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S Yamad[2] I:ÆY+�?nj��+�?nj�K~"�; f(x) � h(x) ℄lv,�
R T Hillestad[3] � R Horst[4] ,BI:Ær5[:?n��a#�0�?n�`���O (RCP) J�:k�DCj�+

D = {x : h(x) 6 0, g(x) > 0} , G = {x : g(x) < 0} , F (x̄) = {x : f(x) 6 f(x̄)},* (RCP) !5℄
min
x∈D

f(x).

1 sWv�t�V��
(i) D 6= φ, � G �:�
(ii) `��V O, vQ


h(0) 6 0, g(0) < 0, f(0) < α = min
x∈ D

f(x).� [1] 7��.(3�_O (RÆU"��). �.(TN
�{ 1.1
[1] ( f, g, h & RN %fz%�AT[�*

(1) {x : h(x) 6 0, f(x) 6 α} ⊂ Ḡ(Ḡ ℄ G O��),

(2) `���-; c, d, =�&
{x : h(x) 6 0, f(x) 6 c}, {x : h(x) 6 0, g(x) 6 d}�:�+ ∂G = {x : g(x) = 0}, [��' π : RN → ∂G, π(x) = tx, t = max{θ : g(θx) 6

0, θ > 0}.�{ 1.2 `� ∀x ∈ RN , ! g(x) > 0, * f(π(x)) < f(x), ( (RCP) O9�&
{x : h(x) 6 0} ∩ ∂G %LD��} ( π(t) = tx, t > 0, ℄ g(x) > 0, D	�� t < 1, � f(x) OUv'.( (ii),N


f(π(x)) 6 tf(x) + (1 − t)f(0) < tf(x) + (1 − t)f(x) = f(x).

2 �
2.1 l℄hdu"`n�a� 2.1 ( M, Mi ⊂ RN (i ∈ I) ℄ZV&�VO{LUJ�`� Mi ⊂ M ,  � ⋃

i∈I

Mi = M � Mi ∩ Mj = ∂Mi ∩ ∂Mj, (∀i, j ∈ I, i 6= j), *4 {Mi, i ∈ I} ℄ M O��r.��B ∂Mi #2 Mi O�: (�B I 332;&).a� 2.2 ( S = c̄o{υ1, υ2, · · · , υN}℄ RN BON−1^J?t (�B υ1, υ2, · · · , υN ∈
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RN ℄lvf	O), *4ZV&�V O, �℄�> υi (i = 1, 2, · · · , N) OU{LJ
M =

⋃

θ>0

θS ℄�J?t S D�[OJ������t T = c̄o{υj : j ∈ J} ⊂ RN(�B J 332;&), vQ
(1) 0 ∈ int T , (2) T Ox� N − 1 ^{℄3�� ht1O N − 1 ^J?t

Si = c̄o{υjki : jki
⊂ J, k = 1, 2, · · · , N}

υjk1 , υjk2 , · · · , υjkN lvf	� (i ∈ I).(� Si D�[OJ℄ Mi, (i ∈ I), � Mi O��M\
m0 = {Mi : i ∈ I0 ⊂ I}vQ F (x ∗) ∩D ⊂

⋃

M∈m0

M. �B x ∗ #2 (RCP ) O�HR�9�`���& D′ ⊂ RN ,+
min f(D′) = min{f(x) : x ∈ D′}.

2.2 �dY 0 %8n1�90JM\ m0 = {Mi : i ∈ I}, �90V x0 ∈ D. `x�� Mi,!��| Mi ∩ D ∩ F (x0) = φ(>| Mi B'�� x0 ��OTuV), 4 Mi B m0 B#<�t**C min f(Mi ∩ D ∩ F (x0)) O��%: α(Mi) = f(xMi
), ! xMi

∈ D ∩ F (x0),*? x0 = xMi
. *C min f(Mi ∩ D ∩ F (x0)) O��h: β(Mi), i ∈ I. ++�J\�℄

m0. *C β0 = min
i∈I

{β(Mi), Mi ∈ m0}, x
0 = f(x0). ! α0 = β0, *Q�( x0 ℄R�9�t*H* 2.Yk (k = 1, 2, · · · ,) �,��KTuV xk−1, J\ mk−1, %�h: αk−1, βk−1 vQ

βk−1 6 min f(D ∩ F (xk−1)) 6 αk−1.`x�� M ∈ mk−1, �%�h: α(M), β(M) vQ
β(M) 6 min f(M ∩ D ∩ F (xk−1)) 6 α(M).

(k.1) {) M ∈ mk−1, 48r.℄!{�MJ�+℄ Pk.

(k.2) {) M ∈ Pk, !��| M ∩ D ∩ F (xk−1) = φ, 4 M B Pk B#<�t**C
min f(M∩D∩F (xk−1))O��%: α(M) = f(xM ). ! xM ∈ D∩F (xk−1),? xk−1 = xM .*C min f(M ∩ D ∩ F (xk−1)) O��h: β(M), ++�J\�℄ Pk.

(k.3) ? mk = (mk−1 \ {M}) ∪ Pk, *C αk = f(xk−1), ? xk = xk−1, *C βk =

min{β(M) : M ∈ mk}.

(k.4) ! αk = βk, *Q�( xk ℄R�9�t*H* k + 1.�%{x8OCj7� αk − βk U�kKTu9 xk �R�9 x ∗ 8/~"�;



4 )�dfa�3���oG� 15 M;O7?6^��`��[OA^ ε > 0, K αk − βk 6 ε ,�CjTQ<�%8r5[:Cj��rsF��[� h"�A

(1)x**CBM ∈ mk O{)L*�(2) JM Or.nj�(3) M ∩D∩F (xk) = φO�[' α(M), β(M) O�*�&KL�:%8"�A8�eyjGtFy�vQOCj5gvO2�

3 �|a� 3.1 `x� M ∈
∞⋃

p=1

∞⋂

k=p

mk,  � min f(M ∩ D ∩ F (xk)) > α ∗(�B α ∗ =

lim
k→∞

αk) *4{)L*3Z�O (�Cj�(7� {αk} ℄JXh5�:ym).��[�7�`� ∀p, K ∞⋂

k=p

mk = φ ,�{)L*OZ�vN�5d�K}�J
M �9_�{),�*Cj:uZ��� M B�'����OTuV�a� 3.2 4Jr.nj3��O�!`��f�U5JMm Mki

,
∞⋂

i=1

Mki
℄�O0��VO�'l {θx̂|θ > 0}, x̂ ∈ RN .a� 3.3 4%�h: (α(M), β(M)) #C3m�O� `���f�U5Mm

Mki
, K ∞⋂

i=1

Mki
℄�O�'l,��� lim

i→∞
(α(Mki

) − β(Mki
)) = 0.a{ 3.1 %8Cj".�k*�Q<��N (RCP) O�HR�9�"./*f�Vm {xk},  CjD/�OJ{)L*3Z�O�r.nj3��O�%�h:#C3m�O�*�

lim
k→∞

f(xk) = min f(D).�}+ µ ∗ = min f(D), α ∗ = lim
k→∞

αk = lim
k→∞

f(xk). �CjO�(�i�� µ ∗ 6 α ∗.�=4 µ ∗ > α ∗, (` ∀x ∈ D N� f(x) > α ∗ (T�`� ∀x ∈ D, �r h"D�t

(1) ! x ∈ M , M &} k *�#<�*�� f(x) > f(xk) > α ∗.

(2) ! x ∈ M ∈
∞⋃

p=1

∞⋂

k=p

mk, *�{)n1OZ�v7� min f(M ∩ D ∩ F ∗
α ) > α ∗,Be f(x) > α ∗, �B F ∗

α = {x : f(x) > α ∗}.

(3) ! x ∈ M, M 3q%8 (1), (2) iD�t�* M �&} k1 *�r.℄!{MJ��B�C&}MJ�� x, (℄ Mk1
, Mk1

�&} k2 > k1 *�r.℄!{�MJ�C& Mk2
�� x,· · ·,  �h��NL�mf�5JMm {Mki

}, �r.njO��v�%�h:#COm�vN
 lim
i→∞

α(Mki
) = lim

i→∞
β(Mki

) = α ∗, � f(x) > β(Mki
) 7

f(x) > α ∗.
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4 !Æ�$�_m�#� 1 `�x� M , [� τ(M) ℄ M &Cj:uB*5,OYI*A�{)
M = arg min{τ(M ′) : M ′ ∈ mk}, ({) mk BR'*5O M(�B τ(M) = min{τ(M ′) :

M ′ ∈ mk}).#� 2 `�x�J M , [� δ(M) ℄ N − 1 ^J?t{ M ∩ ∂T O9D�{)
M = arg min{δ(M ′) : M ′ ∈ mk}, ({) mk B�RE�OJ�#� 3 {) M = arg min{β(M ′) : M ′ ∈ mk}, ({) mk B�R�X�OJ M .�{ 4.1 !Cj/�L* 1, *`��32; p, � ∞⋂

k=p

mk = φ. `�L* 2, !Cj/�OJr.n13��O�* ∞⋂

k=p

mk = φ.�} (` ∀k ∈ I, |Pk| 6 l(�B |Pk| #2 Pk D��OJO�;), (Cj/�L* 1, ℄ mk D�OJOP;℄ |mk| = |m0| +
k−1∑

i=1

|Pi| − (k − 1), D	 M �&S
|mk| + (l − 2)(k − 1) *8�{)er.�� ∞⋂

k=p

mk = φ.(Cj/�L* 2, �Jr.n13��O�!C& M ∈
∞⋂

k=p

mk, �Cj:uf�A�*m0 B>&C&�J&Cj:uB��f�5JMm {Mki
},/N lim

i→∞
δ(Mki

) = 0.�C&7rEO i0, /N δ(Mk0
) < δ(M) 5d�0�S k0 *O{)L* 2 mwb�� ∞⋂

k=p

mk = φ.�{ 4.2 !r.n13��O�%�h:#C3m�O�*{)L* 3 3Z�O��} ( M ∈
∞⋃

p=1

∞⋂

k=p

mk, 'p.( M ∈
∞⋂

k=p0

mk. ℄ min f(M ∩D) > β(M), �=4 β(M) > α ∗ (T��r.n1O��v7M�>&C&�mf�5JMm {Mki
}(�B

Mki
∈ mki

),
∞⋂

i=1

Mki
℄�O�'l��%�h:#C3m�vN� lim

i→∞
(α(Mki

)−β(Mki
)) =

0, D	� lim
i→∞

β(Mki
) = α ∗. %�{)L* 3 N� β(Mki

) 6 β(M), (∀ki > p0), �
β(M) > α ∗.

5 !k\g�( M ℄ZV&�V O, �℄�> J?t S = c̄o{υ1, υ2, · · · , υN} O{LUJ�i[f� 1( [υi1 , υi2 ] ℄ S B�1REO�( ||υi1 − υi2 || = max{||υi − υj||}. + ω = υi1+υi2

2 ,
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S1 = c̄o{υ1, υ2, · · · , υi1−1, ω, υi1+1, · · · , υN},

S2 = c̄o{υ1, υ2, · · · , υi2−1, ω, υi2+1, · · · , υN}D�[OUJ M1, M2; �
7M�
M = M1 ∪ M2, M1 ∩ M2 = ∂M1 ∩ ∂M2.4xr.n1℄`r.n1�� [5] 7�!Cj0C/�`r.n1�*r.n13��O�i[f� 2+
δ(S) = max{||υi − υj ||},

δ(i, S) = max{||υi − υj || : i = 1, 2, · · · , N},

I(S) = {i : δ(i, S) > (1 − 1
N

)δ(S)}.� ω = (
∑

i∈I(S)

υi)/I(S), 	0��V�> V ω O�'l4 M r.5 I(S) �MJ
Mi, i ∈ I(S), x�J Mi N�J?t c̄o{υ1, υ2, · · · , υi−1, ω, υi+1, · · · , υN} D�[�� [6]7�xr.n13��O�<k	%iDr.n1	Y�!��EOr.n1�0a'Ik�
6 ~X M ∩ D ∩ F (xk) = φ t���x α(M), β(M) _m�( M ℄ZV&�V O, �℄�> J?t S = c̄o{υ1, υ2, · · · , υN} O N � (lvf	) ZV υ1, υ2, · · · , υN O{LUJ�(Cj:uLS k *�+

D′(xk−1) = {x : h(x) 6 0} ∩ F (xk−1)

= {x : h(x) 6 0} ∩ {x : f(x) 6 f(xk−1)}. (6.1)[��' σ : S → ∂D′(xk−1)  h

σ(x) = tx, t = max{θ : θx ∈ D′(xk−1), θ > 0} (6.2)( σ(x) ℄�'l {θx : θ > 0} � D′(xk−1) O6V��Æ_ 1.1 7 D′(xk−1) ℄�:U&�%G�L#�.( (ii),0 ∈ D′(xk−1). � t \�C&��k�+ fh(x) = max{h(x), f(x)− f(xk−1)}, ( ∂fh(x) ℄ fh &V x OA[r�`x� υi,�
pi ∈ fh(σ(υi)) i = 1, 2, · · · , N.

K = {x : 〈pi, x − σ(υi)〉 6 0, i = 1, 2, · · · , N}
(6.3)



2 
 mV��Ps6\;ok 7+ A℄	 p1, p2, · · · , pN ℄uON×N J1�b = (b1, b2, · · · , bN)T,�B bi = 〈pi, σ(υi)〉,* K T#2℄ Ax 6 b . `x� i = 1, 2, · · · , N , [� yi = yi(M) ℄
yi = θiυ

i, θi = max{θ : g(θυi) 6 0, θ > 0)}. (6.4)� G O�:v� g OUv' g(0) 6 0 7� θi \�C&��k�+ H ℄RÆ y1, y2, · · · , yN O2�{�( z ℄ M ∩D′(xk) �� H L^RE8V (!�V x ��V O `� H T�,�* x � H L^�w;�t*�3;). ( H ′ ℄�u� H �RÆV z O2�{�+ zi ℄�'l {θυi : θ > 0} � H ′ O6V� i = 1, 2, · · · , N .Qq hOlv
�MJ
(LP)

max
N∑

i=1

λi/θi

s.t. ABλ 6 b, λ > 0�B� B ℄	 υ1, υ2, · · · , υN ℄mO N ×N J1� λ ℄	 λ1, λ2, · · · , λN ℄mO.j��{ 6.1 ! λ ∗ ℄ (LP) OR�9�*
(1) z = Bλ ∗, zi = α ∗yi, �B α ∗ =

N∑

i=1

λ ∗
i /θi;

(2)! α ∗ < 1,* D∩M∩F (xk) = φ;! α ∗ > 1,*K h(π(z)) 6 0,�α(M) = f(π(z))℄ min f(D ∩ M ∩ F (xk)) O��%:��} `�� x ∈ M NK�t1 x =
N∑

i=1

λiυ
i = Bλ, λ > 0. ( µ℄�'l {θx : θ > 0}�2�{ H O6V�* µ =

N∑

i=1

ηiy
i = 1, �B N∑

i=1

ηi = 1, ηi > 0, G�L x =
N∑

i=1

(λi/θi)y
i,( x = αµ, �B α =

N∑

i=1

(λi/θi). � µ − x = (1 − α)µ, 0>| x L H OL^℄�V O L
H OL^O (1 − α) ��� (1) 5d�� K O[���
7M M ∩ D′(xk) ⊂ M ∩ K, ! α ∗ < 1, * M ∩ K ⊂ S0 =

c̄o{0, y1, y2, · · · , yN}, � (M ∩ K)\S0 = φ. � G OUv� S0 ⊂ Ḡ(Ḡ #2 G O��),Be`��O x ∈ D ∩ M ∩ F (xk), ℄� g(x) < 0. 0>| D ∩ M ∩ F (xk) = φ. !
α ∗ > 1, h(π(z)) 6 0, *i�� π(z) ∈ M ∩ D, �

α(M) = f(π(z)) > min f(D ∩ M ∩ F (xk)).�%8Æ_ 6.1T7�RÆ�9lv
�MJ (LP ),eyNL�$D∩M∩F (xk) =

φ O���*L*
K α ∗ < 1 ,�* D ∩ M ∩ F (xk) = φ. K α ∗ = 1 ,�(/
D ∩ M ∩ F (xk) 6= φ, ��� f(x) = f(xk). D	�K α ∗ 6 1 ,�B mk B#< M , t**C%: α(M) = f(π(z)). ! π(z) ∈ D, *� α(M) = f(xk) (T��� β(M) = min{f(x) : x ∈ M ∩ K ∩ H+}, �B H+ #2�2�{ H r:O'��V O O�V/�%�Æ_ 1.2 7� β(M) = min{f(x) : x ∈ M ∩ K ∩ H} �e�9
min{f(x) : x ∈ M ∩ K ∩ H} T�℄ ht1OMJ
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(SP)

min f(βλ)

s.t. ABλ 6 b
N∑

i=1

λi/θi = 1

λ > 0�B� A, B, λ, θi O��T�  f(x) K�}D0Jt1�� f(x) ℄lv"gA�;t1�/MJ (SP)O�9m`0JWB,�T97�9 (SP) eNL min f(M ∩ D ∩ F (xk)) O��h:
β(M) = f(Bλ ∗), �B λ ∗ ℄ (SP) OR�9�t*�T� f(x) & M %O}�0Jt1Oh�u�; ϕ : M → R1,(ϕ(x) 6 f(x), ∀x ∈ M) ZIM f(x) ��Nh: β(M). h{�K ϕ(x) ℄lv�;,��:�9 β(M) O0Jnj
+ υθ = (

N∑

i=1

υi)/N , � p0 ∈ ∂f(θf(υ0)), σf (υ0) ℄ {θυ0 : θ > 0} � f(x) = f(xk−1) 86V�n ϕ(x) = 〈p0, x − σf (υ0)〉, ∀x ∈ M , '�P:� ϕ(x) 6 f(x), ∀x ∈ M. � ϕ Olvv�7
 ϕ & M ∩ K ∩ H %O%p;�& M ∩ K ∩ H O%VDL�%� H O[�7� M ∩ H = c̄o{y1, y2, · · · , yN}(yi O[�1 (4) 1). �
yi0 = arg min{ϕ(yi) : i = 1, 2, · · · , N}.+

I = {i : 〈pi, yi0 − σf (νi)〉 > 0, i = 1, 2, · · · , N},

I × J = {(i, j) : 〈pi, yj − σf (υi)〉 < 0, j 6= i0; i, j = 1, 2, · · · , N}.*l_ [yi0 , yj ] =�� 〈pi, yj − σf (υi)〉 = 0 �6V�(6V℄ ωij , (i, j) ∈ I × J , *
min{ϕ(x) : x ∈ M ∩ K ∩ H = ϕ(ωij), (i, j) ∈ I × J}. 6.1 Cj:uÆ6B�T�h*lv
�J (LP) f�kR�9O�X��,,'�I� D ∩ M ∩ F (xk) 3t℄VOsg��'�/* min f(D ∩ M ∩ F (xk)) O%: α(M) = f(xM ), �B xM = D ∩ F (xk). ℄kI�{& K �? D ∩ M ∩ F (xk)O�?^�T{)4KOV υ0 ∈ M(� � υ0 = (

N∑

i=1

υi)/N) &{& K B+-�9
〈p0, x − σ(υ0)〉 6 0, �B p0 ∈ ∂fh(σ(υ0)). Klv
�MJ (LP) O9 λ ∗ ℄�k,�! α ∗ > 1, � xM = π(z) `KTu9 xk _/*y$"y$'|i,�eyRÆV
σ(z) S fh(x) OÆ�{�&{& K B+-�9 K ′ = K ∩ {x : 〈pz , x − σ(z)〉 6 0} (�B pz = ∂fh(z)) ZI| K ′ �? D ∩ M ∩ F (xk) O6^�`��{& K ′ OlvM
�J (LP′) �� (LP) O-$=&����9���9 (LP′) ,�T7rb��Asg�8�*Cj�xn1T	lv>u	 I|�$M ∩D∩F (xk−1) = φ OB^�%: α(M) O�?^�`�h: β(M), �T	\�On1lvy$�xAy$N&�A*CO#=%>u�
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 mV��Ps6\;ok 9a{ 6.1 %8n1�(O%�h:#C3m�O��} ( {Mki
} �Cj/*Of�U5JMm�m�� Mki

OJ?t{℄
Ski

= c̄o{υ1
ki

, υ2
ki

, · · · , υN
ki
}.'p( Mki

3� Mki−1
&S ki−1 *r.eNLO�r.n1O��v�

lim
i→∞

δ(Ski
) = lim

i→∞
max
j1 6=j2

{||υj1
ki

− υj2
ki
||} = 0 (6.5)

∞⋂

i=1

mki
{θx̂ : θ > 0}, �B x̂ ∈

∞⋂

i=1

Ski
. + α ∗ = lim

i→∞
α(Mki

) = lim
i→∞

f(xki),(� α(Mki
) O�(� α(Mki

) = f(xki), f(xki) ℄JXh5�:ym). � mki
O[�7M α(Mki

), β(Mki
)&S ki−1 *�*C�( yj

ki
, zki

, zj
ki
� α ∗ r$&S ki−1 *BNLm�� yj , z, zj �

α ∗(1Æ_ 6.1) O;;�G�L π, σ Ofzv��
lim

i→∞
max
j1 6=j2

{||π(υj1
ki

) − π(υj2
ki

)||} = 0,

lim
i→∞

max
j1 6=j2

{||yj1
ki

− yj2
ki
||} = 0,

lim
i→∞

max
j1 6=j2

{||σf (υj1
ki

) − σf (υj2
ki

)||} = 0.�℄ α ∗
ki

> 1, ∀i = 1, 2, · · · Be�
lim

i→∞
α(Mki

) = α ∗ = f(σ(x̂)) = lim
i→∞

β(Mki
). 6.2 %8lU
�O97�C8�3)�(HJ�eyÆIN�uz�(�(H�&5Wp(W(*QJ℄T�℄'T[qU
�J�&4KOO2h��ÆFT�5�\G�lU�9OU
�J� �( M ℄U&� G(⊃ M) ⊂ RN3OU&�* min

x∈RN\G
f(x) = d(x, M) F3��lU
�J�Z y 
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