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Abstract More and more countries begin to consider changing from the DB type to DC type for pension.

This paper researches the optimal investment problem for DC pension with the target of mean-variance

and the risky asset derived by the CEV model. By the stochastic control theory, the paper establishes

the HJB equation about the optimal investment of DC pension, obtains the optimal investment strategies

through the Legendre transform and duality theory, and finally deduces the effective frontier of the optimal

investment of DC pension under the mean-variance model.
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0 [6–7]). �5, /0 [8] )A#-+�3��%4&����� 5';��B��, ��&�6C�5�
%, 797����� �<=8:�-+Æ�, �9�9� �):;5"
�;>�<�#8� ;5.
 %, #<� - �D�%4�	 DC �������� ?@=�9;#-+�3��%4E&�=A. F
�, 7��/0�	<� - �DB DC �������� ?@. &� 98=C��	%, /0 [9] >G!
A�H:$>?�?�@D<� -�D@�. ;I@��EA�A0&�/+�DB"
�A�#<�� 
�BC&�DC�"
D�BF&���� ;>. F�,  �<� - �DE%4Æ����J>G#�&
:$�EH�?�&9F9, �#&<� - �DB, 79BH:$@D@�G��&:$�EH�?KD@
�.  #, /0 [8] � [10] 8A�EFGA0, H+GHI�B<� - �DE%4JK?@'���LIGL
G (LQ) M=?@, �H+ Ricatti ��J�B�J��>?�?&:$�EH�?NOB. �P, 7&�"
&��MI�KD� =C?@8�Q�N��	 (&)/0 [4] � [11–13]).

&$
�	%,�-.R�"
 O�SPQ,TR�!:SUKK (geometric Brownian motion, GBM)
@� (&)/0 [1–3]�[5] � [7]). &;L�	%, <R�"
 OSP�TKÆ���, ���B7V�J
W�6!*TK����G. %��DUG (constant elasticity of variance, CEV) @�� GBM @���I
� G�, KXVY GBM @�, MBJLNZTKÆO� (PQ), ;��6�TKÆPQMI$N, [/0
[14]. �W�� GBM @�$X, CEV @�R�TKÆUG���, \O�TKÆ�"
 O!*SP�

�, �]��6RS. /0 [15] >G!A� CEV @�, /0 [16] >GB��+�$<�S, �P, CEV @�
�&�Y�"P�+�$<�S��	 (&)/0 [17–21]).  %, /0 [4] >G& CEV @�BJ��	�
	
��	
P������� ?@, �H+ Legendre Z^��Q��&����-+Æ�B����
�� 5'. �P, & CEV @�B, /0 [22] H+�LM=�ZAJ>�[I�J�&���$�"
.6
(CRRA) ��'�"
.6 (CARA) -+Æ�B	
�������� 5'; /0 [23]H+ LegendreZ
^��Q��J�&�� CRRA � CARA -+Æ�B	
��	
P������� 5'. �T, /0
[24] B CEV @��+�X&U	
��	%R, �J�&� CRRA � CARA -+Æ�B���� 5'
���U	
X&; /0 [25] !AG�� CEV @�, �	� DC �������� ?@, F>��$�
� N9.

��ILJV, �_`�#<� - �D�%4� CEV @�� DC ������� ?@&W�/0%
�S�Y'\5. ��]���: 1) �#-+�3��%4, %�/+<� - �D�%4, BCaV^�9
� �"
�;>$<��;55�; 2) R�"
 O (�bT) �SPQ,��DUG (CEV) @�, �_
8�6���!*; 3) ���@�X\O�	
������(, �\O�	
P��Æ��(; 4) /+�
Legendre Z^��Q����LM=���.

)/	
`U)B: a 2c`d���@�,VY��!*@�����@�#�����125�; a
3 c!A���M=?@, VY<� - �D@��!A�'�, #�B���?@'�� HJB ��, �H+
LegendreZ^��Q��, B�IGLGVPJ��'��IGLGVPJ��; a 4 c&A&<��DB
DC ������� 5'��G9; a 5 cbA<� - �DB DC ������-�X; a 6 c?e$�
e�, �!AY#�	�*.

2 @ABC

&)c, J�fW���!*�����e_�]. �%, �S��� O�SP, �e8�R����
�e_, �A�����125�.
2.1 DEFGHI

)/R���!*VY���� O, ��Z"
 O (JX) ���"
 O (bT). �S t �%Z

"
 O�SP� B(t), KYKB��PJ��,

dB(t) = r0B(t)dt, B(0) = B0, r0 > 0 (1)

c� r0 �B$HÆ, ��I���.

R�"
 O (bT) �SP��IEH�?�L5�. �)�/�!��, "
 O�SP.YR��
Q,!:SUKK (geometric Brownian motion, GBM), %&@ZbTSPTK��, ��DUG (constant
elasticity of variance, CEV) @���!:SUKK, ��, )/R�bTSPQ, CEV @�, #$�_8
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�6. �S t �%"
 O (bT) �SP� S(t), KYKB�� CEV @� (&)/0 [4]�[22–24]):

dS(t) = r1S(t)dt + σSβ+1(t)dW (t), S(0) = S0 (2)

c� r1 �bT�$,]��'Æ, �YK\i r1 > r0. σSβ(t) �bT�]�TKÆ, �% β ��UG��,
F�-^� β < 0. �S�I]d�eÆj? (Ω , F, P ), Ω ��j?, P �eÆf�. {Ws(t) : t ≥ 0} ��I
Y�S&gj?�4LSUKK. F = {Ft} ��I�S&gj?�^EH� σ- h�__, ��`ae_�
 ;I4LSUKK`i�.

MN 1 &a (2) %, )k�UG�� β = 0, bcbTSP��L5�=	��!:SUKK. )k�
UG�� β = −1, bcbTSP��L5�=	�� Ornstein-Uhlenbeck 5�. )k β < 0, bcbTSP
�]�TKÆ σS(t)β =�bTSP�lÆ�.  %, j β > 0 �, ]�TKÆ�bTSP��Æ�, ;� 
��6�_.
2.2 OPDQRSTU

)/�	�� DC �������� ?@. �/0 [4]�[6]�[23] � [25] ��	�V, B������
 ?@KJ��I�(Qb\O, �	
��	
P, �R�	
P������/+��ca, ����
� ����"!����. �%, &	
P��Æ�$	, )/�\O�	�dd�em. �#, ����
125��#YKJ��I�(. �S T �	
�%, N �	
P���Æ�:$.

1) 	
� [0, T ] �125�
&	
�, ���Yef� ���Z"
 O (JX) ���"
 O (bT). �S V (t) � t �%�

����12S�, πt � 1 − πt J��� �"
 O�Z"
 O�X&. �k�JV��fg�-G,
nHR���Æ c ����, � �Hg 1. bc	
�����125��#+B���LPJ��lh,

dV (t) = (1 − πt)V (t)
dB(t)
B(t)

+ πtV (t)
dS(t)
S(t)

+ cdt, V (0) = V0 (3)

V (0) = V0 hl�����mi12.
Ba (1) � (2) hHIa, 	
����125��'���h�Ba,

dV (t) = ((1 − πt)V (t)r0 + πtV (t)r1 + c) dt + πtV (t)σSβ(t)dW (t) (4)

2) 	
P [T, T + N ] �125�
&	
�% (t = T ), �������Y+�ojÆ���, �%HÆ�!����. �S D �oj N

$����Æ�� �, 7� ��YK D ≤ VT . %ki �M�j������Wp�Æ������
K ��. �S	
P t ∈ [T, T + N ] �%����� B, YK B = D/a N|, ;q a N| =

(
1 − e−δN/δ

)
, δ

��IEHI�Æ.
&	
P, �����+�Æ������, �Yef� ���Z"
 O (JX) ���"
 O

(bT). �k�S V (t) � t �%�����12S�, πt � 1 − πt J��� �"
 O�Z"
 O�
X&. bc	
P����125��#+B���LPJ��lh,

dV (t) = ((1 − πt)V (t)r0 + πtV (t)r1 − B) dt + πtV (t)σSβ(t)dW (t) (5)

3 hiXjYZ

3.1 kl[\Æ
Z��	
�r�	
P, ���� �����%4.� �I$nE�%49i, �=�, X��

3�(0�%12�$,, #sl���;>, M��l�(0�%12��D, #	m�o�"
. &��
���	%, g?@��<� - �D?@. ��, ���� �����4L�&mn��(0�%12�
$,���!B�l�(0�%12��D.

1) 	
�����4L
]m 1 )k πt ∈ L2

F (0, T ; R), bc=^�� 5' πt ��b� (admissible). ��, B�b�� 5
' πt hHIG�LPJ�� (4), &9��o�����12 V (t) . bc, (V (t), πt) Y���I�b� (�
��12, � 5') 98.

^_ 1 <� - �DB	
������L��M=?@�
min VarV (T ) ≡ E(V (T ) − K)2
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s.t.

{
EV (T ) = K

(V (t), πt) is admissible
(6)

MN 2 ���� �`�#=C� �bT!*, ���p,��� OBC��a���, ,%s
l���;>. ��, ���� ��$,�� ;>����B O]n� �Z"
 OP�����
 ;>. bc, j πt = 0 �, $��125�YK dV (t) = (V (t)r0 + c) dt, V (0) = V0, �#, V (T ) =(
(c + r0V0) er0T − c

)/
r0. ;BbV)B�� R� EV (T ) = K ≥ ((c + r0V0) er0T − c

)/
r0.

�� K, o@ 1 %�&����� 5' π∗
t
���I�-� 5', ;B���I(012 V (T ), b

c (K, VarV (T )) Y���I�-]. ����-]9i�t8Y�S��-�X, j

K ∈ [((c + r0V0) er0T − c
)/

r0,∞
)
.

 �@� (6) ��IKDLGq���?@, �#�o�9. �a�YK EV (T ) = K rp\i���
� 5', sH�IuPUqpb 2µ ∈ R(�� 2 �sH���v���), �����Ij�%4Æ�

Ĵ (πt, µ) = E
(
(V (T ) − K)2 + 2µ (V (T ) − K)

)
= E(V (T ) − (K − µ))2 − µ2.

�S γ = K − µ, ��B���L��M=?@{
min J (πt, γ) = E(V (T ) − γ)2 − (K − γ)2

s.t. (V (t), πt) is admissible
(7)

�R�, max
µ∈R

min
πt

Ĵ (πt, µ) = max
γ∈R

min
πt

J (πt, γ) .

MN 3 qwuPUq�Q�� (c[/0 [13]), @� (6) �@� (7) `?E&[S
�, �

min VarV (T ) = max
µ∈R

min
πt

Ĵ (πt, µ) = max
γ∈R

min
πt

J (πt, γ) .

7� , j γ ���, @� (7) [S�B�����?@{
min J (πt, γ) = E(V (T ) − γ)2

s.t. (V (t), πt) is admissible, t ∈ [0, T ]
(8)

2) 	
P����4L
^_ 2 �)	
��'�rs, 	
P�����L��M=?@�Y'��{

min J (πt, γ̃) = E(V (T + N) − γ̃)2

s.t. (V (t), πt) is admissible, t ∈ [T, T + N ]
(9)

&;q, γ̃ = K̃ − µ, EV (T + N) = K̃.

cI�[, Z��	
�r�	
P, <� - �DB DC ������M=?@�e_tJ$N, ��
@� (8) �@� (9) �&95�x�$ . �k�B/�t�, B	
��	
P����%4%���l
ra�-��

U(v) = (v − γτ )2 (10)

&	
�, γτ = γ, &	
P, γτ = γ̃.

��,@� (8)�@� (9)%����%4J�[S��l� J (πt, γ) = EU (V (T ))��l� J (πt, γ̃) =
EU (V (T + N)).
3.2 ndef

&)c,;5K+�LM=��, B���?@ (8)� (9)J�'��$��Hamilton-Jacobi-Bellman(HJB)
��, Q�N��79&9��IGLGVPJ��. �#, /+ Legendre Z^��Q��B�IGLGV
PJ��'��LGIGVPJ��, #k�����?@&��G9.

1) 	
���-NO

�SS�Æ�
H(t, s, v) = inf

πt∈π
E {U (V (T )) |S(t) = s, V (t) = v} , 0 < t < T (11)

&;q, H(T, s, v) = U(v).
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bc, �g���?@$��� Hamilton-Jacobi-Bellman(HJB) ���#YJL�

Ht + r1sHs + (r0v + c)Hv +
1
2
σ2s2β+2Hss

+ min
{πt}

{
1
2
πt

2σ2s2βv2Hvv+πt (r1 − r0) vHv + πtσ
2s2β+1vHsv

}
= 0 (12)

Ht, Hs, Hv, Hsv, Hss � Hvv J�����?�bTSP����12����L�Vb�.
���� 5' π∗

t &b, �u�[�v, ����� 5'

π∗
t = − (r1 − r0)Hv + σ2s2β+1Hsv

vσ2s2βHvv
(13)

B��� 5'lrahH�a (12), ��S�Æ���IVPJ��

Ht + r1sHs + (r0v + c)Hv +
1
2
σ2s2β+2Hss −

(
(r1 − r0)Hv + σ2s2β+1Hsv

)2
2σ2s2βHvv

= 0 (14)

�R�, ��	��LM=?@uTY'���IVPJ��. ;5&9�� (14), �#��S�Æ�
�lra, B�hH�a (13) ������� 5'.  %, ILVPJ����IGLG�, &9XaF
9, ��, vPB/+ Legendre Z^��Q��, BIL�IGLGVPJ��'��IGVPJ��, #
k��?@�&9.

]m 2 � Rn → R ��IqÆ�, �� z > 0, �S Legendre Z^�

L(z) = max
x

{f(x) − zx} (15)

L(z) Y��� Legendre �QÆ� (c[/0 [4–5] � [23]).
)k f(x)��Pq�,IaE&o���3�], B��S� x0 . �Ia x&��b�,�� df(x)

dx −z =
0. ��, �#�� L(z) = f(x0) − zx0.

qw�S 2, H+S��� H(t, s, v) �qG, �#�S� Legendre Z^�

Ĥ(t, s, z) = sup
v>0

{H(t, s, v) − zv|0 < v < ∞} , 0 < t < T,

z > 0 � v ��QZA, c[/0 [4–5] � [23].
ZA v �����# g(t, s, z) s�, YKBa

g(t, s, z) = inf
v>0

{
v|H(t, s, v) ≥ zv + Ĥ(t, s, z)

}
, 0 < t < T.

Æ� g(t, s, z) � Ĥ(t, s, z) ���$
�, KP.� H ��QÆ�.  �Æ� g �k�Jb, �#)/
BK+Æ� g #�	��� 985'.

;5#IJV��

Ĥ(t, s, z) = H(t, s, g) − zg, g(t, s, z) = v, Hv = z (16)

� , Æ� Ĥ � g YK g = −Ĥz.
&(0�%, �S Û(z) = sup

v>0
{U(v) − zv|0 < v < ∞} , G(z) = sup

v>0

{
v|U(v) ≥ zv + Û(z)

}
.

� , G(z) = (U ′)−1(z).
�-##, G Yy�s6-+�tÆ�. �R� H(T, s, v) = U(v), bc&(0�% T , �

g(T, s, z) = inf
v>0

{
v|U(v) ≥ zv + Ĥ(T, s, z)

}
, Ĥ(T, s, z) = sup

v>0
{U(v) − zv} .

�, g(T, s, z) = (U ′)−1(z).
a (16) J��ZA t, s � z &b, ��S�Æ� H ��QÆ� Ĥ `?�b�'^Jg)Bw�h,

Hv = z, Ht = Ĥt, Hs = Ĥs, Hss = Ĥss −
Ĥ2

sz

Ĥzz

, Hsv = − Ĥsz

Ĥzz

, Hvv = − 1

Ĥzz

(17)

Ba (17) hHa (14), ���a
� z &Vb, �e8 v = g = −Ĥz, ��
� g �VPJ��

gt + r0sgs +
1
2
σ2s2β+2gss − r0g − c +

(
(r1 − r0)

2

σ2s2β
− r0

)
zgz +

(r1 − r0)
2

2σ2s2β
z2gzz − (r1 − r0) szgsz = 0 (18)

zN^, �#+�QÆ� g lh��� 5')B

π∗
t =

− (r1 − r0) zgz + σ2s2β+1gs

gσ2s2β
(19)
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W&�?@=�&9
�Æ� g �IGVPJ�� (18), �B&9��hH�a (19) %, ,%s��
������ 5'.

2) 	
P��-NO

�SS�Æ�
H(t, s, v) = inf

πt∈π
E {U (V (T + N)) |S(t) = s, V (t) = v} , T ≤ t ≤ T + N (20)

bc, �g���?@$��� Hamilton-Jacobi-Bellman (HJB) ���JL�

Ht + r1sHs + (r0v − B)Hv +
1
2
σ2s2β+2Hss

+ min
{πt}

{
1
2
πt

2σ2s2βv2Hvv+πt (r1 − r0) vHv + πtσ
2s2β+1vHsv

}
= 0 (21)

g������ 5'

π∗
t = − (r1 − r0)Hv + σ2s2β+1Hsv

vσ2s2βHvv
(22)

B��� 5'lrahH�a (21), ��S�Æ� H ��IVPJ��

Ht + r1sHs + (r0v − B)Hv +
1
2
σ2s2β+2Hss −

(
(r1 − r0)Hv + σ2s2β+1Hsv

)2
2σ2s2βHvv

= 0 (23)

Ba (17) hHIa, �e8[a v = g = −Ĥz, � Ĥ � z &Vb, ��
� g �VPJ��

gt + r0sgs +
1
2
σ2s2β+2gss − r0g + B +

(
(r1 − r0)

2

σ2s2β
− r0

)
zgz +

(r1 − r0)
2

2σ2s2β
z2gzz − (r1 − r0) szgsz = 0 (24)

zN^, �#+�QÆ�lh��� 5')B

π∗
t =

− (r1 − r0) zgz + σ2s2β+1gs

gσ2s2β
(25)

W&�?@=�&9
�Æ� g �IGVPJ�� (24), �B&9��hH�a (25) %, ,%s��
������ 5'.

4 hihYZijk

4.1 lmnkl[o_Qp
qw g(T, s, z) = (U ′)−1(z) �a (10), �� g(T, s, z) = 1

2z + γ.
ufa (18) 9�ca� g(t, s, z) = zh(t, s) + a(t), ��YKs
\i, a(T ) = γ, h(T, s) = 1/2.

B�hH�a (18), ��{
ht + (2r0 − r1) shs +

1
2
σ2s2β+2hss +

(r1 − r0)
2

σ2s2β
h − 2r0h

}
z + a′(t) − r0a(t) − c = 0 (26)

,%�#Ba (26) vJi�I��

a′(t) − r0a(t) − c = 0 (27)

ht + (2r0 − r1) shs +
1
2
σ2s2β+2hss +

(r1 − r0)
2

σ2s2β
h − 2r0h = 0 (28)

hHs
\i a(T ) = γ, a (27) �9�

a(t) = (γ + c/r0) e−r0(T−t) − c/r0 (29)

 �a (28) ��IGLGVPJ��, &9XaF9, �#/+(Z^�ZAw^I�, B�IGLG
VPJ��'��IGLGVPJ��.

�S h(t, s) = f(t, y), y = s−2β , s
\i� f(T, y) = 1/2.
B�hHa (28), ��

ft + β
(
(2β + 1) σ2 + 2 (r1 − 2r0) y

)
fy + 2σ2β2yfyy +

(r1 − r0)
2
yf

σ2
− 2r0f = 0 (30)

�S f(t, y) = A(t)eB(t)y , s
\i� A(T ) = 1/2, B(T ) = 0.
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B�hHa (30), ��

At

A
+ β (2β + 1)σ2B − 2r0 + y

{
Bt + 2β (r1 − 2r0)B + 2σ2β2B2 +

(r1 − r0)
2

σ2

}
= 0 (31)

Ia�vJi�I��

Bt + 2β (r1 − 2r0)B + 2σ2β2B2 + (r1 − r0)
2/σ2 = 0, B(T ) = 0 (32)

At

A
+ β (2β + 1)σ2B − 2r0 = 0, A(T ) = 1/2 (33)

J�&9w�s
\i��PJ�� (32) � (33), ��

B(t) = σ−2I(t) (34)

A(t) =
1
2
e(λ1β(2β+1)−2r0)(T−t)

{
λ2 − λ1

λ2 − λ1e2β2(λ1−λ2)(T−t)

} 2β+1
2β

(35)

�%, I(t) = λ1−λ1e2β2(λ1−λ2)(T−t)

1−λ1
λ2

e2β2(λ1−λ2)(T−t) , λ1,2 = (2r0−r1)∓
√

2r2
0−r2

1
2β .

^_ 3 &<� - �DB, 	
� DC �������� 5'�

π∗
t = K(t)

(
1 +

a(t)
v

)
M(σt) (36)

�%, a(t) =
(
γ + c

r0

)
e−r0(T−t) − c

r0
, K(t) = −1 − 2βI(t)

r1−r0
, M(σt) = r1−r0

σ2s2β , σt = σsβ .

MN 4 <� -�DB,	
� DC����� �"
 O���X& xxJ9i.a�xJ K(t),
��Cc� β �xy, ;� CEV @�bV�; aLxJ (1 + a(t)/v), ��Cc� γ �xy; axxJ
M(σt), ��yyXÆ, tz�� ��"
VV, F;q�"
 O�TKÆ����%��bTSP�

.
4.2 lmqkl[o_Qp

� 4.1c$N,ufa (24)9�ca� g(t, s, z) = zf(t, y)+a(t), y = s−2β ,�s
\i� f(T +N, y) =
1/2, a(T + N) = γ̃.

B�hH�a (24), ��{
ft + β

(
(2β + 1) σ2 + 2 (r1 − 2r0) y

)
fy + 2σ2β2yfyy +

(r1 − r0)
2yf

σ2
− 2r0f

}
z

+a′(t) − r0a(t) + B = 0

(37)

�Ba (37) vJi�I��
a′(t) − r0a(t) + B = 0 (38)

ft + β
(
(2β + 1) σ2 + 2 (r1 − 2r0) y

)
fy + 2σ2β2yfyy +

(r1 − r0)
2
yf

σ2
− 2r0f = 0 (39)

hHs
\i a(T + N) = γ̃, a (38) �9�

a(t) = (γ̃ − B/r0) e−r0(T+N−t) + B/r0 (40)

 �z�s
\i��#T, a (39) � (30) �lra]n�k, �#�&95��$N, �9�

B(t) = σ−2I(t) (41)

A(t) =
1
2
e(λ1β(2β+1)−2r0)(T+N−t)

{
λ2 − λ1

λ2 − λ1e2β2(λ1−λ2)(T+N−t)

} 2β+1
2β

(42)

�%, I(t) = λ1−λ1e2β2(λ1−λ2)(T+N−t)

1−λ1
λ2

e2β2(λ1−λ2)(T+N−t) , λ1,2 = (2r0−r1)∓
√

2r2
0−r2

1
2β .

^_ 4 &<� - �DB, 	
P DC �������� 5'�

π∗
t = K(t)

(
1 +

a(t)
v

)
M(σt) (43)

�%, a(t) =
(
γ̃ − B

r0

)
e−r0(T+N−t) + B

r0
, K(t) = −1 − 2βI(t)

r1−r0
, M(σt) = r1−r0

σ2s2β .

MN 5 �Xo@ 3 �o@ 4, �#yA	
��	
P DC ������� 5'`?���D�&
� a(t) �lra��. ;� �	
����{�����S�, %	
P��l������S�.
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5 orst

)ct������� ?@��-�X,����-� 5'B(0�%���12��D�$,�

�.
5.1 lmnQpunv

�v���, u ρ(t) = K(t)M(σt), δ(t) = ρ(t)σSβ(t), η(t) = ρ2(t)σ2S2β(t).
B	
����� 5' (36) hH	
����12�� (4), ��

dV (t) = ((r0 + (r1 − r0) ρ(t))V (t) + (r1 − r0) a(t)ρ(t) + c) dt

+ (V (t) + a(t)) δ(t)dW (t), V (0) = V0 (44)

� V 2(t) K+{|{a, ��

dV 2(t) =
[
(2r0 + 2 (r1 − r0) ρ(t) + η(t))V 2(t) + a2(t)η(t) + 2 (c + a(t)η(t)
+a(t)ρ(t) (r1 − r0)) V (t)] dt + 2V (t) (V (t) + a(t)) δ(t)dW (t), V 2(0) = V 2

0 (45)

� (44) � (45) �sJ�&$,, �� m1(t) = EV (t) � m2(t) = EV 2(t) YKBw�IIG�PJ�
�

ṁ1(t) = (r0 + (r1 − r0) ρ(t))m1(t) + (r1 − r0) a(t)ρ(t) + c, m1(0) = V0 (46)

ṁ2(t) = (2r0 + 2 (r1 − r0) ρ(t) + η(t))m2(t) + a2(t)η(t) + 2 (c + a(t)η(t)
+ a(t)ρ(t) (r1 − r0))m1(t), m2(0) = V 2

0 (47)

hH a(t) �lra, , (46) �#�� EV (T ) �lra

EV (T ) = αT er0T V0 + (αT − 1) γ + ε1 (48)

�%,

αt = exp
(∫ t

0

(r1 − r0) ρ(s)ds

)
, ε1 = αT

((
c/r0 − er0T

)
+ 2cer0T

∫ T

0

α−1
t e−r0tdt

)
.

�k^, � (47) �#�� EV 2(T ) �lra

EV 2(T ) = αT λT e2r0T V 2
0

+ φγ2 + ϕγ + ε2 (49)

�%, c� φ, ϕ, ε2 J��tJ|}�Z�&I��J��� (c[}z).
H+ (48) � (49), �#��?@ (7) ��{lra, �%Bc� γ y�ZA, bc

J
(
π∗

t
, γ
)

= EV 2(T ) − 2γEV (T ) + 2γK − K2 = γ2 (φ − 2αT + 2)
+γ
(
ϕ − 2αT er0T V0 + 2K − 2ε1

)
+ αT λT e2r0T V 2

0
− K2 + ε2 (50)


�a (50), � γ &b�u�[� 0, �� γ ����

γ∗ =
ϕ − 2αT er0T V0 + 2K + 2ε1

2 (2αT − φ + 2)
(51)

��, qw|L 3 �|], �� VarV (T ) ��l�, YK

min VarV (T ) = min
πt∈π

J (πt, γ
∗) =

(
ϕ − 2αT er0T V0 + 2K + 2ε1

)2
4 (2αT − φ + 2)

+ αT λT e2r0T V 2
0
− K2 + ε2.

^_ 5 &<� - �DB, ?@ (6) 	
� DC ������-�X�

VarV (T ) =

(
ϕ − 2αT er0T V0 + 2EV (T ) + 2ε1

)2
4 (2αT − φ + 2)

+ αT λT e2r0T V 2
0
− EV 2(T ) + ε2 (52)

MN 6 a (52) }~^�h�	
�%���12�$,���D`?�LG
�. >�j EV (T ) =
2αT er0T V0−ϕ−2ε1

2−2(2αT −φ+2) �, 	
�%���12��D~�r��l.

5.2 lmqQpunv
� 5.1c$N, B	
P��� 5' (43) hH	
P���12�� (5), �Qb$�Jb, �(��

EV (T + N) � EV 2(T + N) �lra,

EV (T + N) = αT+Ner0(T+N)VT + (αT+N − 1) γ̃ + ε1 (53)

EV 2(T + N) = αT+NλT+Ne2r0(T+N)V 2
T

+ φγ̃2 + ϕγ̃ + ε2 (54)

&;q, ���c�.� 5.1 c$N, >�B�%� c, V0, T [c�J�w^i −B, VT , T + N [.
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H+ (53) � (54), �#��?@ (9) ��{lra, �%Bc� γ̃ y�ZA,  ������ γ̃∗ �
VarV (T + N) ��l�

γ̃∗ =
ϕ − 2αT+Ner0(T+N)VT + 2K + 2ε1

2 (2αT+N − φ + 2)
(55)

min VarV (T + N) =

(
ϕ − 2αT+Ner0(T+N)VT + 2K + 2ε1

)2
4 (2αT+N − φ + 2)

+ αT+NλT e2r0(T+N)V 2
T
− K2 + ε2 (56)

^_ 6 &<� - �DB, ?@ (9) 	
P DC ������-�X�

VarV (T +N) =

(
ϕ − 2αT+Ner0(T+N)VT + 2EV (T + N) + 2ε1

)2
4 (2αT+N − φ + 2)

+αT+NλT e2r0(T+N)V 2
T
−EV 2(T +N)+ε2

(57)
MN 7 �k, a (57) �}h�	A�%���12�$,���D`?�LG
�. >�j EV (T +

N) = 2αT+Ner0(T +N)VT −ϕ−2ε1
2−2(2αT+N−φ+2) �, 	A�%���12��D~�r��l.

6 wx

)/�	�	
��	
P DC �������� ?@. 7�#-+�3��%4��	��K, )
//+<� -�D@�, �B�9� �"
�;>$<��;55�. ���DUG (CEV)@��!:
SUKK (GBM) �� G�, ��"
 OSPQ,��DUG (CEV) @���	�]�6RS. H+�
LM=��, `d<� -�DB������� ?@, ;5 LegendreZ^��Q�����	
��	

P DC �������� 5', bA�<� - �DB DC ����� ��-�X.

~Pr�&)B��Qb�~H��	, ): sH�LGHÆ, sH�LG� , #�B� G��&I
Q, CEV @��"
 O[.  %, ���R��, ;LG��	�9]&���`d@��&9.
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λt = exp
(∫ t

0

(r1 − r0) ρ(s) + η(s)ds

)
,

φ = αT

(
λT − 1 − λT exp

(∫ T

0

(2 (r1 − r0) ρ(t) + η(t))α−1
t

λ−1
t

dt

))
,

ϕ =
2cαT λT

r0

∫ T

0

[
η(t)

(
1 − er0(T−t)

)
− (r0 − 2 (r1 − r0) ρ(t) − 2η(t)) er0(T−t)

−2 ((r1 − r0) ρ(t) + η(t)) e−r0T
]
α−1

t
λ−1

t
dt − 4cαT λT

∫ T

0

er0(T−t)λ−1
t

dt

−2cαT

r0
er0T

(
r0V0

c
+ e−r0T + 1

)
+

2cαT λT

r0
er0T

(
r0V0

c
+ 2e−r0T

)
,

ε2 =
c2αT λT

r2
0

∫ T

0

[
η(t)

(
1 + e2r0(T−t) − 2er0(T−t)

)
− 2 (r0 − 2 (r1 − r0) ρ(t) − 2η(t)) er0(T−t) − 2 (r1 − r0) ρ(t)

−2η(t) + 2 (r0 − (r1 − r0) ρ(t) − η(t)) e2r0(T−t)
]
α−1

t
λ−1

t
dt

+4cαT λT V0

∫ T

0

er0(2T−t)λ−1
t

dt − 4c2αT λT

r0

∫ T

0

er0(T−t)λ−1
t

dt

+
4c2αT λT

r2
0

∫ T

0

[
(r0 − (r1 − r0) ρ(t) − η(t)) e2r0(T−t) + ((r1 − r0) ρ(t) + η(t)) e2r0T

]
λ−1

t∫ t

0

e−r0ωα−1
ω

dωdt − 3c2αT

r2
0

er0T +
2cαT λT V0

r0

(
1 − er0T

)
er0T +

2c2αT λT

r2
0

(
1 + e2r0T

)
.


