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Abstract

In this paper we are concerned with the computation of a liquid crystal model defined
by a simplified Oseen-Frank energy functional and a (sphere) nonlinear constraint. A
particular case of this model defines the well known harmonic maps. We design an new
iterative method for solving such a minimization problem with the nonlinear constraint.
The main ideas are to linearize the nonlinear constraint by Newton’s method and to
define a suitable penalty functional associated with the original minimization problem.
It is shown that the solution sequence of the new minimization problems with the linear
constraints converges to the desired solutions provided that the penalty parameters are
chosen by a suitable rule. Numerical results confirm the efficiency of the new method.
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1 Introduction
Let Q be a bounded and Lipschitz domain in R? (d = 2,3), and let £ be the simplified

Oseen-Frank energy functional defined by (see, for example, [11])

1
fv) =5 /wa? bl V x vP)dz, ve H(Q! (d=2.3), (1.1)

with 1 > 0 and kg > 0. The target manifold S ! is the sphere
Sl = (v e R F(v) =0 ae. in Q},

with F(v) = |v|? — 1. We shall study the problem of finding local minima of a constrained
minimization problem of the form:

veHg%iz?Sd—l) E(v). (1.2)
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Here, Hé(Q; S9=1) denotes the set of vector fields with values in the manifold S?~!, and
function values and first derivatives in L?(Q2)¢, such that each element v in Hé(Q;Sd_l)
satisfies v|gn = g in the sense of trace for a fixed vector field g defined on the boundary 9f.
We assume that the problem (1.2) has a solution u at least. Problems of the form (1.2) can be
found in many practical applications, for example, numerical simulation of liquid crystals. In
particular, when ko = 0, the critical points of the functional £ over Hé(Q; S=1) are frequently
referred as harmonic maps from €2 into S?~! (see [7] and [8]). For convenience, the critical
points of the functional £ over Hé(Q;Sdfl) for all ko > 0 are called generalized harmonic
maps. The computation of the generalized harmonic maps is a difficult topic, since the target
manifold S4! is not a convex set, the problem (1.2) usually possesses many solutions (when
d = 3), some of which may be non-smooth (see [13] for some details).

The goal of this paper is to develop an iterative method for computing the generalized
harmonic maps. The simplest case of (1.2) with k2 = 0 has been studied by many researchers
(see, for example, [1], [3], [4] and [16]). It is known that the projection method is the most
natural one for solving this problem. The projection method was first introduced in [1], and
was further developed by [3], [10] (for the Landau-Lifshitz equation) and [16]. A variant of the
projection method was proposed in [4]. An advantage of the projection method is that it is
globally convergent (design of a globally convergent iterative method for solving complicated
nonlinear problems is both important and difficult). However, the discretization version
of the projection method may be not convergent for the general regular and quasi-uniform
triangulation even if ko = 0 (see [3] for detailed discussion). To our knowledge, there is few
work to study numerical methods for solving (1.2) with k2 > 0. The first important attempt
to solve this problem was made in [11] where (1.2) was transformed into a time-evolution
problem with a penalty term by using the heat flow (gradient flow) method [8] and the penalty
method, and the resulting variational problem was solved by the operator-splitting method
after discretization of the time variable. The heat flow method for computation of p harmonic
maps was also studied recently in [5]. The main advantage of the heat flow method is that,
when the time step size is small enough, the resulting nonlinear problem at one time step can
be solved more easily than the original independent-time problem. But, one has to iteratively
solve a nonlinear problem at each time step in the gradient flow method. A general method
for solving (1.2) is the penalty method, namely, use Ginzburg-Landau free energy instead of
E(v) (see, for example, [6]). However, it is difficult to design an efficient iterative method for
solving the variational problem arising from Ginzburg-Landau free energy, since the penalty
term is too complicated. A saddle-point method is studied in [14] for the case d = 2 and
ko = 0, but for more general function F'.

In this paper we propose a new iterative method for solving a discrete problem associated
with (1.2). We consider the more general case with k2 > 0. Our main ideas can be described
as follows: use Newton method to linearize the constraint F'(v) = 0, and replace the energy
functional £(v) by a new energy functional with a nonstandard penalty term associated with
the constraint F'(v) = 0. Then we solve the minimization problems with the penalized energy
on the linearized constraint spaces. We find that the new minimization problem can be solved
easily, and the cost of computation is almost same with that in the projection method. It will
be shown that the resulting solution sequence is always globally convergent without particular
requirement to triangulation, provided that the penalty term is designed properly. Our idea
can be extended to more general liquid crystal model by designing a different penalty term
(which will be done in another paper).



The outline of this paper is as follows. In Section 2, we give some notations. In Section
3, we introduce a finite element discretization for (1.2), and analyze the convergence of the
resulting approximate solution. In section 4, we describe the motivation to designing the
new iterative method. In Section 5, we present the Newton-penalty method, and prove an
important property of the method: the energy is decreasing. The convergence of the new
method is proved in Section 6. In Section 7, we discuss some details about the solution of the
minimization problem associated with the Newton-penalty method. Some numerical results
are given in Section 8.

2 Notations and Preliminaries

Throughout this paper we use ¢ and C' to denote generic positive constants, not necessarily
the same at different occurrences. It is assumed that the constants are independent of the
mesh size h which will be introduced later. For vectors v,w € R? we use v - w to denote
the Euclidian inner product, while the notation A : B is used to denote the Frobenius inner
product of two matrices A, B € R¥?. The corresponding norms are given by |v| and |A],
respectively. For a vector or matrix A, A’ is the transpose of A.

For m > 0 we use H™ = H™(K) to denote the real valued L?>- based Sobolev spaces
on domain K C RY, with the corresponding norm by | - ||k, and use | - |;,  to denote
the semi norm involving only the mth order derivatives. The subspace H|" is the closure of
CS(K) in H™, while H™™ is the dual of HJ* with respect to an extension of the L? inner
product (-,-). The corresponding L*°—based Sobolev spaces are denoted by W™ (K), with
the norm || - ||;m,co, . The notation H'(Q2) and Wh>°(Q) will be used for the vector version
of the corresponding spaces.

In general, we use boldface symbols for vector or matrix valued functions. For convenience,
we give the exact definitions of more notations only for the case with S%~! c R? (i.e., d = 3)
in the rest of this section. The exact definitions of notations for d = 2 can be given with
obvious modification.

The gradient operator with respect to the spatial variable x = (1, z2,z3) is denoted as
V = (8/0x1,0/0x2,0/0x3)t. The gradient of a vector valued function v = (v, v, v3)!, Vv,
is the matrix valued function obtained by taking the gradient row—wise, i.e.,

Vv = (Vuy, Vg, Voz)t or  (Vv);; = 0v;/0x;.

For two vector valued functions v and w = (w; we ws)!, we define v x Vw as the matrix
valued function obtained by taking the vector product row—wise, i.e.,

v X Vw = (v x Vwy, v x Vws, v x Vws).

It can be verified that

Vivxw)=Vvxw+vxVw. (2.1)
As usual, we use DF to denote the gradient of F, i.e.,
DF(v) = (OF/0v1,0F |Ovg, OF /Ovs)" = (2u1,2vg, 2v3)' =2v  (d = 3). (2.2)

The corresponding Hessian is denoted by

D*F(v) = (0°F/0vi0v;)} ;) =2

S O =

O = O

_— o O
—~
[\]
w
N~—



For the boundary function g of (1.2) we assume that it has been extended into the interior
of Q such that g € H' (). For such g, we let

Hé(Q) ={veH(Q):v=gondN}

For a functional J : HY(Q2) — R, we use J/(v) : H(Q) — R to represent the Gateaux
derivative of J at v € HY(Q2). Similarly, we use J’(v) : HY(Q) — H(Q) to denote the
second-order Gateaux derivative of J at v € HY(Q). Let J/(v)w and J”(v)w denote the
images of the maps J'(v) and J”(v) at w € H'(Q), respectively. It is easy to see that

E'v)w = /Q [K1VV 1 VW + k2(V x v) - (V x w)]dx, v eHY(Q)

and
E'vyw-w = / [k1VW : VW + ko (V x w) - (V x w)|dx, V€ H'(Q).
Q
Note that
0< IV xwlfq < ClIVwig,
we have

VWl < € (V)w-w < Clri + m)[VWIR o, v, w e H(Q), (2.4)

The critical points of the functional £ over Hé(Q; Sd_l), i.e., the stationary points of the

minimization problem (1.2), are called generalized harmonic maps from Q into S¥~1. A vector
field u € HY (€ S9=1) is such a critical point if it satisfies

E'()v=0 (2.5)

for any v in the tangential space of Hé(Q;Sd_l) at u, i.e., for any v € H}(2) such that
DF(u)-v =0 (refer to [8]).

For a two-dimensional vector v, let v denote the vector obtained by a rotation of 90
degrees for v. The following result can be obtained directly from the above definition.
Proposition 2.1 The vector function u € Hé(ﬂ; S9=1) is a harmonic map if and only if

E'(u)(¢DF(u)t) =0, Yo e CP(Q) (d=2), (2.6)

or

E'(u)(vxDF(u))=0, VveCyr®) (d=3). (2.7)
U

3 The finite element discretizations

In this section we introduce a discrete version of the problem (1.2) and study convergence of
the resulting approximate solution.

In the rest of the paper we assume that the domain Q C R? is a polygon or a polyhedron.
Given a family of shape regular and quasi—uniform triangulation {75} in Q with a mesh size
h<1,let N}, = {pk}fcvzl denote the set of nodes associated with 7. As usual, we use ¢} to
denote the nodal basis function associated with the node py.



We use V}, to denote the space of continuous piecewise linear functions with respect to 7j,
and V0= V5N H&(Q) The notation V3, and Vy, ¢ will be used for the vector version of the
corresponding spaces. We will use 7, to denote the usual nodal interpolation operators onto
the spaces V, and V. Let ﬂ"? denote the restriction of m;, on 9f2.

The following inverse inequality for finite element functions in V}, will be used later:

lvnllie < Ch Hupllon and  [Jvallocon < CBu(d)|vnll1.0,  Yon € Va. (3.1)

Here, f1,(d) = log2 (1/h) for d = 2, and By (d) = h™2 for d = 3.
As in [3], we assume that g is continuous on 9. Set g, = 77g (on 9Q), and define

Vh,g = {V € Vh : V‘@Q = gh}.
We will consider the following discretized minimization problem:

min £(v) subject to F(v) =0 on Np,. (3.2)

vthyg
Since the minimization functional is convex and continuous, and the set
K,={veVyg: F(v)=0o0nMN,}

is closed and compact, the problem (3.2) has a solution at least for a fixed h (refer to Chapter
7 of [17]).

For convenience, the critical points of the functional £ over the discrete space Ky, i.e.,
stationary points of the minimization problem (3.2), are called discrete generalized harmonic
maps in Ky,. It is well known that uj € Kj, is a stationary point of the minimization problem
(3.2) if and only if there exists a Lagrange multiplier xy = (b1, bo, -+ ,bx)! such that

N

E'(up)v+ > bDF(ui(pr)) - v(pr) =0, ¥V € Vi (3.3)
k=1

The following result can be viewed as the discrete version of Proposition 2.1.
Proposition 3.1 A vector function uj € Kj, is a discrete generalized harmonic map if and
only if uj satisfies

E'(up)mn(onDF(uf) ) =0, Voén € Vig  (d=2), (3.4)
or
E'(up)mp(viy x DF(u})) =0, Vvj, € Vio (d=3). (3.5)

Proof. 1t suffices to prove that the condition (3.4) or (3.5) is equivalent to the existence of
numbers {by} satisfying the relation (3.3).

Without loss of generality, we consider only the case of d = 3. Assume that u; € K,
satisfies (3.5). We try to verify (3.3). Let ®} € Vj o (r = 1,2,3) be the three nodal basis
vectors associated with an interior node pi. Namely,

i = (¢1,0,0)f, ®2 = (0,¢1,0)" and &3 = (0,0, ¢:)".

In the rest of the proof, we consider only the index k associated to an interior nodes pi. Then
equality (3.5) is equivalent to

E(u)m (@) x DF(u})) =0, Yk (r=1,2,3). (3.6)



By the definition of 7, one can verify that
(@) X DF(uy,)) = @), x DF (uj,(pk))-
Thus one gets from (3.6) that
E'(w) (P, x DF(u(pr))) =0, Vk (r=1,2,3).
It can be verified, by the above equality, that the vector
(& (up) @, E'(w) @7, &' (uf)@F)
is parallel to the vector DF(uj)(p). Thus, there exists a number b, such that
E'(u,) @ = —bi [DF (uj)(pi) - ®(pw)], Yk (r=1,2,3). (3.7)

This implies (3.3) because in the sum, the terms corresponding to boundary nodes vanish.
On the other hand, the equality (3.5) obviously follows by (3.3).

Remark 3.1 From (2.2), we have |DF(uj(py))|*> = 4 # 0. It follows by (3.7) that

&' (uj) (DF (uj (pr)) )
D F(uj, (px))[?

for each interior node py,. The stationary point uj is a local strict minimizer of (3.2) if and
only if uy satisfies the condition (for such by)

by = —

N

E'up)v v+ Z kaZF(uZ(pk))v(pk) -v(pr) >0, (3.8)
k=1

for allv € {v:DF(uj(z))-v(z) =0, Yz € N}}. Some details on this result can be found in
Chapter 8 of [17].

In the rest of this section, we derive some approximate properties of uy. To this end, we
first give two simple lemmata.

Lemma 3.1 For any vi, € K}, we have F(vp) <0 in .

Proof. Let ¢, be the basis function on the node p. Then,

N
va(p) =Y vi(pe)er(p), Vp e Q. (3.9)
k=1
Since
N
pr(p) >0 and > pr(p) =1,
k=1

we get by (3.9) and the convexity of the functional F

N
F(vi(p)) <> er(p)F(va(pr)) < 0.
k=1



Lemma 3.2 Let wy, € Kj,. Assume that the sequence {|wp|1.0} is uniformly bounded with
h. Then the sequence {||wpl||1.0} is also uniformly bounded with h. Moreover, we have

IDE(wh)

lo,00,0 £ C,  [DF(wp)|1,0 < C, (3.10)

and
’F(Wh)‘LQ <C. (3.11)

Proof. Since F(wy,) = 0, we have |[wy|?> =1 in . We further get by (2.2)
IDF(wp,)|? =4 in Q. (3.12)

These imply the first conclusion of the lemma and the first inequality in (3.10).
The second inequality of (3.10) follows by (2.2) and the assumption.
It can be verified that

[F'(wh)|1,0 < CIIDF(wWh)lo,c0,0 - [[VWh

0.0- (3.13)

Then we deduce (3.11) by (3.12) and the assumption.
O

Theorem 3.1 Let up, € K; be a discrete harmonic map associated with the mesh size h.
Assume that the sequence {|up|10} is bounded with respect to h. Then

(i) there exists a subsequence of the sequence {up}n>o, which is denoted by {up,}p~q itself,
such that {up}p~o converges to u € Hé(Q; SI=1) weakly in H and strongly in L*;

(i) u is a harmonic map.

Proof. (i) By Lemma 3.2, the sequence {||up||10} is also uniformly bounded with h. Thus
there exists a subsequence of the sequence {uy, },~0, which converges to a u € H'(2) weakly
in H' and strongly in L. It suffices to prove u € Hé(Q, Sa-1y,

Since 7, F'(uy) = 0, we have

1E(un)llog = (1 = 7n) F(un)llo.o < ChIF(an)|10- (3.14)
This, together with (3.11), leads to
| F(up)oo < Ch — 0" when h — 0T (3.15)
On the other hand, we have
F(u) = F(u,) = 2w, - (u—uy) + [u—uy[*
Hence

[ F(u) = F(up) oo < C(la—up

0.0+ [u— uh”%ﬁl(g)) — 0" when h — 0".

This, together with (3.15), yields
£ (a)]

00 =0.



Thus F(u) = 0 a.e. in Q. Similarly, we can prove ulsq = g (refer to [3]), and so u €
HL(Q, $971).

(ii) The proof is similar to that of Theorem 3.8 in [3]. Let v € C{(Q), and set v, =
TV € V. It follows by Proposition 3.1 that

&' (u)(v x DF(u)) E'(a)(v x DF(u)) — & (up)mh (v x DF(uy,))

[€'(w)(v x DF(u)) — &'(up)(v x DF(uy,))]
[E'(up) (v x DF(uy)) — €' (up) (v, x DF(u,))]
[€(un)(vi, x DF(up,)) — €' (ap)m(va x DF(uy))]
I+ Iy + Is. (3.16)

=+ —+ 1

We first verify I, I3 — 0 when h — 07, In fact, we have by the assumption

L] = [&"(up)((v —vi) x DF(uy))|
S C|uh‘1’Q . ’(V — Vh) X DF(Uh)‘LQ
< Cl(v—vp) x DF(up)|1,0- (3.17)
It follows by (2.1) that
(v =vi) xDF(up)l1,0 < 2[IV(v =vi) x DF(up)|foq + [|(v = vi) x V(DF(up))|lo.0]
< C|DF(up)|o,00,0 - [V = vVi|1,0 + DF(up)|1,0 - [V — Vi]0,00,0-

Thus, by (3.10) and the convergence of the interpolation operator, we get
|(v —vy) x DF(up)|1.0 — 0" (h—0™).

This, together with (3.17), leads to Iy — 0 (h — 07). Similarly, we have I3 — 0 (b — 07).
Now we consider the term I;. By the definitions, we have

L = [/Q Vu: (Vv x DF(u))dx — /QVuh 1 (Vv x DF(uy,))dx]

+ [/Q(v ) : (V x v) x DF(u))dx — /Q(v <) : (V x v) x DF(uy))dx]
= In+ ho. (3.18)

Here we have used the equalities DF(u) = 2u and DF(uy) = 2uy,.
It is clear that

I = /QV(u —uy) : (Vv x DF(u))dx + /Q Vuy : (Vv x (DF(u) — DF(uy)))dx. (3.19)
Since v € C*(Q2), we have Vv x DF(u) € L?(Q), therefore the linear functional
() = /Q(v )t (Vv x DF(u))dx
is bounded on H!(2). Thus we get by the result (i)

/ V(u—uy): (Vv x DF(u))dx —0 (h— 07). (3.20)
Q



On the other hand, we have by (2.2)
IDF(u) — DF(up)ljo.o = 2[lu—usjoe-
Then we can obtain by using Holder inequality

/QVuh (Vv x (DF(u) = DF(up)))dx| < fuplig - [[VV]oeg - [DF(u) = DF(us)oq

Clupli,a-[lv

IN

1,002 * [l —wpllo,0-

Hence, by the assumption and the conclusion (i), we get
/ Vuy, : (Vv x (DF(u) — DF(uy)))dx — 0 (h— 0T).
Q

Substituting (3.19) by (3.20) and the above relation, we obtain /33 — 0 (b — 0T). Similarly,
we have I1o2 — 0 (h — 07). All these, together with (3.18), yields I; — 0 (h — 07).

Finally we obtain the desired result by (3.16).

U

4 Motivations

In the rest of the paper, we develop an efficient method to solve the problem (3.2). To explain
our idea more clearly, we first investigate two possible methods.

In the commonly used penalty approach, c.f. [11], one is seeking a minimizer for the
following regularized problem:

1
min &(v) + — F(vp)|?dx
i EW)+ 50 [ mFw) P
where the penalty parameter ¢ > 0 is small. Formally, the necessary equilibrium condition
for this problem is: Find uj, € Vj, g, such that

1
/ Vuj, : Vvpdx + e/ mpF(uf,)mpDF(uf,) - vidx =0, vj € V.
Q Q

A difficulty with this approach is that the penalty parameter € needs to be chosen sufficiently
small in order to resolve the constraint, and usually it also needs to be related to the dis-
cretization parameter h. However, for small penalty parameters, numerical instabilities may
occur. Moreover, the functional defined by the above regularized problem is not convex, which
increase the difficulty for solving the corresponding nonlinear variational problem.

It is well known that the difficulty on the problem (3.2) is to find an efficient method to
deal with the constraint 7, F'(v) = 0. A possible way is to use Newton method to linearize the
constraint and then solve a minimization problem with a linear constraint. More specifically,
let u, be a solution obtained at iteration n, we need to find a new iterative solution u,11
from u,. The constrain we shall impose for u, 1 is

DF(u,) (upy1 —uy) = —F(u,) on Nj. (4.1)

i.e. u,41 does not satisfy the full constraint 7, F(u,+1) = 0, instead, we require u,41 to
satisfy a linearized constraint which is coming from a Newton’s linearization of 7, F(v) = 0



at u,. We also need u,1 to minimize the energy functional. Thus, it is necessary to let u,;
be the solution of the following problem:

min &(vy) subject to DF(uy,) - (v, —u,) = —F(u,) on N,. (4.2)
thVhyg

This minimization problem (with linear constraint) can be solved more easily, but it seems

that the solution sequence {u,+1} does not converge except in some particular situations.
In the following we propose another way to solve (3.2) based on an important observation.
As we will see in Lemma 5.1, we have

mpF(v) >0 if DF(u,)-(v—u,)=—F(u,) on N,. (4.3)

Due to this special property, one can add a particular regularization term into the cost
functional of (4.2) and consider the following minimization problem:

min [E(va) + (k) /Q T F(vh)dx]

VhEVhyg
subject to DF(u,) - (v —u,) = —F(u,) on Nj. (4.4)

Here, y(h) is a nonnegative real number. The parameter (k) should be chosen as y(h) = h~=2
except some particular cases. Note that y(h) [, 7,F'(v)dx is not the standard penalty term.
Such design enhances the global convexity of the minimization functional of (4.4).

The solution of (4.4) is still denoted by u,+1. Fortunately, we can prove that the new
solution sequence {u,1} possesses global convergence for an initial data ug € V¢ which
satisfies m, F'(ug) > 0. Since the constraint for the problem (4.4) is linear, we can use a
Lagrange multiplier to deal with the constraint.

We emphasize that the regularization term

~v(h) /Q o F(v)dx

is related to the original nonlinear constraint 7, F(vy) = 0, instead of the current linear
constraint

DF(u,) - (v —u,) = —F(u,) on N.

This means that the new method is neither augmented Lagrange method nor penalty method
associated with the current linear constraint. For convenience, we call the new method as
Newton-penalty method.

5 Minimization problems with a penalized functional

For a given triangulation 7, we want to compute a sequence {u,} C Vj, g, such that {u,}
converges to a discrete harmonic map. As pointed in the last section, this sequence is deter-
mined by new minimization problems with penalized cost functional and linear constraints.
The energy decreasing property of the sequence {u,} will play a key role in its convergence.
This section is devoted to designing the penalty term mentioned in the last section, which
can guarantee the decreasing energy of the sequence {u,}.

10



5.1 Main result

Before defining the penalty term, we give some properties of the linear constraint spaces. Let
u, € Vj, g such that F(u,) = lu,[? —1 >0 on N, and define the linear constraint space

K, = {veVug: DF(u,) - v=DF(u,)- u, — F(u,) on N}
= {VEVhg: 2u, -v=|u,>+1on N} (5.1)

The new minimization problem at (n + 1)th step will be defined in the constraint space K,,.
Lemma 5.1 The constraint space K,, possesses the following properties:

(a) For any v € K,,, F(v) >0 on Nj.

(b) For any v € K,,, we have

DF(v)-v>2>0 and [DFWV)?>4>0 onN,. (5.2)

Proof. Since v € K,,, we have
F(u,) +DF(u,) - (v—u,) =0 on N,.

Thus, we get by the generalized Taylor formula and (2.3)

1
F(V) = F(un) + DF(un) ’ (V - un) + §D2F(§)(V - un) ’ (V - un)
> [v—u,?>0 on N,

which implies (a).

Note that F(v) = |v|?> — 1, we deduce (b) by (2.2) and (a) directly.

U

It follows, by Lemma 5.1 (a), that 7, F'(v) > 0 for any v € K,,. As pointed out in the last
section, one can consider the regularization term ~(h) [ 7, F(vy)dx. But, in practice, the
integration fQ 7w F (vi,)dx needs to be computed by some quadrature formula. Thus, we do not
consider y(h) [, mpF(vy,)dx itself, instead, we design a discrete version of y(h) [, 7 F(vp)dx.

To define the new penalty term, we need more notations.
Let ¢ denote the nodal basis function of the k-th node pr € N}, (k=1,---,N), and set

aij = / Vgoi . Vgojd:r (’L,j = 1,-" ,N).
Q
Given a node pg, we use O to denote the set of other nodes that are neighbor to pi. Define

_ 1
pak =Y (akr + lage]) and pap = —are + > (agpar)?. (5.3)
r#k pr€O0y

Proposition 5.1 For each k, we have

Pk = pdx = 0. (5.4)

Proof. For every r # k the sub-matrix

Qry Qg
Qkr QgL

11



is symmetric and positive semi-definite, so its determinent is nonnegative, i.e., arrarr > air.
N
Moreover, we have » ag, = 0. Thus

r=1
Pae =Y arr+ Y lawl,

rk pr€O0y

which together with the fact that ag,. = 0 for r € Oy, gives (5.4).
O

Based on the notations described above, we define the local penalty parameter -, by

1

Ydk = 5( 1Pdk + K2Pd k)-

Let G¢(-) be the linear functional defined by

N

GH(#) =D vardlpr), @€ C(Q).

k=1
Then the new penalty term is designed as G¢(F(v)). Define
En(v) = E(V) + GR(F (V).

For convenience, we assume that the initial guess ug satisfies 7w, F'(ug) = 0. Let K, be the
set defined in (5.1). The Newton-penalty method is to consider the following minimization
problem: to find u,4+1 € K, such that

En(upt1) = min & (v). (5.5)
veK,
Due to the strict convexity of £, and the linearity of the constraint, the minimization problem
(5.5) has a unique solution for every n. Moreover, the minimizer satisfies a saddle-point
system, which can be solved easily (see Section 7). Note that, when the functional Gﬁ =0,
the method described by (5.5) becomes Newton linearization method.

Theorem 5.1 (Decreasing energy) Let u,y1 be the solution of (5.5). Then F(upt1) =
lu,1]>2 —1>0 on N}, and

En(upt1) < Ep(uy) < -+ < Ep(ug) = E(uo). (5.6)

The above theorem will be proved in the next subsection. As we will see, this theorem
is the key result of the paper. Based on this result, we can prove that the sequence {u,}
converges to a discrete harmonic map in some sense (see Section 6 below). A natural question
is whether the simple Newton linearization method may possess the decreasing energy? The
following result gives a reply to the question.
Corollary 5.1. Assume that ko = 0. If ag. < 0 for every r # k (k = 1,--- ,N), then
E(upt1) < E(uy).
Proof. Since ay, < 0, which yields |ag.| = —ag,, we deduce pgj = 0. Then, we get g, = 0
for each k by the assumption xo = 0. Thus, Gf = 0, which implies that &,(u,) = £(u,). The
desired result follows directly by Theorem 5.1.

O
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Remark 5.1 Assume that ke = 0. If Tp, is an acute triangulation (see [3] and [18] for
details), then ag, < 0 for every r # k (k =1,--- ,N). Then, the conditions in Corollary
5.1 are satisfied. This means that the simple Newton linearization method possesses the
decreasing energy for the case with ke = 0, provided that the triangulation T, has some
particular structure.

Remark 5.2 In the design of the penalty term GZ(F(V)), we need to define the parameters
Ya,i carefully. For smaller vq 1, Theorem 5.1 may be not valid. For larger vq, Theorem 5.1
is still valid, but the sequence {u,} converges more slowly.

5.2 Analysis

In the analysis of Theorem 5.1, we shall associate u, with a special function 1, which is
defined below.
By induction and by Lemma 5.1 (a), we have F(u,) = [u,|? — 1 >0 on Nj,. By (5.2) we
get
DF(u,) -u, >2>0 on N, for all n.

Thus we can define oy, € Vi and 1, € Vg by

_ F(uy,) _ ]un|2 -1
DF(u,) - u, 2|u,|?

an and u, = (1 —ap)u, on N,.

Namely,
u,* — 1

e ) and u, = 7 ((1 — an)uy). (5.7)

ay, = mp(

It is clear that 1
0§an<§<1 (on Np).

Moreover, ay,,(p) = 0 if and only if F(u,(p)) =0 (p € Mp).

It is easy to verify that the linearized constraint set K,, is the tangential plane at u,, for
the following level set:

{veVyeg: F(v)=F(u,) on Np}.

In order to prove Theorem 5.1, we need to estimate £(u,,) — £(uy,) carefully. To this end,
we first derive some auxiliary results.

For convenience, we define o, ;, = o, (p) and u, ;, = uy(px) (k=1,---,N) in the rest of
this subsection.

Lemma 5.2 Fori # j, set

rij = [0 — ;) — (g + 0nj — oo )] [l
+ [(20m; — ap ;) = (Qni + Qnj — aniam )] [un |

Then,
Tij > 0. (5.8)

13



Proof. By the direct calculation, we get
rij = (ani — an ) (1 — ani) [ Wnil? 4+ (i — ani) (1 — anj) | up 4|2 (5.9)
By the definition of «,, 1, we have

’un’k’2 +1

S (h=id) (5.10)

1 —apr =

and
1 1 1

Qni = On,j = 5(

). (5.11)

|u’n7]|2 - |u’n72|2)7 anJ - an,i = 5(

It follows by (5.10) that

1 .
(1= o)l il* = (sl + 1) (k=1,5).

Using (5.9), together with the above equality and (5.11), yields

1, [u,4l? 1|, )2 L |unsl  [unly2
rii = — ? _1 — 2 —1 = — 2 — : ZO
5= 1 0u,r "V 1 0er 7Y = 10 T

O
The following result gives a simple equality, which will be used later repeatedly.

Lemma 5.3 Let A be a set of finite ordered indices k. Let ni denote a number depending
on the index k € A, and let 7;; denote a number depending on two different indices i,j in A.

Then,
ZZTRTWC = Z(Tijm‘ +Tjﬂ7j). (5.12)
k otk i<j
In particular, when 7;; = 7j;, we have

DD hem = D Tij (0 + 7). (5.13)

k ik i<j

Proof. The equality (5.12) can be derived by direct calculations.
O

Lemma 5.4 Let o, be defined by (5.7), and let pqy be defined by (5.3). Then,
N
=2 [ Vs Vmn(anun)dx o+ [ [Fmanun)x < Y pasl2an(0) - o o) ()l
k=1
(5.14)
where pq ) denotes the parameter defined by (5.3).
Proof. Let a;; be the real numbers defined in the last subsection. It can be verified that
N N
/QVun tVmp(anuy)dx = /Q(Z Wk (Veor)') : O amptt 1 (Vipr) ) dx
k=1

k=1

14



N
= > amanlunil? + ) aij(ani + ang) - un,
k=1

i<j
and
N
/ V() Pdx = / 3" o g (Vo) Pl
Q Q4
N
= Z akka7217k‘un7k|2 +2 Z (ijCn,iQn,jUng * Un,j.
k=1 1<j
Then,

=2 [ Vuy, : Vap(anuy)dx + [, [V (anuy,)|?dx

N
= — > ark(2ank — p )|kl =230 aij(ani + g — Qnicin ) - Wy
k=1 j

i<j (5.15)
N
< = 3 apk(Lang — ol ) kl? +2 37 il (an + anj — anion i) [l - g .
k=1 i<y

Here we have used the fact that (since oy, € [0, 1])

Olni + Oy j — QO j > 0. (516)
Note that
akk:_zakr (k:177N)7
r#k
we have
N N
- Z akk (2005 — O‘a%,k)|un,k|2 = Z Z akr (20, — ai,k)‘un,kP
k=1 k=1 r+#k
N
- Z Pk (20 1 — ai,k)’un,kyz
k=1
N
= 3D anl Qo g — af ) [kl (5.17)
k=1 r£k

Plugging (5.17) in (5.15), leads to

N
—2/ Vu, : Vﬂh(anun)dx—i—/ \Vrn(anuy,)|?dx = Zpd7k(2an7k—ai’k)\umk]Z%—RN, (5.18)
& @ k=1
where

N

Ry ==Y lare|Qan g — af ) wnil* + 2 lasj|(ani + anj — anicim, ) ] - [un,
k=1 r#k i<j
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It suffices to estimate Ry. Note that ag,. = aq, we get by (5.13)

N
Z Z |akr|(20n i — 0, ) [an, Kl Z |alj|{ 20,5 — 0, ) [ap, il + (20,5 — O‘i,j)|un,j|2}'

k=1 r#k 1<J

Moreover, we have

— | 51)*.

2lun ] - [un gl = [upl® + fup g = (
Using the above two equalities and (5.16), we deduce
Ry == laijlrig — Y laijl (@i + anj — anian ) ([an | = [wn ) < = Jaglrig, (5.19)
i<j i<j i<j
where 7;; is defined by Lemma 5.2. Combining (5.19) and (5.8), yields Ry < 0. Then the

inequality (5.14) follows by (5.18).
4

Lemma 5.5 Let e be an element. For the basis @y, associated with a vertex py of the element
e, set

i = [ IVouPde = [Vl
e
Let p; and p; be two different vertices of the element e, define

e 1
e = (G2)2[(af ; = 20m,) + (i + nj — anian )] Wni X Vi[5

a
+(55)2 (a2 ; = 20m) + (i + i — aniom )] [[Wn X Vi[5 ..

Then,
ri; < 0. (5.20)
Proof. Since each ¢y, is linear on the element e, each complement of the vector Vigle is a
number independent of the coordinate variables. It is known that
unyk X V(pk’e =0
if u,, 1, is parallel to Vy|e. Thus, without loss of generality, we assume that
u, s LV orle. (5.21)

Otherwise, u,,; can be decomposed into a sum of two vectors, one of which is parallel to
Vkle, and another one is orthogonal to Vg|e.
By direct calculations, and using the assumption (5.21), we obtain

lank X Vorlge = [anel® - [Veorlf.- (5.22)
Then,

at. 1
(%)Zuun,i X VC,Ozng - (auaj]) >
2 27

al. 1
and (#)2 Hun,j X V(pj“(%e - (aua]j) ‘unij‘

By the definitions of r;; and rf;, we have
1
Tfj = (azza]])zri]"
Now, the inequality (5.20) is a direct result of (5.8).
O
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Lemma 5.6 Let o, be defined by (5.7). Then,
-2 fQ(V X uy) - (V X mp(apuy,))dx + fQ |V x 7 (apuy,)|2dx

< kavjl Pa.k20m (pe) — 2 (pr)]|un(pr)|?, (5.23)

where pq is defined by (5.3).

Proof. We use a similar idea with the proof of Lemma 5.3. But, there are some necessary
changes, since the underlying integrations involve a different operator. We need to estimate
the integrations in elements instead of in the global domain €2. For an element e, let V. denote
the set of d 4+ 1 vertices of e, and set

Ae ={(i,74) : i<j, pi and p; are two vertices of e}.

It is easy to see that

N N
/(V X Up) - (V X mp(apuy))dx = /(Z u, ;X Vo) - (Z QU X Vi )dx
€ € k=1 k=1
= > an,k/un,k x VopPdx + Y (o + any) /(un,i x Vi) - (un,; X Vipj)dx,
PrEVe € (3,5)EAe ¢
and
N
/|V X Wh(anun)|2dx = /|Zan,kun,k X VSDI<:|2dX
(5 € k‘zl
= Z ai’k/|un7k X V(kadx—l— 2 Z Qlp O, j /(um X V(pz) . (umj X chj)dx.
PrEVe € (4,5)€Ae €
Thus,

-2 /(V X up,) - (V x mp(apuy,))dx +/\V X mh(apuy)|?dx

= Z (O‘i,k — 2an7k)/|un7k X chk\de
pkeve €

+2 Z (aman,j — Qpi — an,j) /(un,i X Vgpz) . (un’j X Vgoj)dx
(4,5)€EAe ¢

< D (0d k= 20mm) [unk x Verld .
PrEVe

+2 Z (0 + anj — an it j)|[uns X Veilloe - [[un; X Vojlloe. (5.24)
(1,3)EAe

Let Oy be defined as in Subsection 5.1, and set

e a1
Od e = Z (ae )2 (pk € Ve)-

preO kk
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Then,

D (= 20 ung x Vorlde = 3 Siulals = 20mm) ns X Vil
PrEVe PrEVe
-+ Z (1_5dk)( QQnR)HUnk X VSOkHOS
PrEVe

Applying (5.12) to the first sum in the right hand side of the above equality, we further have

1
> (ah g —20mp)lunk X Verlge = > { )2 (07 = 20m0) Wi X Vi3
PEEVe (,])GA 7'
au 1 2
(T)2(04 ng 20, 5) |l j X v‘PjHO e}
aj;
+ Z (05 — 1) omk — a2 ) [n ke X Vior |15 ..
pkeve

Combining this with (5.24), leads to
-2 fe(V X up) - (VX mp(anuy,))dx + fe |V x 7 (apuy,)|2dx

<SRG+ Y (05, — D20k — o2 ) [ung x Verl2,, (5.25)
pkeve
with
at. .1 e 1
Ry = 3 {200 = 20 uni x Veillie + (G)2 (a7 5 — 2am)[[un x Vs 3.

(ij)ehe  ©
—2(an,i + anyj = Wit ) ni X Veilloe - Iun; X Vejlloe}

It suffices to estimate R%,. By direct calculations, we deduce

e 1
Ry = > {TU (ani + Qn,j — Qn zan,y)[( ) lun: X Veillo,e — (%)4 Hun,j X V‘PjHO,e]Q}

(i,7)€Ae
< Z TS
(4,5)€Ae

This, together with Lemma 5.5 and (5.16), leads to RS < 0. We further get by (5.25) and
(5.22)

-2 /(V X Up) - (V X mp(apuy))dx +/\V X ()| 2dx

< Y F — Dank — ap )il - 1 Verll3.e
PrEVe

1
= > [ > (afaf)? — afp] Qang — ad )l (5.26)

PrEVe preO0

Note that, when the assumption (5.21) does not hold and we have to make the orthogonal
decomposition for u, 1, the final equality at the above would become an inequality, since the
module of the orthogonal part of u,, j is not larger than the module of u,, ;, itself.

For a node pyg, let Z; denote the set of elements that contain pj as a vertex. Then,

Y -YY

€ pkeve k=1 eeEk
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Besides, we have
1 1 1
D (anagy)? < () an)z () afy)?.
eEE ecEy, eE=),

Now the inequality (5.23) follows by summing (5.26) over all elements e.
U
Proof of Theorem 5.1. By the definitions of £ and u,,, we can deduce that

E(a,) = S(un)+K;[—Z/QVun:Vﬂh(anun)dij/Q|V7Th(oznun)|2dx]

,;2[—2/9(V X up) - (V X mh(anuy,))dx + /Q IV x mp(anu,)[*dx] }. (5.27)

_l’_

This, together with Lemma 5.4 and Lemma 5.6, leads to
L
E(An) < E(U) + = > (K1pak + Kapar)[20m(pr) — o (pr)] [un (p) >

2
k=1

By the definition of 74, we further get

N

E(in) < E(wn) + > vak[2an(pr) — g (pr)] [un (pr/*. (5.28)
k=1

On the other hand, we have by the definitions of F' and u,
F(u,) = (1- an)2|un\2 —1 on N,

Thus, by the definition of the functional G¢(-), we deduce

N
GHF@) = 3 vanF(@a(pn))
k=1
N
= 3 yaal(1 — 200 (pe) + a2 () fap)? — 11
k=1

Together with (5.28), this leads to

N
E(,) + GA(F(n)) < E(un) + Y Yakl[un(pe)” — 1] = E(un) + GL(F(uy)).
k=1
This means that
En(uy,) < &h(uy). (5.29)

It is easy to see that u,, € K,,. Since u,,4+1 is the minimizer of (5.5), we get by (5.29)

En(upt1) < &p(uy) < Ep(uy), n=0,1,---.
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6 Convergence of the solution sequence {u,}

This section is devoted to proving convergence of the sequence {u,} generated by the mini-
mization problem (5.5). To this end, we introduce an auxiliary minimization problem.
For the sequence u,, generated by (5.5), define

K, ={veV,o: DF(u,)-v=0 onN,}.
Let u, be defined by (5.7). Consider the minimization problem: Find w,, € K., such that

En(ay, + wy) = min E(u, +v). (6.1)
veK,

It is easy to see that u,1 = t, + wy,.
Lemma 6.1 Let wy, be the sequence generated by (6.1). Then, we have

HVWan’Q + G4(|wp|?) = 0 when n — 4o0. (6.2)
In particular, we have wy,(pr) — 0 for each node px, when n — +o0o (for a fized h).

Proof. Tt follows by (6.1) that
& (g, + wp)wy, = 0. (6.3)

Using the generalized Taylor formula, we get
_ _ _ 1
En(uy) = En(uy, + wyp) + & (Ty + Wi )Wy, + igg(ﬁn)wn “Wo,.

This, together with (6.3), leads to

1
gh(ﬁn) = gh(ﬁn + wn) + igg(gn)wn *Whp.

Thus,
1

5 ,’L’(fn)wn C Wy, = gh(ﬁn) — gh(ﬁn + Wn) < gh(fln) — gh(ﬁn+1). (6.4)
Here we have used the fact that &, (0,+1) < Ep(up41) from (5.29). It is easy to see that
EQ(En) W - Wy = E" (&) Wy - Wi, + GZ(DQF(fn)Wn FWn).
Hence we get by (2.4) and (2.3)
gi/z/(fn)wn “Wp 2 C[HVWTLH(Q),Q + Gg(lwn‘z)]
Combining this with (6.4), we deduce
IVWallg.0 + Gh(wnl*) < C(En(n) — En(Uns1)).
Then, we have for any positive integer M

M
Y UVWalls.o + Ghllwal*)] < C&(T0).

n=1
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This implies (6.2).
Since wy,|gq = 0, we get by (6.2) and Poincare inequality

||Wn||(2)’Q — 0 when n — oc.

Thus, wy,(pi) — 0 for each node py when n — +oo (for a fixed h).

O

The following result indicates that the solution u, approximately satisfies the original
nonlinear constraint.

Lemma 6.2 Let u,; be the sequence generated by (5.5). Then we have

lim F(u,(p)) =0,

n—-+00

which is uniform for p € Ny, (for a fized h).

Proof. The proof of this lemma is a bit technical. We will prove it by three steps.
Step 1. A recursive relation.
Let z denote a node in N},, and set
n F(un(z)) un(2)* — 1

o = =

DF(un(2)) - un(z)  2Jun(z)?

Then,
Un41(2) = Un(2) + wn(2) = (1 — a")un(z) + wn(z).

Note that o™ € [0,1), one can verify that

F(un41(2))

+ IA+

2(1 — a™uy(2)) - wp(2) + [wa(2) % (6.5)
For convenience, set
Tp = F(u,(2)) and &, = 2(1 — a™)u,(2)) - wa(2) + |wa(2)]?.
Then the inequality (6.5) can be written as
Tnt1 < (1 —a™)z, —a" +ep. (6.6)

Step 2. Verify that the sequence {e,} converges to zero.
By Lemma 5.1 (a) and Theorem 5.1, we have for any n (note that 7, F'(ug) = 0)

c|[Vun|§ao < Ern(un) < Ex(uo) < C|[Vug|g g
This, together with (3.1) and Poincare inequality, leads to

< CBu(d)[[unllie < CB(A)([[Vuy,
< C(h), for any n and z € Np,.

| (2)] 00+ [[mgllo.00)
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Namely,
lu,(2)] < C(h) = @ (for a fixed h), for any n and z € Nj,. (6.7)
On the other hand, we have from Lemma 6.1
|w,(z)] = 0 when n— +oo (Vz € Np,).
This, together with (6.7), leads to
en — 0, when n — +oo (for a fixed h). (6.8)

Step 3. Prove the desired result by the reduction to absurdity.
Let By be defined by (6.7). Suppose the sequence {x,} does not converge to zero. Then,
there exists a number g € (0, fp) and a subsequence {x,, }, such that

Ty, > 09 forali=1,2,---. (6.9)

It follows by (6.8) there exists a positive integer M, such that
o .
len] < ﬁmm{éo, 1} when n > M. (6.10)
0

Without loss of generality, we assume that M = ny.
Step 3.1. A relation between xpi11 and xyp.
By the definition of a”, together with (6.7) and (6.9), we have

5
1>aM>20 5.

Bo
This, together with (6.6), (6.10) and (6.9), leads to

0
vy < (1= OzM).’EM +em < (11— £)$M 4+ — -4
5 5 Bo 5 250
0 0 0
< (1——=)zm+ — a2m=(1— —)zMm- 6.11
( ﬂo) 20 (1-3 ﬁo) (6.11)
Step 3.2. A relation between zpyo and xyy.
There exist two possibilities for xyy1:
1) )
case(i) aMi1 < 50; case(ii) wy41 > 50.
If the case (i) occurs, we get by (6.6) and (6.10) (note that dp < (o)
dg O
rmyr < (1—aMayyy — M4 22
0 ) 0 P 2
0 0 0
— < — 4+ — = dy. 6.12
< ITM41+ 7 < 5 + 9 0 ( )

If the case (ii) occurs, we have by the definition of o™ and (6.7)

1)
aM+1 > 0
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Then, we further get by (6.6) and (6.10)-(6.11)

1) 1) 1)
oMy < (1 ﬁ)xM—&-l - 70 + Tﬁoo
% o o
< (1- 2% o )rm < (1 - Tﬁo) (6.13)

Step 3.3. A relation between z\y3 and xy.
Similarly, we can consider two possibilities of xyryo and prove that

TMy3 < o
or 5
0 50 < 50,
anmas < (1 - 7>37M+2 < (1- )3
25 (1 2,6’0) TM-

In the second inequality, we have used (6.12) and (6.13)). Namely,

do
Ty <o or anmis < (1——)%
260
Step 3.4. The desired conclusion.
Using this process repeatedly, we obtain

Tpy <00 OF Tp, < (1-— ;&))”Q_M:UM.
But, we have x,, > do by (6.9). Thus,
Ty < (1— 2‘;00)"2 Mz
Finally, we can prove, by a repeated process, that
Tn, < (1— 6—0)”1'_MCL’M, 1=2,3,---
' 260

It is clear that x\; is bounded for a fixed h, and 50 € (0,1) is a constant independent of the
index i¢. Then, we have for sufficiently large n;

Ty, < do.

This contradicts the inequality (6.9). Therefore, the assumption that the sequence {z,} does
not converge to zero is false.

O
Now we can prove the final convergence result of this paper.

Theorem 6.1 Let {uy,} be the solution sequence of the problem (5.5) with a fived h. Then

(i) there exists a subsequence of {u,}, which is denoted by {u,} itself, such that {u,}
converges to wy, strongly both in H'(Q2) and in L>(Q);
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(ii) the limit point uy, is a discrete harmonic map, i.e., a stationary point of the minimization
problem (3.2);

(iii) when the initial guess ug, which may depend on the mesh size h, is chosen such that
|ugly,0 is bounded with respect to h, there exist a subsequence of {uy}, which is denoted
by {up}nso itself, such that {up}p>o converges to a harmonic map u € HE(Q; S71)
weakly in H' and strongly in L*.

Proof. (i) It follows by Theorem 5.1 that there exists a subsequence of {u,} such that {u,}
converges to uy, weakly in H'(£2). Since {u,} and uy, belong to the finite dimensional space
V},, the convergence is also strong. Moreover, the convergence holds in L (), which will be
used in the proof later. Using Lemma 6.2, we have F(uy) = 0 on Nj. Besides, it is easy to
see that up|gpq = mrg. Hence uy € Kj,.

(ii) Without loss of generality, we consider only the case with d = 3. It suffices to prove
(3.5). Let w,, be the sequence generated by (6.1) with the current approximation u,. For
O}, € Vy, 0, define v, = m,(Pp, x DF(uy,)). It is easy to see that v,, € K,,. Thus, we have by
the definition of w,,

E'( Uy + W)V + GLDF (0, +wy) - ¥,) =0, Y&, € V. (6.14)
It can be verified directly that
|V, — 7m0 (@ x DF(up)) |10 — 07, n— +oo. (6.15)

From (5.2), we know that
DF(u,)-u,>2>0 onN,.

Then, it follows by Lemma 6.2 that
a, — 07 when n — 400 (on Nj).
Moreover, u,, is uniformly bounded for n (for a fixed h). Thus,

4, —u, = —azu, — 07 when n — 400 (on Nj,).

This means that ||, — uy||c,n — 0, and so ||a, — uy,||1,0 — 0 (for a fixed h). Furthermore,
we get
[0, —upllio — 0, n— +oo. (6.16)

This, together with Lemma 6.1, leads to (px € Ny)

DF(t, +wp)(pr) - Vo(pr) = DF (W, + wy) (pk) - (P x DF(un))(pk)
— DF(up)(pk) - (®n x DF(up))(pr) =0. (6.17)

Let n — +o0 in (6.14), and using (6.15)-(6.17), yields
Sl(uh)ﬂh(q)h X DF(uh)) =0, V&, e Vhyg. (6.18)

Now the desired result follows by Proposition 3.1 and (6.18).
(iii) By the assumption, Theorem 5.1 and (ii), we know that the sequence {|up|i o} is

bounded with respect to h. Then we further deduce the desired result by Theorem 3.1.
O
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Remark 6.1 For the case d = 2, we need to verify (3.4) by revising the proof of Theorem
6.1 in an obvious manner.

Remark 6.2 From the analysis in this section, we can see that the simple Newton lineariza-
tion method is convergent when the conditions in Corollary 5.1 are satisfied (In some sense,
the simple Newton linearization method can be viewed as a variant of the projection method
analyzed in [3]). For the more general situation, the penalty term GL(F(v)) in the Newton-
penalty method introduced in this paper seems necessary.

Remark 6.3 For the case d = 2, it has been shown in [1}] that the discrete harmonic map uy,
satisfies the condition (3.8), and so uy defined by Theorem 6.1 is just the minimizer of (3.2).
Since the minimization problem (3.2) may possess many stationary points for the case d = 3,
we can not guarantee that wy, defined by Theorem 6.1 is just the desired (global) minimizer for
d = 3, unless the initial data ugy is chosen such that ug belongs to some small neighborhood
of the minimizer.

7 The saddle-point problem associated with (5.5)

In this section, we transform the minimization problem (5.5) into a saddle point problem,
and investigate the spectral properties of the saddle point problem.

Let G(-) be defined as in Subsection 5.1, and let (-,-) denote the standard discrete L*
inner product. The minimization problem (5.5) with the penalty functional &, (v) is equivalent
to find (Wp41, Ant1) € Vg X Vi 0 such that

E'(Wyi1)V + GLDF(uy11) - v) + (DF(uy,) - v, A1) = 0, Vv € Vi,
(DF(uy,) - (ups1 —up) + F(uy), 1) =0, Y € Vi (7.1)

Since F(w) = |w|>—1, we have DF(w) = 2w. Note that the above saddle point system is the
same with that in Subsection 4.1 of [3] when k2 = 0 and G%(-) = 0. We would like to stress
that the system (7.1) is a linear saddle-point system, which can be solved by any existing
iterative method, for example, the Uzawa-type method introduced in [15]. To improve the
convergence of the iterative method, we need to construct preconditioners for the primal
system and the Schur complement (this topic did not considered in [3]).

Let g € Vj, g denote the zero extension of gj. Then u,y1 can be written as u,11 =
ul | + &, with ud,; € Vj . Define

gn = Wh(‘un‘Q +1-— 2ungh)

and f, € Vh,O by
(Fn,v) = —E'(8n)v — 2G1(&n - V), Vv € Vi,

It can be verified that (7.1) can be written as

'l )V +2GL (0, - v) +2(u, - v, A1) = (B, V), YV E Vi,
2<un : 11%+17M> = (gnaﬂ>a Vi e Vh,O- (72)

For convenience, we transform (7.2) into operator form. Define the operators A : Vj, o —
Vh’g and Bn : Vh70 — Vh70 by

(Av,w) = E'(v)W + GLDF(v) - w) = &' (V)w + 2G} (v - w), Yw € Vy,
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and
<Bn ’ V7H> = 2<V,,LL>7 VM € Vh,07

respectively. Let Bj, : V}, o — V}, ¢ denote the dual operator of B,,. Then the saddle point
problem (7.2) can be written in the operator form

Au701+1 +OB:;/\n+1 = fh,
Bhu, 1 = gn- (7.3)

The rest of this section is devoted to the construction of preconditioners B and K, for A
and the Schur complement S,, = B,,A~'B, respectively. For simplicity of exposition, let A

denote the set of all the indices k of pi, € N},. Let 74,k be the local penalty parameter given
in Subsection 5.1. Define

AL = {k € A; Va g > 0} and A ={k € A; Yd.k = 0}.

Proposition 7.1. Assume that the triangulation 7j, is regular and quasi-uniform. Then
there exist constants Cy and ¢y independent of 7j,, such that

Cohd_2 < Yd,k < Cghd_Q, Vk € Aq. (7.4)

Proof. From the definition of the number a;; (see Subsection 5.1), we know that each a;; has
the scale h9=2, i.e., a;; can be written as a;; = cl-jhd_Q, with ¢;; being a constant independent
of h. Since the triangulation 7, is regular and quasi-uniform, every constants c;; satisfying
c¢ij > 0 has both a positive upper bound and a positive lower bound which depend on only
the constants in the definitions of the regularity and the quasi-uniformity of the triangulation
7p,. From (5.3) we have

Pd.k = hd_2 Z(Crkz + ‘Crk‘|)'
r#k

It is clear that ¢, + |ck| > 0, and ¢, + |cpx| > 0 if and only if ¢, > 0. For each index k,
there exist finite indices r at most such that ¢, > 0. All of these show that

coh®™2 < par < Coh®™2, Vk € Ay,
where Cy and c¢g are constants independent of h. Similarly, we have

coh™? < paj < Coh™™2, Vk € Ay

The above two inequalities imply (7.4).

O

We will construct preconditioners B and K, for three different cases, which correspond
different triangulations:

Case (i) for all of the nodes py, we have 45 > 0, i.e., Ay = 0;

Case (ii) for all of the nodes pg, we have 74, = 0 (so G§(-) = 0), i.e., Ay = 0;

Case (iii) both A1 # 0 and A # 0.

It is easy to see that the operator A satisfies

clIVvilig.a + Gival)] < (Avi, vi) < ClIVVAIIE o + Gh(lval®)], (7.5)

for v, € Vy, 0.
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We first consider Case (i). Let T : Vi, g — Vg and 75, : Vi, 0 — V30 denote the linear
operators defined by

(Tv, w) = Gd (v-w) Z'yd V() - W(pK), V€ Vi, YW E Vg

and

N 2
u
(Thv, w)y =4 E 7’ Ti;f:” v(pr)w(pr), v € Vho, Yw € Vi,
k=1 )

respectively. It is easy to see that the stiffness matrices of T and T, are diagonal matrices
with positive diagonal entries (note Lemma 5.1 (b)).

Theorem 7.1 For Case (i), the operator A is spectrally equivalent to the operator T and
the Schur complement S, is spectrally equivalent to the operator T,. Namely, we can define
preconditioners for A and S, as B=T and K, = T,.

Proof. Since all 74, > 0, by the definition of G¢(-) and (7.4), we deduce
Gh(lval?) = ch 2| vallg 0. Yvi € Vio.
Then, by the inverse inequality (3.1), we obtain
IVVallg.e < Ch2|vallgo < CGR(Ival?),  Yvi € Vi,
Plugging this in (7.5), leads to
G (Ival*) < (Avi,va) < CGR(Ivil*), Vi € Vi

Thus the operator A is spectrally equivalent to the operator T by the definition of T. More-
over, the Schur complement S, is spectrally equivalent to the operator B, T~'B.

It suffices to prove that B, T~'B is spectrally equivalent to the operator T},. From the
definition of By, we have

B; = 2mp(unp), w1 € Vi
Then we get by the particular design of T

N
(BuT™'Byp,p) = <T_IBZM,B$§M>ZZ%ﬁI(BZM(m)\Q

u,
—42' p’“’r O = (T ), 1€ Vino.

This yields the desired result.
O

We next consider case (ii). Let Aj : Vg — Vg and Ay @ Vg — V3o denote the
discrete Laplacian defined by

(Apvi,wp) = (Vvy, VW), v, Wi, € Vg

and
(Apvn, wn) = (Vop, Vwy), v, wp € Vi,

respectively.
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Theorem 7.2 For Case (ii), the operator A is spectrally equivalent to Ay. Moreover, for
the case d = 2, the Schur complement S, is spectrally equivalent to A,:l in the sense

clog H(1/h) (A} on, vp) < (Spon, vp) < Clog(1/h) (A} vp, ), vh € Vi (7.6)

Namely, we have cond(A;'A) < C and cond(ApS,) < Clog?(1/h) for the case d = 2.
In particular, any spectrally equivalent operator with the Laplacian Ap can be chosen as a
preconditioner for A.

Proof. Since y4x = 0 for every nodes py, we have G§(-) = 0. Then, by (7.5), we get
C(Ahvh,Vh) < (AVh,Vh) < C(Ahvh,vh), Vv € Vh70, (77)

which implies the first result.
From (7.7), we know that the Schur complement S, is spectrally equivalent to BnAng:.
We need only to investigate the operator BHAEIB,’;. It is easy to see that

((Bnva, in))?

<BnA;:IB:,Uah7,Uh> = Vhselg)h’0 Anviva) pn € Vo

It suffices to verify that

clog™H a1y < swp ORI < logh ey, € Vip. (78)

vieVio  lvallie
It follows by Theorem 5.1 that
IVuslo < [[Vuollo,o-
Then, by Poincare inequality, we get
[upll1,0 < C. (7.9)

This, together with the inverse estimate (3.1), yields (noting d = 2)

0000 < Clog3 (1/h). (7.10)

[

We further deduce that
I Vallia < Clog? (1/B)|[valh,e-

Thus,
sup (Buva, fn)

1
< Clogz(1/h)lpnllz-1(),  #n € Vao. (7.11)
vhE€Vh 0 ||Vh”17Q

For any up € Vi, 0, we have

<,LLh,,LLh>
lunl-1 = 75— (7.12)
110
Define v, € Vy, ¢ as
u
Vi = Th(lh 53
2|u,|
n
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which implies that
wn = 2mp(uy, - vp).
Then,
(s pin) = 20 - Vi, pin) = (B, pin)- (7.13)
As in Lemma 4.2 of [14], one can prove by (5.2) and (7.9)-(7.10)

1
[Vallio < Clog2(1/h)|[pn

Combining this with (7.12)-(7.13), we obtain

1,0-

B
sup < nVh, Mh>

_1
> clog™2(1/h)||pnll H-1(0),  1h € Vi
VhGVh’o ||V}l||17Q

Then the relation (7.8) follows by (7.11) and the above inequality.
g

Remark 7.1 We can image that the iteration (5.5) for Case (i) possesses slower convergence
than that for Case (ii), but Theorem 7.1-7.2 tell us that the computationca at each iteration
step for Case (i) is much cheaper than that for Case (ii) since both T~ and T,;! correspond
diagonal stiffness matrices. This means that introduction of the penalty term G;il() does not
significantly increase the cost of calculation.

Remark 7.2 Unfortunately, we have not obtained a satisfactory spectrally equivalent result
for Schur complement S,, for d =3 in Case (ii). The main difficulty comes from the “bad”
inverse estimate

l1nllE 0.0 < Ch7 M lpnllE 0 € Vo (d=3).

But, if the triangulation 7;, has nested structure, and we use the well known BPX multilevel
preconditioner M for Ay, then the resulting Schur complement B,M™'B has also multilevel
structure. Since all the coarse solvers in M correspond diagonal stiffness matrices, we can
derive a simple (multilevel) expression for B,M~'B* as in Theorem 7.1. Based on this, it
is possible to construct an multilevel preconditioner for B,M~'B¥.

Now we consider Case (iii). As in the proof of Proposition 3.1, we use @) € Vy
(r = 1,2,3) to denote the three nodal basis vectors associated with an interior node p.
Define

V;Ll()) = span{®}; r=1,2,3; k€ A;} and V,(f()) = span{®;; 1 =1,2,3; k € As}.

)

Then we have the direct sum decomposition
1 2
Vio = Vil + Vi3,

Let T . Vg’()) — VS()) and Af) : Vg()) — Vg()] be the restrictions of T on Vg’()) and Ay,

on V,(f()), respectively. It is clear that T and A,(ZQ) are inverse operators (but T is not inverse

when Ag # 0)). Then the preconditioner for A is defined as
B! — (T(l))—lQl + (Af))_le,
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where Q; : V0 — V,(j)o (i = 1,2) denotes the L? projector.
Let ¢y, € Vj, 0 denote the nodal basis function associated with an interior node pj. Set

Vh(,lo) = span{¢r; k€ A1} and Vh(,20) = span{er; k € Aa}.

Then we have
Vio = Vi + V2.

Define T}\" : Vh(}o) — h(,lo) by
2
(Tav, w) =4 wv(m)wm), VeV, vwe VY.
ke ’

Let Af) : Vh(QO) — Vh@o) be the restrictions of Ay on Vh(%). Then the preconditioner for .S, is
defined as

Kb =(T)7'Q + A?Qza
where Q; : V0 — Vhilg (i = 1,2) denotes the L? projector.

Theorem 7.3 Let B and K, be the preconditioners defined above. Then we have cond(B™1A) <
C and cond(K;;1S,) < Clog®(1/h) for the case d = 2.

Proof. We prove the first result only. By the standard theory (see, for example, [19]) one

needs only to verify that

(a) for any v € Vo there exists a decomposition v = v; + vy with v; € VS)O (1=1,2)

such that
(TOvy,vi) + (AP ve, va) < Ci(Av, V) (7.14)

and ‘
(b) for any w; € V}(;)O (1 =1,2) we have

(A(w1 +wa), wi 4+ wa) < Co[(TWwi, wy) + (AP wy, wy)). (7.15)
We first verify the condition (a). For any v € Vy, ¢, define v; € V}(f’)o such that v;(pg) =
v(py) for any k € A; and v;(pg) = 0 for any k ¢ A; (i = 1,2). Then we have v = v + vy. By
the definition of T, we get
(TWvy,vi) = (Tvy,vi) = (Tv,v) < (Av, V). (7.16)
On the other hand, we have
(Av2,v2) = (Bva,va) = [Vvalf o < 2930 +[VVifi ).
This, together with (3.1) and (7.4), leads to
(Av2.v2) < C(VV[E g+ h Wil o) < CVVIE o + G ).
By (7.5), we further deduce

(AP vo,va) < (Vg + GL(Iv]?) < C(Av,v).
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Combining this with (7.16), gives (7.14).
Now we consider the condition (b). Let w; € V,%. By (7.5) and (3.1), we get

(Awy, wi) < C(|Vwillg o + Gi(Iwil*) < C(h7?[[wllg o + Ga(lwal*)).
This, together with (7.4), leads to
(AWl,Wl) < C’(T(l)wl,wl), Ywi € V&())

Besides, since (Twa, wy) = 0 for wy € V;LQ()), we have

(Awa, w2) < C(Af Wa, wa), Vws € Vi),
Combining the above two inequalities, yields (7.15).

The second result can be proved in a similar manner, by using some results obtained in
the proofs of Theorem 7.1-7.2.

O

Remark 7.3 It follows by Theorem 7.1-7.3 that both the operators A and the Schur com-
plement S, = B,(A™1B} are positive definite. Thus, the saddle-point problem (7.3) has a
unique solution (u?LH, Ant1) € Vo X Vi

8 Numerical experiments

In this section we shall use the proposed algorithm to solve the problem (1.2). We shall report
some numerical results to illustrate efficiency of the new iteration method (5.5).

Let ug denote a suitable initial guess satisfying 7, F'(ug) = 0, and let {uy, },>1 denote the
solution sequence generated by the iteration (5.5). Set

_ Vg1 —un)llog (

€y = n>1).
"= TV — )l )

The stopping criterion in the iteration (5.5) is that the tolerance €, < l.e — 4 in the case of
subsection 8.1.2, or €, < 1.e — 3 in other cases.

8.1 Examples with kK; =1 and k; =0
In this subsection we set k1 = 1 and k2 = 0 in the functional (1.1), which was considered in
[14] (for the case of two dimensions) and [3] (for the case of three dimensions).

8.1.1 A two-dimensional harmonic map with singularity

It is well known that the solution of the harmonic map problem is generally not unique
and may have singularities even with smooth data. In order to show the applicability of
our algorithms for these problems, we test a problem with a singular solution (see [14]):
u(x) = (z1/r,z2/r), with r(x) = /(2% + 23) on Q = (—0.5,0.5) x (—0.5,0.5). The Dirichlet
boundary conditions are obtained from the analytical solution.
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We adopt a uniform triangulation 73 as follows: we first divide €) into small squares with
side-length h, and then divide each small square into two equal triangles. The triangulation

= 0 for every nodes pg.

corresponds to Case (ii) that Yd,k

The initial guess ug for the new iteration method (5.5) is shown in Figure 8.1.1(a,c). The

computed solution is shown in Figure 8.1.1(b,d).
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Plot of the initial solutions and the computed solutions. a) The first initial solution.

b) The solution for (a). ¢) The second initial solution.d) The solution for (c).

The numerical errors are given in Table 1. The errors indicate that u; converges quasi

linearly to the solution when measured in /2. It is interesting to observe that we get conver-
gence for || u — uy, [|p even without mesh refinement around the singularity. In Table 2 we

list the iteration counts of the new iteration algorithm (5.5) with different mesh sizes.

Table 1: The Ls error of uy with respect to h

2——5
7.7e-2

1.4e-1

2——3
2.5e-1

|| u — Up ||0

Table 2: Iteration counts with respect to h
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h 273274275
iter | 14 14 13

8.1.2 A three-dimensional harmonic map with singularity

Set Q = (—0.5,0.5)% and g(x) = x/|x|,x € Q. Then, u(x) = x/|x| (x € Q) is the unique
solution of the problem (1.2) (see [3]). We consider the following triangulations of  in this
subsubsection.

Let Q2 be divided into some small cuboid with three sides of lengths being %h,h and h,
and then let each small cuboid be further divided into five smaller tetrahedrons (see Figure
1). Let vy (k=1,---,8) denote the 8 vertices of a cuboid, then the five tetrahedrons in the
cuboid are given as follows:

T := conv{vy, v1,v2,v6}, T := conv{vs, ve, v4,v7}, T3 := conv{vs,v7,v1,v4},

Ty := conv{vs, vy, v1,v6}, T5 == conv{vs, v7, v1, 6}

Figure 1: The division in a cuboid of the triangulation

Note that the above tetrahedrons do not satisfy the assumption described in [3]. The
triangulation corresponds to Case (iii) that both 4 > 0 and 4 = 0 happen for different
nodes p;. For convenience, let 7}, denote the resulting triangulation, and let N}, denote the
set of the nodes. For the triangulation 7}, the initial guess u) in the algorithm (5.5) is defined
by (see [3])

0(x) _:{ x/|x], for x e N, NN
' (0,1,0), for xe NNQ.

The saddle-point system (7.2) is solved by Uzawa algorithm introduced in [15], with the
preconditioners described in Section 7. In Table 3 we report the L? errors of the approxi-
mations uy, in terms of h. We observe that the L? error of the approximated solutions uy
decreases linearly with respect to h.

Table 3: The Lo error of uy with respect to h
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2—5
5.7e-2

1.1e-1

2—3
2.0e-1

| u—un o

In Table 4 we list the iteration counts of the method (5.5). We observe that the iteration

counts increases linearly with respect to h.

Table 4: Tteration counts with respect to h

2—5

2—4

244 | 513

2—3

131

iter

with the starting

th steps iteration (5.5)

denote the approximation generated by j-

Let u,(lj)

value ugo) defined above, and let ug) (0, .,.) denote the projection of the vector fields ug) onto

the plane {(x1,72,23) € R? : 21

0, (w2,23) € (—0.5,0.5)2}. The following Figure 2 shows

the projections ug)(O, ..) with h =1/32 and j =0, 10,50, 513.
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Figure 2: The projections ul)(0, ., .) for h = 1/32 and j = 0,10,50,513

We observe that, for the case with h = 1/32, the output u213 generated by 513 iterations

appears to be very close to the exact solution away from 0. The value of the numerical

solution at 0, where the exact solution has a singularity, has no particular meaning and seems

to depend on the triangulation and the initial value.
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) is defined by (see [3])
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1 in the functional (1.1), but k1 may be different, which was

1

imensiona

-0.2

, we observe that the algorithm immediately changes the highly unordered

-0.4

As pointed out in [3], the definition of u;}o) is suboptimal as it admits large gradients in a
neighborhood of 9€2. As in [3], we choose another starting value. Let £(p), for all p € €, be

a random unit vector in R3, and let the starting value

Let ﬁglj) (0,.,.), associated with the starting value @)}, be defined as ug)(O, .,.). The following

Figure 3 shows the projections @’’(0,.,.) with h = 1/32 and j = 0, 10,100, 510

Figure 3: The projections

For such case

initial configuration into a more stable one; after one hundred iterations only one degree of one
singularity with high symmetry can be seen. The subsequent iterations move the singularity

to the origin.
8.2 Examples with k,

In this subsection we set x9
8.2.1 Another two-d

considered in [11].

(0,1) x (0,1). We adopt a uniform triangulation 7j as follows: we first divide €2 into

small squares with side-length h, and then divide each small square into two equal triangles.

The triangulation corresponds to Case (i) that 4 > 0 for all the nodes py, since ko # 0.

Set Q



For the case with ko # 0, it seems difficult to construct an analytic solution of the problem
(1.2). It is clear that the solutions of (1.2) are determined by the boundary conditions u = g.
Thus we only need to define the boundary value function g. We consider two cases for the
boundary conditions u = g;:

(i) g = p, where p is the unit outward normal vector on I'.

(i) g satisfies |g| = 1 and g - u = siny. Here  is a constant angle between vectors g and

L.
We define initial values u in the iteration (5.5) as the interpolation of the following
function

(—sin(p),cos(¢)) if x9>x1 and x9 > 1 — zy;
(cos(@),sin(¢)) if xo <z1 and z2 > 1—xq;
(sin(¢p), —cos(¢)) if o <z1 and z3 <1 —zq;
(—cos(p), —sin(¢)) if zo >z and 9 <1 — 1.

u0($1,$2) _ COSE

Here we choose ¢ = 0 for the case (i) and ¢ = /4 for the case (ii). This initial values for
the case (ii) have the same formulas as the boundary value function g everywhere except in
(1/2,1/2), where the initial value is taken (1/v/2,1/1/2).

The computational results for the case (i) are depicted in Figure 4. Our computed solutions
verify the expectation of the researchers, namely, singularities take place on the diagonals of
the square (see,e.g.,[11]). In Table 5 we list the iteration counts of the new iteration algorithm
(5.5) with different mesh sizes and k1. As we can see, when we fix h, the convergence is quasi
independent of the k1; when we fix k1, the iteration counts almost linearly increase with
respect to 1/h.

Table 5: ITteration counts with respect to h and x;

R\ k1 | 0.1]0.01]0.001
2=1 1 49 | 59 60
275 [ 95 | 103 | 104
26 167 | 177 | 179
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Figure 4: u (director field) on a square liquid crystal slab with outward normal boundary

values

is depicted in Figure 5. After 57 iterations algorithm (5.5)

i)

The result for the case (ii

with initial values

singularity.

and we observe that the numerical solution has one point

terminates,

0
h

u
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Figure 5: u (director field) on a square liquid crystal slab with boundary values possessing
constant angle siny = 0.7 to the outward normal

8.2.2 Another three-dimensional harmonic map with singularity

Set = (0,1)3. We adopt the uniform triangulation 7;, as shown in Figure 6. The triangula-
tion corresponds to Case (i) that v4 > 0 for all the nodes py, since kg # 0. Let Q be divided
into small regular hexahedrons with the same size h, and then let each small hexahedron be
further divided into six smaller tetrahedrons. Let vy (k= 1,---,8) denote the 8 vertices of a
hexahedron, then the six tetrahedrons in the hexahedron are given as follows:

T := conv{vy,va,v3,v6}, To := conv{va, v4,v3,v6}, T3 := conv{vs, v4,vg, Vg },

Ty := conv{vs,vs, vy, v}, Ts := conv{vy, vs,vs,v6}, Ts := conv{vs, vs,v1, Vg }.

Figure 6: The division in a hexahedron of the triangulation

We shall consider two cases for the boundary conditions u = g.

(i) g = p, where p is the unit outward normal vector on T'.

(ii) g satisfies [g| = 1 and g - pu = siny,g x p = (£,€,0),(£,0,6),(0,&,€). Here v is a
constant angle between vectors g and p, & = cos(7y)/V/2.
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Table 6: Iteration counts with respect to x

0.4

P

0.1 and 1, they have just one singularity. In Table 6 we list the iteration counts of the

new iteration algorithm (5.5) with different x; and h. As we can see, when we fix s, the

The computational results for the case (i) are depicted in Figure 7, which depicts the
iteration counts almost linearly increases with respect to 1/h.

The initial guess u) for the iteration (5.5) is defined by

projections ug)(0.5, .,.) onto the plane {(x1,z9,z3) € R3 : 1y

K1

0.8
0.6

0.2

1/32, ky

0

h

0.2

Figure 7: u (director field) on a square liquid crystal slab with the boundary condition (i)
The computational result for the case (ii) is depicted in Figure 8, which shows the pro-

algorithm (5.5) with different x; and h. As we can see, when we fix k1, the iteration counts

1, they have also one singularity. In Table 7 we list the iteration counts of the new iteration
increase almost linearly with respect to 1/h.

jections ug)(O.S, ,,.) onto {(z1,72,23) € R : 21
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Figure 8: u (director field) on a square liquid crystal slab with the boundary condition (ii)

Table 7: Iteration counts with respect to 1

h\ k1| 0.1 1
273 | 396 | 328
2-4 [ 1011 | 789
27° | 1199 | 1227

8.3 Concluding remarks

In this section we apply the Newton-penalty method introduced in Section 5 to solving some
test problems defining harmonic maps in two dimensions or three dimensions, especially
both ko = 0 and ko # 0 are considered. The reported numerical results confirm the global
convergence of the proposed approach whenever ko = 0 or ko = 1. The results indicate that
the iteration counts is almost h-independent for the two dimensional case with ko = 0, and is
only linearly increasing with respect to 1/h for the other cases. The new method not only is
easy to implement but also is efficient to more general models with kg # 0, especially without
any particular requirement to triangulations.
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