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A Vector Graph Model for Interconnection Networks

SHI Haizhong1† NIU Panfeng1 MA Jiyong1 HOU Feifei1

Abstract n-cube, ring network, k-ary-n-cube, star network, pancake network, bub-
ble sort network, Cayley graph of transposition tree, De Bruijn network, Kautz network,
consecutive-d digraph, ILLIAC network, circulant digraph, circulant undirected graph,
ring digraph,etc have been widely used as processor or communication networks. The
performance of such networks is often measured through an analysis of their degree, di-
ameter, connectivity, fault tolerance, routing algorithm, etc. In this paper, we proposed
the concepts — vector digraph and vector graph. Second, we developed vector digraph
model and vector graph model for interconnection networks for designing, analyzing, and
improving above networks. Furthermore, we show that the networks mentioned above
can be concisely represented in the two models. More importantly, we show that the two
models enabled us to design new networks — double star network and triangle network
based on vector graphs.
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0 E B2Z� / g,�brv&&���t6vG�l�6v{�l��QOX�I2Z� / g,WR���X�Ig,�D��2Fg�E��Æ�=1�O+:q9F4NT?��4J/,E��4N>8�F�FO�TUh�lFQOU�h9�X*��bgU�qF%ZV℄9�1}HDz}r�#Frv_b�eX*�brvG De Brujin G�l (De Brujin digraph), Kautz G�l (Kautz di-

graph), Consecutive-dG�l (Consecutive-d digraph), *�G�l�G��lH [3−5,8−9].X*�brvG�r ( {�$), q%l� n- (_

� k- Q n- (_

 (k-ary

n-cube), Star rv�z��#rv (bubble sort network), '�rv (pancake network),X�MF Cayley l (Cayley graph of transposition tree), ILLIAC rv�*�{�lH
[1−2,8−13].X5!X*�eX*�brv>{F��D}Y=QOOX*�eX*l�\}�G-�_���QOU (X*l), �0 / .U (eX*l), �h9�sbgU (X*l), s�bgU (eX*l), )AqE%ZV℄H�X92X*�eX*�brvx0j6F�A"4	oC0\}F|�9�y�J-;_��brv�[!	y�J�uz}5!�f|�me�brv�t5�X�ym�G�z}`0jG��hl	�hlFoÆ��6�z}d�� (1)2KeX*�brv	�B+G��hl��� (2) 2KX*�brv	�B+�hl���_5tz}℄C�hZt (�S��?O	-Æ?O [8,14−15] 5!�f|�me�brv<Fj=|�
1 G;;!2H;!2tj�ltK�hZta��T�9�y�J?�ltK�hZtF	�7k�5[5!0�	y�F�brv�X�0m�z}G6x0G��hlK�hlFR<��D 1.1 5 V D� S 2F n v�hFeQ��� Φ D� S 2F n /
aFeQ��� Ψ D� S 2F n v�hFeQ���G�l G R<-��

G FQO� V (G) = V ,8 (a1, a2, ..., an) C (b1, b2, ..., bn) b6G��B!4B9XM ∈ Φ 	 (c1, c2, ..., cn) ∈

Ψ � (b1, b2, ..., bn) = (a1, a2, ..., an)M + (c1, c2, ..., cn), *5G�l G t� S 2F�G8+� V , Φ 	 Ψ F n vG��hl�#t Sn(V, Φ, Ψ), )*G��hl��D 1.2 5 V D� S 2F n v�hFeQ��� Φ D� S 2F n /
aFeQ��� Ψ D� S 2F n v�hF���! Φ 	 Ψ y|�
i). X*; M ∈ Φ, G M N�! M−1 ∈ Φ;

ii). X*; (c1, c2, ...., cn) ∈ Ψ, *; M ∈ Φ G −(c1, c2, ..., cn)M−1 ∈ Ψ.{�l G R<-��
G FQO� V (G) = V ,

(a1, a2, ..., an) K (b1, b2, ..., bn) b6�B!4B9X M ∈ Φ 	 (c1, c2, ..., cn) ∈ Ψ �
(b1, b2, ..., bn) = (a1, a2, ..., an)M +(c1, c2, ..., cn), *5{�l G t� S 2F�G8+� V ,

Φ 	 Ψ F n v�hl�#t Sn(V,±Φ,±Ψ), )*t�hl�
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2 G;;!2'>"Zs�FeX*�brv�^-� De Brujin G�l B(d, t), Kautz G�l K(d, t),

Generalized De Brujin G�l GB(d, n), Imase-ItohG�l GI(d, n), Consecutive-dG�l
G(n, d, q, r) H ([5]), SD_IFG��hl���z}66x0d��

2.1 De Brujin F9/ B(d, t)

B(d, t) Ng��K
AT�\DG��hl��D 2.1.1[5] B(d, t) R<t-�G�l�
B(d, t) FQO�t Z = {i = x1d

t−1 + x2d
t−2 + · · ·+ xt−1d + xt ∈ Zdt, x1, x2, · · · , xt ∈

{0, 1, 2, · · · , d − 1}};8 i = x1d
t−1 + x2d

t−2 + · · · + xt−1d + xt C j = y1d
t−1 + y2d

t−2 + · · ·+ yt−1d + yt b6G��B!4B j = id + k(mod(dt)), k = 0, 1, · · · , d − 1.ER< 2.1.1 �R< 1.1 f��� 2.1.1 B(d, t) 
�D-�G��hl S1(V, Φ, Ψ) : S = Zdt , V = {(i)|i ∈ Zdt}, D Zdt 2F6v�hF��� Φ = {(d)|d ∈ Zdt},  D Zdt 2F6/
a!"jt d,

Ψ = {(k)|k = 0, 1, · · · , d − 1 ∈ Zdt}.

2.2 Kautz F9/ K(d, t)

K(d, t) Ng��K
AT�\DG��hl�
K(d, t) NR<t��D 2.2.1[5] 5 n = dt−1(d + 1), K(d, t) R<t-�G�l�

K(d, t) FQO�t Z = Zn,8 i C j b6G��B!4B j ≡ −d(i + 1) + k(modn) X�v k = 0, 1, · · · , d − 1 +_�ER< 2.2.1 �R< 1.1 f��� 2.2.1 K(d, t) 
�D-�G��hl S1(V, Φ, Ψ): S = Zn, _\ n = dt−1(d+1),

V = {(i)|i ∈ Zn},  v D Zn 2F6v�hF%
}+F��� Φ = ((−d)| − d ∈ Zn),  
Φ D Zn 2"jt −d F6/
a}+F���Ψ = {(−d + k) | k = 0, 1, · · · , d− 1 ∈ Zn}.

2.3 Generalized De Brujin F9/ GB(d, n)

Generalized De Brujin G�lR<-���D 2.3.1[5] 5 n	 dDgvy(O! d 6 n, Generalized De BrujinG�l GB(d, n)R<t-�G�l�
GB(d, n) FQOt Zn,8 i C j b6G��B!4B j = di + k(modn), X�v k = 0, 1, · · · , d − 1 +_�ER< 2.3.1 	R< 1.1 f��� 2.3.1. GB(d, n) 
�D-�G��hl S1(V, Φ, Ψ): S = Zn, V = {(i)|i ∈ Zn}, D V D Zn 2F6v�hF%
}+F��� Φ = {(d) | d ∈ Zn},  Φ D Zn 2F"jt d F6/
a}+F��� Ψ = {(k)|k = 0, 1, · · · , d − 1 ∈ Zn}.

2.4 Imase-Itoh F9/ GI(d, n)

Imase-Itoh G�l GI(d, n) R<-���D 2.4.1[5] 5 n 	 d Dgvy(O! d 6 n. Imsae-Itoh G�l GI(d, n) R<t-�G�l�
GI(d, n) FQO�t Zn,
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Zn +_�ER< 2.4.1 �R< 1.1 f��� 2.4.1. Imase-Itoh G�l GI(d, n) 
�D-�G��hl S1(V, Φ, Ψ):

S = Zn, V = {(i) | i ∈ Zn},  V D Zn 2F6v�hF%
}+F��� Φ =

{(−d)|− d ∈ Zn},  D Zn 2F"jt −d ∈ Zn F6/
a}+F���Ψ = {(−d+ k) |

−d ∈ Zn, k = 0, 1, · · · , d − 1 ∈ Zn}.

2.5 Consecutive-d F9/ G(d, n, q, r)

Consecutive-d G�l G(d, n, q, r) R<-���D 2.5.1[5]5 n	 dDgvy(O! d 6 n,xR q ∈ Zn\{0}, r ∈ Zn. Consecutive-dG�l G(d, n, q, r) R<-�G�l�
G(d, n, q, r) FQO�t Zn8 i C j b6G��B!4B j ≡ qi + r + k(modn), X�v k = 0, 1, · · · , d − 1 ∈ Zn+_�ER< 2.5.1 	R< 1.1 f��� 2.5.1 G(d, n, q, r) 
�D-�G��hl S1(V, Φ, Ψ) � S = Zn, V = {(i) | i ∈

Zn},  D Zn 2F6v�hF%
}+F��� Φ = {(q) | q ∈ Zn\{0}} D Zn\{0} 2F"jt q F6/
a}+F��� Ψ = {(r + k) | r ∈ Zn, k = 0, 1, · · · , d − 1 ∈ Zn}.

2.6 -�3"R�rvr3G�f#AR�!V�rv (distributed double loop computer network),>�d�rv (daisy chain loop network), ��Æfrv (forward loop backward hoop

network), 6�R�rv (general double loop network) H���z}T�_�SD_IFG��hl��D 2.6.1[9] f#AR�!V�rv dD(n) R<t-�G�l�
dD(n) FQO�t Zn,

dD(n) F��t E = {(i, j) : j − i ≡ 1, n − 1(modn).ER< 2.6.1. �R< 1.1 f��� 2.6.1 dD(n) 
�D-�G��hl S1(V, Φ, Ψ):

S = Zn, V = {(i) | i ∈ Zn},  D Zn 2F%
6v�h}+F��� Φ = {(1) | 1 ∈

Zn},  t6/Ax?a}+F��� Ψ = {(1), (n − 1) | 1, n − 1 ∈ Zn},  t Zn 2Fgv6v�h (1) 	 (n-1) }+F����D 2.6.2[9] >�b�rv dC(n) R<t-�G�l�
dC(n) FQO�t Zn,

dC(n) F��t E = {(i, j) : j − i ≡ 1, n− 2modn}.ER< 2.6.2 �R< 1.1 f��� 2.6.2 dC(n) 
�D-�G��hl S1(V, Φ, Ψ):

S = Zn, V = {(i) | i ∈ Zn},  D Zn 2F%
6v�h}+F��� Φ = {(1) | 1 ∈

Zn},  t Zn 2F6/Ax?a}+F��� Ψ = {(1), (n − 2)|1, n − 2 ∈ Zn}.�D 2.6.3[9] ��Æfr fB(n, s) R<t-�G�l�
fB(n, s) FQO�t Zn,

fB(n, s) F�� E = {(i, j) : j − i ≡ 1, n− s(modn)}�m s F&RD�EkrvG��Fh9	�DAY�ER< 2.6.3 	R< 1.1 f�
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�D-�G��hl S1(V, Φ, Ψ):

S = Zn, V = {(i) | i ∈ Zn},  D Zn 2F%
6v�h}F��� Φ = {(1)|1 ∈ Zn}, D Zn 2F6/Ax?a}+F��� Ψ = {(1), (n− s) | 1, n− s ∈ Zn},  t Zn 2Fgv6v�h (1) 	 (n-s) }+F����D 2.6.4[9] 6�R�r gD(n, r, s) R<t-�G�l�
gD(n, r, s) FQO�t Zn,

gD(n, r, s) F�� E = {(i, j) : j − i ≡ r, s(modn)}�m r, s(1 6 r < s < n) F%ZD�EkrvG��Fh9�^�DAY�ER< 2.6.4 �R< 1.1 f��� 2.6.4 6�R�r gD(n, r, s) 
�D-�G��hl S1(V, Φ, Ψ):

S = Zn, V = {(i) | i ∈ Zn},  D Zn 2F%
6v�h}F��� Φ = {(1)|1 ∈ Zn}, D Zn 2F6/Ax?a}+F��� Φ = {(r), (s) | r, s ∈ Zn},  t Zn 2Fgv6v�h (1) 	 (n-s) }+F���
2.7 A�F9/�D 2.7.1 5 Zn t� n :JW�� P ⊆ Zn\{0}. *�G�l G(n, P ) R<t-�G�l�

G(n, P ) FQO�t Zn,

G(n, P ) F�� E = {(i, j)| 9X s ∈ P � j − i ≡ s(modn)}.ER< 2.7.1 �R< 1.1 f��� 2.7.1 *�G�l G(n, S) 
�D-�G��hl S1(V, Φ, Ψ):

S = Zn, V = {(i) | i ∈ Zn},  t Zn 2F%
6v�h}+F��� Φ = {(1) | 1 ∈

Zn},  t Zn 2F6/Ax?aF��� Ψ = {(s) | s ∈ P},  t P 2F%
6v�h}+F���
2.8 F9�/G��l D(R, Ω, W ) R<-���D 2.8.1[8] 5 R D6v�AxQFG��� Ω 	 W D R FgveQx��G��l D(R, Ω, W ) R<t-�G�l�

D(R, Ω, W ) FQO�t R,

D(R, Ω, W ) F��t E= {(x, y) | 9X q ∈ Ω, r ∈ W � y=xq+r }.ER< 2.8.1 	R< 1.1 f��� 2.8.1 D(R, Ω, W ) 
�D-�G��hl S1(V, Ω, Φ):

S = R, V = {(x) | x ∈ R},  t R 2F%
6v�h}+F��� Φ = {(q) | q ∈ Ω}, t Ω 2F6/
a}+F���Ψ = {(r) | r ∈ W},  t W 2F%
6v�h}+F���
3 ;!2'>"Zs��brv�̂ -��r�n- (_

�dQ nv(_

 (d-ary n-hypercube),

Star rv�'� (Pancake)rv�z��#rv�X�M (transposition tree), HH�SD_IF�hl�X5���z}66d��
3.1 �3�rFn�1}t{�l��
R<-��



120 ;�o���h�x$B�
�� 15 B�D 3.1.1 �l Cn R<t-�{�l�
Cn FQO�t Zn,

Cn F��t E = {[i, j] : 9X r ∈ {±1} ⊆ Zn � j − i ≡ r(modn)}.ER< 3.1.1 	R< 1.2 f��� 3.1.1 �r Cn 
�D-��hl S1(V,±Φ,±Ψ):

S = Zn, V = {(i) | i ∈ Zn}, D Zn 2F%
6v�h}+F���Φ = {(1) | 1 ∈ ZnD Zn FAxQ }, t Zn2F6/AxQ?a}+F���Ψ = {(1), (−1) | 1,−1 ∈ Zn}, t Zn 2F"jt 1 � -1 F6v�h}+F���
3.2 n 6��
.�D 3.2.1 n v(_

 Qn R<t-�{�l�
Qn FQO�t V = {x1x2 · · ·xn | xi ∈ Z2, i = 1, 2, · · · , n}, x = x1x2 · · ·xn 	 y =

y1y2 · · · yn b6�B!4B x 	 y G!4G6v��"i�ER< 3.2.1 	R< 1.2 f��� 3.2.1 Qn 
�D-��hl Sn(V,±Φ,±Ψ):

S = Z2, V = {(x1, x2, · · · , xn) | xi ∈ Z2, i = 1, 2, · · · , n}, Φ = {En | En t Z2 2F n /Ax?a }, Ψ = {(1, 0, · · · · · · , · · · , 0), (0, 1, · · · , 0), · · · , (0, 0, · · · , 1) | 1, 0 ∈ Z2}.v; −(1, 0, · · · , 0) = (1, 0, · · · , 0),−(0, 1, · · · , 0) = (0, 1, · · · , 0), · · · ,−(0, 0, · · · , 1) =

(0, 0,

· · · , 1).

3.3 d J n 6��
.�D 3.3.1 5 Zd D� d :JW�! d > 2, d Q n v(_

 Qn(d) R<t-�{�l�
Qn(d) FQO�t V = {x1x2 · · ·xn | xi ∈ Zd, i = 1, 2, · · · , n}, x = x1x2 · · ·xn 	

y = y1y2 · yn b6�B!4B x 	 y G!4G6v��"i!4% 1 ∈ Zn � −1 ∈ Zn.ER< 3.3.1 	R< 1.1 f�� 3.3.1 Qn(d) 
�D-��hl Sn(V,±Φ,±Ψ): S = Zn, V = {(x1, x2, · · · , xn) |

xi ∈ Zd, i = 1, 2, · · · , n},

Φ = {En | En t Zd 2F n /Ax?a },

Ψ = {(±1, 0, · · · , 0), (0,±1, 0, 0, 0), · · · , (0, 0, · · · ,±1) | 1, 0 ∈ Zd f�t Zd FAxQ	mQ� −1 ∈ Zd t 1 FjQ }.

3.4 Star 3"tjx0 Star rvFR<��x0 Cayley lFR<��D 3.4.1[9] 5 Γ = (Z, ◦) De�_G�'� A D Z FeQx���y|�
(1)A "� Γ FAxQ�
(2)A−1 = A, �m A−1 = {x−1 | x ∈ A}. R<{�l G -��

G FQO�t Γ, x K y g&b6�B!4B x−1y ∈ A,* G t' Γ �I A F Cayley l�#t CΓ(A).�D 3.4.2 Star rv Sn R<t-�F Cayley l CΓ(A): Γ t {1, 2, · · · , n} 2F%
k�}+FX*'� A = {i23 · · · (i − 1)1(i + 1) · · ·n | 2 6 i 6 n}.ER< 3.4.2 �R< 1.2 f��� 3.4.1 Star rv Sn 
�D-��hl Sn(V,±Φ,±Ψ): S = R,  t?ON�
V = {(x1, x2, · · · , xn) | x1x2 · · ·xn D 1, 2, · · · , n F*;�l }. Φ = {En(1, i) | En(1, i) t
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3.5 �� (Pancake) 3"�D 3.5.1 '� (pancake) rv Pn R<t-�F Cayley l CΓ(A):

Γ t {1, 2, · · · , n} 2F%
k�}+FX*'�
A={i(i − 1) · · · 21(i + 1)(i + 2) · · ·n | 2 6 i 6 n}.ER< 3.5.1 �R< 1.2 f��� 3.5.1 '� (Pancake) rv Pn 
�D-��hl Sn(V,±Φ,±Ψ): S = R,  t?ON� V = {(x1, x2, · · · , xn) | x1x2 · · ·xn D 1, 2, · · · , n F*;�l }.

Φ =

























(

0 1

1 0

)

0

0 En−2






,

















0 0 1

0 1 0

1 0 0






0

0 En−3











, · · · ,

























0 0 · · · 0 1

0 0 · · · 1 0

· · · · · · · · ·

1 0 · · · 0 0











0

0 E1















,















0 0 · · · 0 0 1

0 0 · · · 0 1 0

0 0 · · · 1 0 0

· · · · · · · · ·

1 0 · · · 0 0 0









































,�m Ei t i /Ax?a� i = 1, 2, · · · , n − 2, Ψ = {(0, 0, · · · , 0)}.

3.6 %)(? (bubble sort) 3"�D 3.6.1 z��# (bubble sort) rv Bn R<t-� Cayley l CΓ(A):

Γ t {1, 2, · · · , n}, 2F%
k�}+FX*'�
A = {12 · · · (i − 2)i(i − 1)(i + 1) · · ·n | 2 6 i 6 n}.ER< 3.6.1 �R< 1.2 f��� 3.6.1z��#rvBn 
�t-��hl Sn(V,±Φ,±Ψ): S = R, t?ON�

V = {(x1, x2, · · · , xn) | x1x2 · · ·xn D 1, 2, · · · , nF*;�l }, Φ = {En(i, i+1) | E(i, i+1)t En ��L i l	L i + 1 lECF/H?a� 1 6 i 6 n − 1}, Ψ = {(0, 0, · · · , 0)}.

3.7 ��*� Cayley /5 Γ t {1, 2, · · · , n} 2FZGk�}+FX*'�\ 123 · · ·n t Γ FAxQ��AxQ 123 · · ·n mFgvi� i 	 j(1 6 i, j 6 n, i 6= j) ��ECFk� T (i, j) *t6vX��_2FX�6|G (n
2 ). Hs6vl G(n, E): �QO�t {1, 2, · · · , n}, QO i	 j(i 6= j) b6�=;wwG6vX� T (i, j), _\ E t G(n, E) F���_26vl

G(n, E) F��
�X�X�F6v���`g5X�Z9 E �B	�X�F���>[_vl*t6vX�l�#t G(n, E);/klD6IM�\*tX�M�#t T (n, E)([1]).�(� Star rv	z��#rv Bn F8+Q�Dt_IFX�M�f�t6e8
1 C n Fq	6J� ([1]).5[z}G�D 3.7.1[7] X�M T (n, E) F Cayley lFR<t-� Cayley l CΓ(A):

Γ D {1, 2, · · · , n} 2FZGk�}+FX*'��m A = E  tK T (n, E) F��X�FX�����5 Cayley l#t C(T (n, E)).

Star rv Sn 	z��#rv Bn Dt_IFX�MF Cayley l�ER< 3.7.1 �R< 1.2 f�



122 ;�o���h�x$B�
�� 15 B�� 3.7.1 C(T (n, E)) 
�D-��hl Sn(V,±Φ,±Ψ): S = R,  t?ON�
V = {(x1, x2, · · · , xn) | x1x2 · · ·xn D 1, 2, · · · , n F*;�l }, Φ = {En(i, j) | E(i, j) t
En ��L i l	L j lECF/H?a� 1 6 i, j 6 n, i 6= j, !X� (i, j) D T (n, E) F6e� }, Ψ = {(0, 0, · · · , 0)}.y6�JG�D 3.7.2[1] X�l G(n, E) F Cayley l C(G(n, E)) R<t-� Cayley l CΓ(A):

Γ D {1, 2, · · · , n} 2FEX�� A = E 8+Fk�'��m A = E  tK G(n, E)F��X�FX����ER< 3.7.2 �R< 1.2 f��� 3.7.2 C(G(n, E)) 
�D-��hl Sn(V,±Φ,±Ψ): S = R,  t?ON� V =

{(x1, x2, · · · , xn) | x1x2 · · ·xn D 1, 2, · · · , n F*;�l }, Φ = {En(i, j) | E(i, j) t En ��L il	L j lECF/H?a�!X� (i, j)D G(n, E)F6e��1 6 i, j 6 n, i 6= j},

Ψ = {(0, 0, · · · , 0)}.

4 ��<
��5$��x0gW�F�brvFR<��D 4.1 R�rv DSn R<-��hl S2n(V,±Φ,±Ψ): S = R,  t?ON�
V = {(x1, x2, · · · , x2n) | x1x2 · · ·x2n D 1, 2, · · · , 2n F*;�l }, Φ = {E2n(1, i) | E(1, i)t E2n ��L 1 l	L i lECF/H?a� 2 6 i 6 n � i = 2n}∪ {E(2n, j) | E(2n, j)t��L 2n KL j lECF/H?a� n + 1 6 j 6 2n − 1}, Ψ = {(0, 0, · · · , 0)}.�D 4.2 0,�rv TR3n R<-��hl S3n(V,±Φ,±Ψ): S = R,  t?ON�
V = {(x1, x2, · · · , x3n) | x1x2 · · ·x3n D 1, 2, · · · , 3n F*;�l }, Φ = {E3n(1, i) | E(1, i)t�� E3n L 1l	L ilECF/H?a�2 6 i 6 n+1}∪{E(1, 2n+1)}∪{E(n+1, j) |

E(n+1, j)t E3n ��L n+1KL j lECF/H?a�n+2 6 j 6 2n+1}∪{E(2n+1, k) |

E(2n + 1, k) t E3n ��L 2n + 1 l	L k lECF/H?a� 2n + 2 6 k 6 3n},

Ψ = {(0, 0, · · · , 0)}.

5 � + IX�ym`0jgv�FoÆ�G��hl Sn(V, Φ, Ψ) 	�hl Sn(V, Φ, Ψ), !d�j"Zs��brvSD_IFG��hl��hl�!℄C_gv�FoÆ5!0gW�F�brv�N9P0�℄C_gvoÆ�N95!0�\�F�brv�B(^tG��hl	�hlF�l9��y5!0FgW�F�brvF�l5D3Æ-;FG#Pb�op�G��hl	�hlXlt��brv���?O9�-Æ?Og&%�j6�_+ �8[t_�'KF	�7k`{je*�� � 7 8
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