JQ2, Q1 :={(t,s): 0<s <t < T}
and Qg := {(t, 8) :0<s<qt, teJ}. Leti, r and I* denote three given positive integers
suchthat 0 <i<2p+1,i4+2p+2)2p+2+m) <I" and 0 <r <I* —i . Then

| BT Bpe—i—piell0.00,0 < CN~Cm=enem)|lyly, o 70 N — . (3.68)
Here €N 2 s an arbitrarily small positive number such that limy o €N 2m = 0.
Proof. We write BY"Bj«_;_, ;e as
BU"By«_j—rije =TB"Bp_i_y;e+ (I —7)B"Bp«_i_r ;€. (3.69)
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I*—r+m
Bl

For ¢ = 0, we have B"Bjx_;_, ;e = e, where m < [* — r +m. By the definition of

—r+m

Bj, we can change the order of integration to write Bi* e as

*—r+m

Fordme — Z / Bl (t,s)e(s)ds := Bie,

where EJ (¢,5) is the sum of C7, ; terms, with each term being a multiple integral whose
integrand is a product between i functions K9 and j functions R;, which have different
order in any two terms (also see [12]). By a similar method with the proof of Theorem

3.1, we can obtain

I7B " " elloso.s < TBreloos

< B :
< Cmax |B1€l[0,00,7 (3.70)

< ONTCm=EN2m) gy o, 7.
For 1 <i<2p+1, we have
TBY' By e = 7B M BoBpe ;16 =TB FBovy 1, 0< <t —i—,

where p is a integer, v, ;-1 = Bp—i—r_pi—1€, and Bp_;_,_, ;1 is the sum of C’l* 1
terms, with each term being a product between [* —i—r—u operators By and i—1 operators
By, which have different order in any two terms. It is easy to check that v, ;_; € C(J). By

the definition of By and B3, we can change the order of integration to write B;nJr” Bovy i1

as
BBy = BT+ R)(m, — ) Kvyi
= B?H“(Wh —Kvy i1+ B?H“R(Wh —I)Kvu 1
m+p @t
= > By (t,8)(mp — I)Kv,,i_1ds (3.71)
j=1
m+p qjtiu .
+3° | Bt ) (nn — ) K vpioads.
j=1

When k+j+1 < n, we can deduce that ¢,,_; is a mesh point and ¢,,_; = = ¢ty > . Using
Lemma 3.4, the inequalities (3.3), (3.18) and the smoothness Kv,;—1 € C(J) N C™(0),
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we deduce

N

N

N

N

<

qjtn74 .
| / B (1, 8)(mn — 1)K vps1ds |
0

(3.72)

n—j . 2p+1 L
c> | / By (tn, s)(my — ) Kvyiqds | +C > | / By (tn,s)(mn — I) Kvpi_1ds |
k=2 Y€k k=1 €1,k
n—j 2p+1
Oy N-Cmmewam) | Kuy i flmoo,e, +C ) N7E N2 K im0,
k=2 k=1
n—j 2p+1
CZNf(Qm*EN,Qm)||e”m_1’ooyek +C Z N=Cm=en2m) el 1 e,
k=2 k=1
n—j 2p+1
Oy NG hyuflm,eoe, + C Y N™EEN2m by flullin,oo,e, 4
k=2 k=1

CN~Cm=exam) |yl o0, 7.

When 1 < n < k+7, we have ¢/t,, < t1. Note that 2(n+1)m < 2p+2, we have m < p+1.

According to (3.5) and (3.1), we can lead to

qjtni,,
| / B (1, 8) (m — DEvpiads | < CRT [ullmooses
0
< ORIl
< CON"2"|ullm oo -

(3.73)

Similarly, we can deduce that the following inequality is valid for any integer k satisfying

1<k<2p+1,

dtig .
\ / BY (t1k, 8)(mh — I Kvpi—1ds [< CN 7 [u]|msose, -
0

By the inequalities (3.72), (3.73) and (3.74), we obtain

000,70 < CN™Em=evam) |y, oo ;.

qjt L
I / B (¢, 8)(mp — DK vpi1ds]|
0

By the same way, we can deduce

dt

_ —4,j+1 —(2m—

7] / BT (t,8) (mh — D) K vy i1ds]||0.00y < ON~Cm=eN2m) |yl 5.
0

Combining (3.71) and (3.75) with (3.76), we have

ITBY* Byvui-illocos < CN™CT =82 [0 5, 1 <6< 2p + 1.

By the inequalities (3.70) and (3.77), we get

HfBinBl*fifr,ie 0,00,J < CN_(Qm_EN’Qm)Hu”m,oo,Jy 0<i< 2p + 1.
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By interpolation error estimate (3.49) and Lemma 3.3, we can lead to

I(I = F) BBy —i—rielloco,s < CN™"=Nm)|| BB iellmoo,s
< CN~M==Nm)|| B i iello.0o.s (3.79)
< ONTmonm) el o,
< CN~Cm=en2m) ||y, o0,

It follows by (3.69), (3.78) and (3.79) that

B Br—i—riellopo,s < ON~EM=enzm)|ly|ly, o 5, N — 0.

The following Theorem 3.4 plays key role in the proof of Theorem 2.1.

Theorem 3.4. Let Ay and Ay hold. Assume that m < 2 and the functions f, K; (i =1,2)
satisfy f € C?PT2(J), K; € C?T2(Q), where @ = Q1 JQ, Q1 :={(t,s): 0<s<t< T}
and Q9 == {(t,s) : 0< s < qt, t € J}. Let k denote a given positive integer such that
2(k+1)m < 2p+2. Then, for any positive integer X satisfying 2km+1 < XA < 2(k+ 1)m,
we have

1F7(@n — D ulloco,s < ONTOT=N ][y o 5, N = 00, (3.80)
Here ey 1s an arbitrarily small positive number such that limy_,oc en ) = 0.

Proof. The inequality (3.80) will be proved by the induction principle.
When k = 1, noting the equality (3.12)

Qn—Du=up,—u=e=mKe+ (mp, — Iu,

we have

T(Qn — u=T7Ke.

For any positive integer A satisfying 1 < A < 2m, it follows by Theorem 3.1 that there is

a constant C' independent of the meshes Jy such that

I[7@(Qn — 1]ul

0000 = |[TKello,00,7

< :
S Cmax|(Ke)(t)]

< C’N_()‘_EN,)\)HU

A,00,J ) N — o0.
When 1 < k£ < n, we assume that the inequality

7@ — D M ullo,c0.s < ONTA¥N a5 0.5, N = o0, (3.81)
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is valid for any positive integer A satisfying 2km +1 < A < 2(k+ 1)m
In the following we prove that the inequality (3.80) is valid for k =n + 1.
Set | = (2p + 3)(2p + m + 3) in the equality (3.58), and write [7(Qp, — I)]""2u as

@(Qn—D"u = [F(Qp— )" 7e
-1 l
= [T(Qn— I)]nﬂﬂz B'Au + Z By_; ie]

2p+1l*—i 7
= [@(Qn—D"t'7 ZB’Au—i— Z > > B,;B"
=1 r=0 j=1
2p+1 1% —i N
+HFEQu = D" FD D BB (3.82)
i=0 r=0
+[ﬁ( n+1 Z B;_ “6
i=2p+2
= G1+ Gy +Gs,
where
115~ i
G =[m(Qn — n+1 ZBzAu + Z Z ZB B’“,J ],
i=1 r=0 j=1
2p+1 1% —i B
Gy = [®(Qn— DI"'7 (D> Y BroB™]
=0 r=0
and

Gs = [7(Qn — D)|" 7 ZBl”e

i=2p+2
In the following we estimate ||G1|0,00,7, |G2ll0,00,7 and ||G3]|0,00,7 respectively.
Firstly, we estimate ||G1|0,00,7. Note that B € C**+2(J) and j > 1. Then, it is casy
to verify, as in the proof of the Lemma 3.7, that Bmér’j can be written as (3.59) or (3.61)

at the mesh points. Furthermore, we obtain by Lemma 3.7

2p4+11*—i 14
G = [FQn-D"7 ZBZ/MH—ZZZB B")
i=1 r=0 j=1
Q= DY Yl ) + 3Rt O )
n=2j=m k=2

where L, (t) is the Lagrange basic function of the point ¢,. Since Fj(t,) = > p_; Ff (tn)
and F; € C*PT272(]), we get
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p N n
1G1llopes < C > RYNEQn— DI ™Y FF(tn)Lnlloo,s
j=m n=2k=1
p
< O RH|FQn — D" 7 E o0, (3.83)
J=m
p
< O PIFEQn— D" E + (F = DFjlo00.
J=m

p p
< O W EQn = D" Fjlloco,s +C Y ¥ = 1) Fjl[o,00,-
j=m

j=m
In the following, we estimate ||[T(Qn—1)]" "1 F}|l0,c0,s With j satisfying m < j < p. Because
of the limitation of the smoothness of the functions F7}, this will be done for different cases
of j.
By the assumption in this Lemma, we know that 2 < 2(n + 1)m < 2p + 2. Then
0<p+1—(n+1)m < p. When j satisfies

p+l—(n+1)m<j<p,

we have n +1 > %. It means that n +1 > [%] + 1. It is easy to verify that both
1@Qnrllc(n—cern and [|Tllc(n—c(r) are bounded. Therefore ||7(Qn — I)llc(n—c(s) is also
bounded. Furthermore, by the inequality (3.18) and the inductive assumption (3.81), we
deduce (note that n + 1 > [ZX1=1] 4 1)

. y 74»17‘
WA [F(Qn — D" Fillocos < CRE|[RQn — D)5 1 E 000
< ON~@==82) 7@y — D)5 0 00,
< C’N_(Qj_fNﬂj)N_(Qm(err};j)_5N,2(P+1*j))||F‘j||2p+2_2jooJ
< ON™CP2menens)|| Fillgp 0 9j 00,7, N =00, (3.84)

Ifp+1—(n+1)m < m, then we have p+1— (n+1)m < j < p since m < j < p. For

this case, we have gotten the estimate of ||[T(Qn —I)]" " F}||0,c,s by the inequality (3.84).
When m < p+1— (n+ 1)m, by the inequality (3.84), we only need to consider the case
with j satisfying m < j < p+1—(n+1)m. For this case, we have 2p+2—2j > 2(n+1)m.
Since 2nm+1 < A < 2(n+1)m and F; € C*T272(.J), the norm || Fj|| s,/ is well defined.

Thus, using the inductive assumption (3.81), we get

1F(@n — DI Filloos < CN=OND||F s s, 2nm 4+ 1< A< 2(n + L.
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This, together with (3.18), (3.27) and (3.60), allows us to deduce

N

thH[f(Qh—I)]n-i_leHO,oo,J x C

N

(3.85)

< CN_(,\+2j—EN,/\+2j)”u||)\+2j7oo,J7 N — oo.

Next, we estimate ||(T—1I)Fj||0,00,7 (M < j < p). From Theorem 3.3 and the inequality
(3.18), we have

W9\ (7 — I)Fjllo,00,7 < CN~CPH27eN2042) | Filly 0 o) o0 70 N — 0.

This, together with (3.83), (3.84) and (3.85), allows us to deduce

1G4 < ON~O==8 |yl ysoss N = 00, 2(n 4+ 1)m+1 <A< 2(n+2)m.  (3.86)

Secondly, we estimate ||G2]/0,0,7. By the definition of Gg, we have

2+l —i
IGalloses = IF@Qu—DI" 7> > BroB" 00,0
=0 r=0
2p+2 1% —i
< ClF@Qu—DI"M 7DD BIBP " Bre i ielll0,00,0-
=0 r=0
Then, we get by (3.81)
2p+2 1*—i
IGalloses < C DD NFQuw— DI 7B B e]
=0 r=0
2p+2 1% 4
< X S Nm@Qu - DIBE T B elllo,s
=0 r=0
242 1% —i
+C 30 S Nm@n — DI @ — DB B i el llo,so.s
=0 r=0
P2 15 —i
< C Z Z N_(A_EN’)\)HB%p+2+m+TBl*_Z’_r,ie||)\7007J (387)
=0 r=0
242 1% —i
+C Y > 7 - DB B e
i=0 =0
= C(Iz1 + I22), N — o0,
where
22 1% —i
Iy=Y Y N-O=ewpPr2emarp. o ielacos, 2nm+ 1< A< 2(n+ Dm
=0 r=0
and
22 1% —i
Ip =YY |I® = DBF*T™ Bre_i_pielllo,00.-
=0 r=0
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Noting that 2(n + 1)m < 2p + 2 and the inequality (3.67), we have

2p+2 1% —i
—(A— 2p+2+m+r
In < C Z ZN ( €N’A)HBl Bre—i—riellanr1ym,co,.s
=0 r=0
2p4-21*—i
—(A— 2p+2+m+r—2(n+1)m
< C Z ZN (e By A B i iello.co (3-88)
i=0 r=0
2p+2 1% —i
—(\—
< O Y N EIBI B el
i=0 r=0

0,00,J -

It follows, by the inequality (3.88) and Lemma 3.9, that the following inequality is valid
for any integer A satisfying 2nm 4+ 1< A< 2(n+ 1)m

I < CN*O‘*EN’A)N%QWL*EN’Q"‘)||UH2m,oo,Jv N — oo
This means that
Iy < CN~=8 N |luflames, N = 00, 2(n+1)m+1< A< 2(n+ 2)m. (3.89)

By interpolation error estimate (3.49) and the inequalities (3.67), (3.3), we have

2p+2 4
Iy < CY N IFE-DBF*™ Bre_iriellloco
=0 r=0
2p+2 4
< C Z Z N-Cpi2-enopa)| g2t2tmtrg
=0 r=0
2p+2 4
O3 Y NP | BB elloc.s (3.90)
i=0 r=0
O N—(2p+2—en2pt2

N

N

Mello.so,s
< CN_(2p+2_5N,2p+2)HuHmOOJ_
Combining (3.87), (3.89) and (3.90), we obtain

1Gallo.0o.s < ON~A=ENN|ly|ly o 7y N =00, 2(n+1)m+1<A<2(n+2)m.  (3.91)

Finally, we estimate ||G3||0,00,s. From the inequality (3.66), it is obvious that

l
IGsloss = NF@n— DI Y Bissel
1=2p+2

0,00,J

!
< O Z Bi_iiell0,00, (3.92)
i=2p+2
< CN_(2p+2_5N,2p+2)Hu||1OOJ'
This, together with (3.82), (3.86) and (3.91), allows us to deduce

7 (Qn— D))" Pullo00,s < OCNTOTENN ||y oo, 5, N = 00, 2(n+1)m+1 < A < 2(n+2)m.

Namely, the inequality (3.80) is valid for k = n + 1.
Now we prove the inequality (3.80) by the induction principle. O
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4 Proof of the main result

In this section, we prove Theorem 2.1 by using the auxiliary results given in the last

section.

Proof. For convenience, we set Ty, = Q) — I. It is easy to check that

TflfHu = (7Qn—I)"u
k
- Z(_l) k+1(7rQh) ImQpu — (—1)*u
=0

= (=1)"(upp — ).

Therefore

k1
1T}

[nr = wllo,co, = ullo,00,7-

Let A denote a positive integer number. When A\ = 1, we have

T}f‘u = Thu
= (@Qn —IDu
= 7(Qp—DHu+ (7 — Iu.

First, we prove inductively that the following equation is valid for A > 2
T = [7T(Qn — D u+ Z D2 7(Qn — DY a4+ (~)MYF - D, (4.1)
When A = 2, we get

Tiju = (TQn — D[F(Qn — Du+ (T — 1)yl
= T(Qn—D7T(Qnr — Du+ (TQn — I)(T — Iu
= mQn—D7T(Qn— Nu+7(Qn— )T = Du— (7 —Iu.

We assume that the equation
Tru = [7(Qn — DPu+ Z D2 7(Qn — DY a4+ (~)M YT - D, (4.2)

is valid for A (A > 2). Now we only need to prove that

T = [7(Qy — DM u + Z 20407 (Qp — DM+ ()M (7T — Du. (4.3)
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In fact, T}f‘Hu can be written as T, ,f‘“u = Tp(T, }f‘u) It follows by the inductive assumption

(4.2) that

Tt = Ty(Tpu)
= (WQh — D{[@(Qn — I)]*u
+Z 2/\ l I)])\—l—lu (4_4)
+(—1)”1(7r — Du}
= G1+ G +Gs,

where G1 = (TQn — D[A(@Qn — 1), Go = (7Q — DA [7(Qn — D}
and G3 = (7Qp — I){(—=1) (7 — Iu}. It is easy to obtain that
Gi = @Qn—DF@Qn—D*u
= [[(Qn—DMu+ (T = DFQn — D Mu (4.5)
= @ (Qn— DM,

and
A—2
Gy = (@Qn— DD (- mQn— DM}
=0
A—2
= > (D HFQn - DM+ (7= DFEQL — DY) (4.6)
s
= > (D) FQn - D,
=0
and

Gy = (FQn — D{(-1)M'(T — Du}
= (DMUF@Qn = DI(T — Du — (7 — Iu) (4.7)
= (~DMUFQn — DT~ Du+ ()7 — Du.
By using (4.4)-(4.7), we deduce (4.3). It then follows by the induction principle that the
equation (4.1) is valid.
Now we can readily prove Theorem 2.1. Set A = k + 1. Therefore the following

inequality is a direct consequence of Theorem 3.4
II7(Q — D) ullo,00,s < ON~EEFDm=EN 20005 ]| 1 1) 00, (4.8)
ForO<n<A—2=%k—1, we have

I(=1)* 27" w(Q = D7 — Dulloso,s

C

N

N—Ck—n)m—en sk n)m) (7 = Dulla(h—nym.co.s (4.9)
< CN~CrTD—ensptn) ull2pt1),00,75 N — 00,
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and

(=D *2(F — Dullo,co.s < ON~EEHD=EN2000) ul| o 1.1) o, - (4.10)

Combining (4.1), (4.8), (4.9) and (4.10), we lead to
||T}ll€+1u

0,000 < ON~CEFDm=en21m) |1yl 1) N — .

m,00,J

By the definition of ey ;, and the fact that 2(k+1)m < 2p+2, we have ey o(k41)m < EN2p+2-

Letting ey = en2(p+1), We can obtain
g = ullo.co.s < CN™CEEI=EN |l 1y oss N = 00,

where € is an arbitrarily small positive number such that ]\}im ey = 0. O
—00

5 Numerical examples

For the numerical verification of the result stated in section 2, we consider

t 1 qt
u(t) = f(t) —/ u(s)ds + 2/ u(s)ds, t € (0,77, (5.1)
0 0
where the function f is chosen as f(t) = 2(1 + e™%) such that the exact solution is

u(t) = e~'; the delay parameter ¢ is chosen as ¢ = 0.9, ¢ = 0.5, or ¢ = 0.2. We set T = 10.
The equation (5.1) is solved by two collocation methods on different meshes using the
space SY(Jn) (m = 1).

The first method M is the multilevel correction method based on the geometric meshes
and the Lobatto collocation parameters: ¢; = 0.0, co = 1.0; the second method M, is the
multilevel correction method which uses the hybrid meshes introduced in this paper and
the Lobatto collocation parameters ¢; and cp. For convenience, we let || - [|o » denote the
uniform norm |- [/p 0,7 The L™ errors are reported in Table 1 (¢ = 0.9), Table 2 (¢ = 0.5)
and Table 3 (¢ = 0.2).

TABLE 1 (¢ = 0.9)

My My Mo My Mo
N | uno — ullooo | flunt —ulloco | luno — ulloeo | lung — ulloco | [un2 — ullo,00
200 8.08D—-5 3.08D—-8 3.24D—4 2.41D—6 1.87D—6
400 1.31D-2 1.79D—-5 8.08D—-5 3.26D—-8 8.88D—9
800 3.99D—-6 1.80D—3 2.02D-5 1.92D—-9 2.72D—-11
1600 1.10D-5 1.30D-1 5.05D—6 1.20D—-10 9.92D—14
TABLE 2 (¢ = 0.5)
My My Mo My Mo
N | Nluno — ullooo | [lung = ulloco | luno = ullose | [una = ulloco | lunz — ullo,co
200 4.35D—5 1.30D—8 1.94D—4 2.62D—-7 3.92D—8
400 1.36D—-5 1.50D—-5 5.43D—-5 2.04D-8 1.02D—9
800 4.21D—6 6.05D—3 1.74D—-5 2.09D—-9 1.03D—-11
1600 9.05D—-6 3.03D-0 5.00D—6 1.71D-10 8.74D—-14

35



TABLE 3 (¢ = 0.2)

M,y M My My My
N | uno — ullo,co | luna —ullooo | lluno — ulloo | l[una — ullo,eo | lun2 — ulloco
200 4.89D—5 1.61D—-8 2.15D—4 3.24D—-7 5.31D—-8
400 1.52D-5 1.06D—-5 6.22D—5 2.61D—-8 1.14D-9
800 4.63D—6 4.22D—3 1.88D—-5 2.37TD—-9 8.78D—12
1600 1.45D—-6 4.44D—0 5.60D—6 2.10D—-10 8.48D—14

The above numerical results show that the correction approximations w2 and w2
based on the hybrid meshes introduced in this paper possess the superconvergence orders
4 —¢en and 6 — e respectively (with ey € [0,0.678]), which clearly confirm the multilevel
correction estimates given in Theorem 2.1 and reveal that the method M, is effective
for widely varying parameter values ¢ € (0,1). Note that such high superconvergence is
obtained without expensive cost, since only the lowest piecewise polynomial (m = 1) is
used in the collocation space. But the errors between the analytic solution u and the
correction approximation w1 based on the original geometric meshes are not monotonic
decreasing with mesh refinement. This is just the reason why we need to introduce the
hybrid meshes to guarantee that the resulting k level corrected approximation possesses

an ideal superconvergence order (see Section 2 for the details).
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