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The Wiener Index of Trees with Prescribed Diameter*

XING Baohua!f CAI Gaixiang'

Abstract The Wiener index W (G) of a graph G is defined as the sum of dg(u,v)
over all pairs of vertices, where dg(u,v) is the distance between vertices u and v in G. In
this paper, we characterize the tree with third-minimum Wiener index and introduce the
method of obtaining the order of the Wiener indices among all the trees with given order
and diameter, respectively.
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0 Introduction
The Wiener index of a graph G, defined in [1], is

W(G) = > da(u,),

u,veV(G)

where dg(u,v) is the distance between v and v in G and the sum goes over all the pairs
of vertices. Since the Wiener index was introduced by Wiener in 19471, numerous of its
chemical applications were reported and its mathematical properties were understood (see
[1-5]). Recently, finding the graphs with minimum or maximum topological indices including

Wiener index attracted the attention of many researchers and lots of results are achieved(see
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[6-12]). For example, Liu and Panl® obtained the graphs with the minimum and second-
minimum Wiener indices among all graphs with given order and diameter. Deng and Xiaol®!
gave the maximum Wiener polarity index of trees with n vertices and k pendants. Chen
and Zhang[®! characterized all extremal graphs which attain the lower bound of Wiener
index of unicyclic graphs of order n with girth and the matching number 8 > 3¢/2. Lin['!
characterized the graphs with the minimum and maximum Wiener indices among all graphs
with given order and clique number. More results of the Wiener index, we refer the readers
to [2].

All graphs considered in this paper are finite, simple and undirected. For a vertex x
of a graph G, we denote the degree of by d(z). The diameter of a graph G, diam(G), is
the maximum distance between any two vertices of G. The distance of a vertex x, Dg(z),
is the sum of distances between x and all other vertices of G. The order of a graph G is
denoted by n(G). Let P, and S,, denote the path and star of order n, T} 5, is a tree of
order n obtained from the star S,_1 by attaching a pendant vertex to one pendant vertex
of S,,_1. In order to formulate our results, we define some trees as follows.

We use G = PJ'"""(T1,Ty,--- ,T}) to denote the tree of order n obtained from a
path Py = vouy - - - vg by identifying a tree T; to vertex v; of Py(1 < i<k, 1 <k<d—1),
where v; is the root of T, let I, =n(Tx) —land l=1; +lo+- -+ 1k, thenl =n—d—1. If
Ti = Si, let

G1 = P (S 41, Stpv1s 5 St1),

the root v; is the center of the star S;, 1. Write
H, ={P(T3):1<i<d—1} and T), 45 = P} (Sn—a), Xn,ai = P}’ (Té_d_g)l);
H2 = {P;ivj (TZ,T]) 01 < 1< j < d— 1} and Zn,d,i,j = P:;ivj (Sn—d—la Sg),
Anaij =P} (Sn—a—2,53);
Hs = {P})"""™(T;,T;,T) : 1 <i<j<m<d-1}and By jm = Py """ (S2, Sn—d—2,
Sa).
Some of these graphs are depicted in Fig.1. We follow [3] for other graph-theoretical
terminologies and notations not defined here.
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Fig. 1

Let T be a tree of order n with diameterd. If d =n — 1, then T' = P,; if d = n — 2,then
T is a tree obtained from the path P; = vyv; ---vg by attaching a pendant vertex to the
vertex v;of Py, (d(v;) = 2); if n —3 < d < n — 5, then the research on Wiener index
of T is easy; and if d = 2, then T = S,,. Therefore, in the following, we assume that
3<d<n—6. Let T g ={G:G = P;""""""(T\,Ts,--- ,Tj) is a tree with order n and
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diameter d,3 < d < n — 6}. In this paper, the third-minimum Wiener index of tree in the
set T, 4(3 < d < n—6) is characterized.

1 Lemmas

Lemma 1.11% Let T be a tree of order n. Then W(T') > W (S,,) and the equality holds
if and only if T' = S,,.

By Lemma 1.1, we have the result. Let H be a connected graph and 7; be a tree of
order | with V(H)NV(T;) = {v}. Then W(HvT;) > W(HvS;), and equality holds if and
only if HvT; = HvS), where v is identified with the center of the star .S; in HvS;.

1] Let H, X, Y be three connected, pairwise disjoint graphs. Suppose

Lemma 1.2
that u, v are two vertices of H, v’ is a vertex of X, u’ is a vertex of Y. Let G be the graph
obtained from H, X, Y by identifying v with v’ and u with u/, respectively. Let G be the
graph obtained from H, X, Y by identifying vertices v, v’, v/, and let G% be the graph

obtained from H, X, Y by identifying vertices u, v’, u’. Then
W(GT) < W(G) or W(G5) < W(G).
Lemma 1.3 Let P = Vo1 - - - Vg be a path of order d + 1. Then

2j% —2dj + d* +d
DP(UJ): 2 !

for 1 < j < d—1. Moreover, if 1 <i < j < d/2, then

Dy (vi) > Dp(v;),

and if d/2 < i< j <d-—1, then
Dyp(vi) < Dy(vj).
Lemma 1.4 Let G = P (T, Ty,--- ,T}) be a tree of order n with diameter d,
then

k

+ Z liDpd (’Ul) + Z W(Tl)

i=1 =1

k k=1 Kk
+ dzwi + Z Z (liw; + Ljw; + Lildp, (v, v5)),
=1

i=1 j=i+1

(d+1)2—(d+1)
6

W(G) =

where I; = n(T;) — 1,w; = D, (v;) is the sum of distances between v; and all other vertices
of T;.

Proof In order to verify the result, we divide the vertices of G into four cases:

(1) z,y € V(Py), the sum of distances between z and y, denoted by Wi, then

(d+1)3—(d+1).

Wy = .
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(2) x,y € V(T; —v;), 1 < i < k, the sum of distances between z and y, denoted by Wa,

then
k

Wy = (W(T) - wi),

i=1
where w; = Dy, (v;) is the sum of distances between v; and all other vertices of T;.
B)z e V(T; —v;),y € V(T; —vj),1 <k, 1 <j<kandi#j, the sum of distances
between x and y, denoted by W3, then

dc;(fE,y) = dTi (xvvi) + de (vivvj) + de (vja y)v

Z Z (dr, (z,v;) + dp, (vi,v5) + dr, (v),y))

z€V(Ti—v;) yeV (Tj—vj)

= > (lidr,(z,0:) + w; + Lidp, (v, v;))
xeV(T;—v;)

= ZJ’(UZ + Z'LU)J + Z'Llded (v’ia vj)a

Z dG(‘Tuy)
zeV (Ti—v;) yeV(Tj—vj)

hence
k
Z Z (Liw; + Ljw; + Lilidp, (vi,v5)).

Where I; = n(T;) — 1.
(4)z e V(T;—vi), y € V(Pyg),1 < i <k, the sum of distances between x and y, denoted
by Wy, then

k
W4 = Z dG('rvy)

k
=3 (da(z,v:) + dg(vi, y))

1=1 yeV(Pq) €V (Ti—v;)

:Z Z (lida(vi,y) + w;)

i=1 yeV(Py)
k
= Z (liDPd ('Uz) + (d + 1)’(1}1),
Therefore,
W(G):W1+W2+W3+W4

k
d+ 1) —(d+1)
_ a4 ) + E:led v) + 3 W(T)
1=1

+dZwl+Z Z (Liwj + Ljw; + Liljdp, (vi,v})),

1=1 j=1i+1
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where I; = n(T;) — 1,w; = D7, (v;),i =1,2,--- | k.
Lemma 1.5 Let T be a non-trivial connected graph and let v € V(T). Suppose that
two paths P = vv1vg « - vk, Q = vujug - - - Uy, of lengths k, m(k > m > 1) are attached to T

by their ends vertices at v, respectively, to form Ty, . Then

W(Tm) < W(Tiia,m—1)-

2 Main results

In this section, we will give the tree with the third-minimum Wiener index in the set
Thd(3 <d<n—6). Liu and Panl® obtained the tree with the minimum Wiener index is

de)\_%J and the tree with the second-minimum Wiener index is Z")dedJ)\_%J‘H in the set

2

Tha(3 < d < n—3). In fact, by Lemma 1.1, 1.3-1.5, we have in the set H;, the Wiener
index is minimized by the tree T , 4] and in the set Hs, the Wiener index is minimized
I )

by the tree Zn,d,L%J,L%JJrl'

Lemma 2.1 In the set Hy with 3 <d <n — 6,

(1) for d is even, the second-minimum Wiener index of tree is
Znalg]-ulg) O Analg)ld)+
(2) for d is odd, the second-minimum Wiener index of tree is
Lo, 4]+1,[4]+2

Proof By lemmas in section 1, we get the tree with the second-minimum Wiener index
in the set Hy maybe

Y1471

Zna|g)-1[¢) O Ana|4][ 4417 Dnalg]rrlg)re O T

Nl

+1
J (Tl—d—4,17‘s’2)'

n

By Lemma 1.3 and 1.4, it is easy to obtain that

W(Z";degJ—le%J)_W(Z";de%J'H;\_%J'F?) = (n—d—2)(2d—4 \‘gJ)+(2d—4—4 {gJ),

2

if d is even, the result is —4 < 0; if d is odd, the result is 2(n —d —3) > 0.

W(Zya2)-14) =W Asa 3] |g)0) = (0= D(d =2 EJ )

if d is even, the result is 0; if dis odd, the result is n —d > 0.
d

W(Z, 40 g) - W@ s = - a-va-2 5] -a

if d is even, the result is —d < 0.

WiZpa )41 18)+2) =W Ana | g) | 4)00) = —(n—d=2)(d =2 EP +4,
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if d is odd, the result is—(n —d — 6) < 0.
v % v % - d
W2 g)en 1) - W @ s = a- e g -0 -ava

if d is odd, the result is 5 —n < 0.
Thus the result holds.
Lemma 2.2 Let G € T}, ¢\(H1 U H2),3 < d < n—6. Then

W(G) 2 W(B, 4, 4]-1|4].[4]+1)

with equality if and only if G = B"’de%J_le%H%J“'
Proof Let Py = vgvy - - -v4—1v4 is a path of length d in G with d(vg) = d(vq) = 1. Let
Va={v;:d(v;) 23,1<i<d—1}. Since n > d+ 3,V; # ¢. We discuss in two cases.
Case 1 |V4| > 3. In this case, we first obtain a tree T1 = G1, by Lemma 1.1, W(G) >
W (T1) and equality holds if and only if G = T3. SinceG ¢ (H; U Hz), by Lemma 1.2, we

can obtain a tree To = B, g, j,m such that
W(Tl) > W(TQ) = W(Bn,d,i,j,m)'
Hence
W(G) > W(Tl) > W(Tg) = W(Bn,d,i,j,m)-
Case 2 |V =3 and G = By, 4,j,m. In this case, by Lemma 1.4, we have

u+1f;0ﬂ4)+D&@»+D&wmrun—d—®D&@ﬂ

+(n—d-3)n—d+1)+dn—d—1)+4+dp,(vi,vm)
+ (n —d— 3)dpd(’l)i,’vj) +(n—d- 3)dpd(’l)m,’l}j),

W(Bn,d,i,j,m) =

by Lemma 1.3, it is easy to proof that when v; = Ungil,’Uj = UHJ,UW = v\_ the
2 2

EJ 410
2
Wiener index of By, 4,4, j,m achieve the minimum.

By case 1 and case 2, the proof of the Lemma is complete.

It is easy to proof that the second-minimum Wiener index among all the trees of order

Yl 4
nis T, 3, and W(T, _3,) = (n—2)(n+1). Therefore, let H € P, 4] (TL%J)’ then
W(H) > W(Xn,d,L%J) > W(Tn,d,L%J)'

By Lemma 1.3 and 1.4, we have the trees with the second and third-minimum Wiener

n1

Lemma 2.3 In the set H; U Ho U {Bn)d7|_%J_17|_dJ LdJ+1}(3 <d<n-6),

indices in the set H; maybe T , |¢]-1 Ty |¢]—20T X, 4 4]
[t ) L2 L2

L2
(1) for d is even, the third-minimum Wiener index is

Z”%\_%J-L\_%J or A"vde%JxL%J+1(n<2d+1);

de)\_%J (n>2d+1);
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(2) for d is odd, the third-minimum Wiener index is Zn,d,L%JH, 4|42
Proof Let
TemUH OB alg|-vlg) 1)+
is the tree with the third-minimum Wiener index. By Lemma 2.1 and 2.2, T maybe
Tn,d,Lngl or Xn,d,L%J or Tn,d,LgJ—z or Zn,d,L%JJrLL%JH or Zn,d,[%J*LL%J or

Bualg]-1l4).[¢]+r
By Lemma 1.3 and 1.4, for d is even,

2

d
W(Zn,d,Lngl,LﬁJ)_W(Xn,d,L%J) =n-d-2)14+d-2 {EJ)+1—d=n—2d— 1,
if n > 2d + 1, the result is> 0; if n < 2d + 1, the result is< 0.

W(Zy 412~ WTa|2]-2) = —2(n—d) <0,

)

for d is odd,

W(Zn,d,\_%J+1,|_gJ+2) - W(and’L%J—le%JvL%JH) =—(n—-d-2)<0,

W(Z'n,,d L

[8)+nlg)s2) =W Hogg)) =8 -d <0,

W(Z"’d’L%J‘*‘le%J-F?) - W(Tn,d,\_%J—l) = —(n —d- 2) < 0.

Thus the lemma is proved.
Theorem 2.4 Let

G & Tna\T, 42 Tha|

Nl
[
|
—_

3

a
-
Nl
[
-
Nl
[

—

——

(3<d<n-6). Then
(1) for d is even,
W) > W(Z, 441 14))

W(G) > W(An,d,LgJ,LgJJrl) (TL < 2d + 1),

W(G) > W(Xn,d,t | ) (n>2d+1);

d
g
(2) for d is odd,
wW(G) = W(Zn,d,L%JJrl,L%JJrQ)'
Proof Let P; = vguy -+ -v4-104 is a path of length d in G with d(vg) = d(vq) = 1. Let
Va={v;:d(v;) 23,1<i<d—1}. Since n > d+ 3,V; # ¢. We consider three cases.
Case 1 |Vy4| = 3.
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In this case, by Lemma 2.2 and 2.3, we have

WC) > WBra4)-114).14)+1):

and for d is even,

WBua|g)-1lg)1g+) > W Zna|g)-1[4))
for d is odd,
WBralg)-1lg)1g)+0) > W Zna|g) [ 4)+2)
So, for d is even,
WG > W(Z,a|4)-114))
and for d is odd,
W(G) > W(Zn,d,L%JJrl,L%JJrQ)'
Case 2 |Vy| = 2.

In this case, by Lemma 2.1, we have for d is even,
W(G) > W(Zn,d,L%J—l,\_%J) or W(G) > W(An,d,\_gj,\_gj-i-l);
for d is odd,
WIG) > W(Zya | g )1, g]+2)
Case 3 |Vy| =1.
In this case, by Lemma 2.3, we have for d is even, when n > 2d + 1,
W(G) > W(X, ,4))
and when n < 2d + 1,
W(G) 2 WI(Z, 4 4)-1.|2])
For d is odd,
wW(G) = W(Zn,d,L%JJrl,L%JJrQ)'

According to the above method, if we want to obtain the order of trees in the set
Thd(3 < d < n—6) on Wiener index, we should divide T}, 4(3 < d < n — 6) into some
smaller sets Hi(1 < k < d—1). And then, by Lemma 1.1, 1.3 and 1.4, we characterize the
order of trees in the set Hy(1 < k < d — 1) respectively, at last we will obtain the order of

trees in the set T), 4(3 < d < n — 6) on wiener index.
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