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The Wiener Index of Trees with Prescribed Diameter
∗

XING Baohua1† CAI Gaixiang1

Abstract The Wiener index W (G) of a graph G is defined as the sum of dG(u, v)
over all pairs of vertices, where dG(u, v) is the distance between vertices u and v in G. In
this paper, we characterize the tree with third-minimum Wiener index and introduce the
method of obtaining the order of the Wiener indices among all the trees with given order
and diameter, respectively.

Keywords Wiener index, diameter, tree, distance
Chinese Library Classification O223

2010 Mathematics Subject Classification 90C70, 90C05RP_VOXO Wiener `Zgbe 1† df 1^℄ 5 G � Wiener K/�<65L2=� u, v ��!G� ∑

dG(u, v). C��Æ�I��2=-L�=�)7 Wiener K/�-�3F�
	E�-� Wiener K/$8����SUN Wiener J.�H��,�� a[QWT O221Y\QWT 90C70, 90C05

0 Introduction

The Wiener index of a graph G, defined in [1], is

W (G) =
∑

u,v∈V (G)

dG(u, v),

where dG(u, v) is the distance between u and v in G and the sum goes over all the pairs

of vertices. Since the Wiener index was introduced by Wiener in 1947[1], numerous of its

chemical applications were reported and its mathematical properties were understood (see

[1-5]). Recently, finding the graphs with minimum or maximum topological indices including

Wiener index attracted the attention of many researchers and lots of results are achieved(see+�(&� 2011 # 6 A 7 (�
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[6-12]). For example, Liu and Pan[6] obtained the graphs with the minimum and second-

minimum Wiener indices among all graphs with given order and diameter. Deng and Xiao[8]

gave the maximum Wiener polarity index of trees with n vertices and k pendants. Chen

and Zhang[9] characterized all extremal graphs which attain the lower bound of Wiener

index of unicyclic graphs of order n with girth and the matching number β > 3g/2. Lin[11]

characterized the graphs with the minimum and maximum Wiener indices among all graphs

with given order and clique number. More results of the Wiener index, we refer the readers

to [2].

All graphs considered in this paper are finite, simple and undirected. For a vertex x

of a graph G, we denote the degree of x by d(x). The diameter of a graph G, diam(G), is

the maximum distance between any two vertices of G. The distance of a vertex x, DG(x),

is the sum of distances between x and all other vertices of G. The order of a graph G is

denoted by n(G). Let Pn and Sn denote the path and star of order n, T 1
n−3,1 is a tree of

order n obtained from the star Sn−1 by attaching a pendant vertex to one pendant vertex

of Sn−1. In order to formulate our results, we define some trees as follows.

We use G = P v1v2···vk

d (T1, T2, · · · , Tk) to denote the tree of order n obtained from a

path Pd = v0v1 · · · vd by identifying a tree Ti to vertex vi of Pd(1 6 i 6 k, 1 6 k 6 d − 1),

where vi is the root of Ti, let lk = n(Tk)− 1 and l = l1 + l2 + · · ·+ lk, then l = n− d− 1. If

Ti
∼= Si, let

G1 = P v1v2···vk

d (Sl1+1, Sl2+1, · · · , Slk+1),

the root vi is the center of the star Sli+1. Write

H1 = {P vi

d (Ti) : 1 6 i 6 d − 1} and Tn,d,i = P vi

d (Sn−d), Xn,d,i = P vi

d (T 1
n−d−3,1);

H2 = {P
vivj

d (Ti, Tj) : 1 6 i < j 6 d − 1} and Zn,d,i,j = P
vivj

d (Sn−d−1, S2),

An,d,i,j = P
vivj

d (Sn−d−2, S3);

H3 = {P
vivjvm

d (Ti, Tj , Tm) : 1 6 i < j < m 6 d−1} and Bn,d,i,j,m = P
vivjvm

d (S2, Sn−d−2,

S2).

Some of these graphs are depicted in Fig.1. We follow [3] for other graph-theoretical

terminologies and notations not defined here.

Fig. 1

Let T be a tree of order n with diameterd. If d = n− 1, then T ∼= Pn; if d = n− 2,then

T is a tree obtained from the path Pd = v0v1 · · · vd by attaching a pendant vertex to the

vertex viof Pd, (d(vi) = 2); if n − 3 6 d 6 n − 5, then the research on Wiener index

of T is easy; and if d = 2, then T ∼= Sn. Therefore, in the following, we assume that

3 6 d 6 n − 6. Let Tn,d = {G : G = P v1v2···vk

d (T1, T2, · · · , Tk) is a tree with order n and
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diameter d, 3 6 d 6 n − 6}. In this paper, the third-minimum Wiener index of tree in the

set Tn,d(3 6 d 6 n − 6) is characterized.

1 Lemmas

Lemma 1.1
[2] Let T be a tree of order n. Then W (T ) > W (Sn) and the equality holds

if and only if T ∼= Sn.

By Lemma 1.1, we have the result. Let H be a connected graph and Tl be a tree of

order l with V (H) ∩ V (Tl) = {v}. Then W (HvTl) > W (HvSl), and equality holds if and

only if HvTl
∼= HvSl, where v is identified with the center of the star Sl in HvSl.

Lemma 1.2
[11] Let H, X, Y be three connected, pairwise disjoint graphs. Suppose

that u, v are two vertices of H, v′ is a vertex of X, u′ is a vertex of Y . Let G be the graph

obtained from H, X, Y by identifying v with v′ and u with u′, respectively. Let G∗
1 be the

graph obtained from H, X, Y by identifying vertices v, v′, u′, and let G∗
2 be the graph

obtained from H, X, Y by identifying vertices u, v′, u′. Then

W (G∗
1) < W (G) or W (G∗

2) < W (G).

Lemma 1.3
[6] Let P = v0v1 · · · vd be a path of order d + 1. Then

Dp(vj) =
2j2 − 2dj + d2 + d

2
,

for 1 6 j 6 d − 1. Moreover, if 1 6 i < j 6 d/2, then

Dp(vi) > Dp(vj),

and if d/2 6 i < j 6 d − 1, then

Dp(vi) < Dp(vj).

Lemma 1.4 Let G = P v1v2···vk

d (T1, T2, · · · , Tk) be a tree of order n with diameter d,

then

W (G) =
(d + 1)3 − (d + 1)

6
+

k
∑

i=1

liDPd
(vi) +

k
∑

i=1

W (Ti)

+ d
k

∑

i=1

wi +
k−1
∑

i=1

k
∑

j=i+1

(liwj + ljwi + liljdPd
(vi, vj)),

where li = n(Ti) − 1, wi = DTi
(vi) is the sum of distances between vi and all other vertices

of Ti.

Proof In order to verify the result, we divide the vertices of G into four cases:

(1) x, y ∈ V (Pd), the sum of distances between x and y, denoted by W1, then

W1 =
(d + 1)3 − (d + 1)

6
.
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(2) x, y ∈ V (Ti − vi), 1 6 i 6 k, the sum of distances between x and y, denoted by W2,

then

W2 =
k

∑

i=1

(W (Ti) − wi),

where wi = DTi
(vi) is the sum of distances between vi and all other vertices of Ti.

(3) x ∈ V (Ti − vi), y ∈ V (Tj − vj), 1 6 i 6 k, 1 6 j 6 k and i 6= j, the sum of distances

between x and y, denoted by W3,then

dG(x, y) = dTi
(x, vi) + dPd

(vi, vj) + dTj
(vj , y),

∑

x∈V (Ti−vi)

∑

y∈V (Tj−vj)

dG(x, y) =
∑

x∈V (Ti−vi)

∑

y∈V (Tj−vj)

(dTi
(x, vi) + dPd

(vi, vj) + dTj
(vj , y))

=
∑

x∈V (Ti−vi)

(ljdTi
(x, vi) + wj + ljdPd

(vi, vj))

= ljwi + liwj + liljdPd
(vi, vj),

hence

W3 =

k−1
∑

i=1

k
∑

j=i+1

(liwj + ljwi + liljdPd
(vi, vj)).

Where li = n(Ti) − 1.

(4) x ∈ V (Ti−vi), y ∈ V (Pd), 1 6 i 6 k, the sum of distances between x and y, denoted

by W4, then

W4 =

k
∑

i=1

∑

y∈V (Pd)

∑

x∈V (Ti−vi)

dG(x, y)

=

k
∑

i=1

∑

y∈V (Pd)

∑

x∈V (Ti−vi)

(dG(x, vi) + dG(vi, y))

=
k

∑

i=1

∑

y∈V (Pd)

(lidG(vi, y) + wi)

=

k
∑

i=1

(liDPd
(vi) + (d + 1)wi),

Therefore,

W (G) = W1 + W2 + W3 + W4

=
(d + 1)3 − (d + 1)

6
+

k
∑

i=1

liDPd
(vi) +

k
∑

i=1

W (Ti)

+ d

k
∑

i=1

wi +

k−1
∑

i=1

k
∑

j=i+1

(liwj + ljwi + liljdPd
(vi, vj)),



40 XING Baohua, CAI Gaixiang 15 �
where li = n(Ti) − 1, wi = DTi

(vi), i = 1, 2, · · · , k.

Lemma 1.5
[6] Let T be a non-trivial connected graph and let v ∈ V (T ). Suppose that

two paths P = vv1v2 · · · vk, Q = vu1u2 · · ·um of lengths k, m(k > m > 1) are attached to T

by their ends vertices at v, respectively, to form T ∗
k,m. Then

W (T ∗
k,m) < W (T ∗

k+1,m−1).

2 Main results

In this section, we will give the tree with the third-minimum Wiener index in the set

Tn,d(3 6 d 6 n − 6). Liu and Pan[6] obtained the tree with the minimum Wiener index is

T
n,d,⌊d

2 ⌋
and the tree with the second-minimum Wiener index is Z

n,d,⌊d
2⌋,⌊ d

2 ⌋+1 in the set

Tn,d(3 6 d 6 n − 3). In fact, by Lemma 1.1, 1.3–1.5, we have in the set H1, the Wiener

index is minimized by the tree T
n,d,⌊d

2 ⌋
and in the set H2, the Wiener index is minimized

by the tree Z
n,d,⌊d

2 ⌋,⌊d
2 ⌋+1.

Lemma 2.1 In the set H2 with 3 6 d 6 n − 6,

(1) for d is even, the second-minimum Wiener index of tree is

Z
n,d,⌊d

2⌋−1,⌊ d
2 ⌋

or A
n,d,⌊d

2 ⌋,⌊d
2 ⌋+1;

(2) for d is odd, the second-minimum Wiener index of tree is

Z
n,d,⌊d

2 ⌋+1,⌊ d
2⌋+2.

Proof By lemmas in section 1, we get the tree with the second-minimum Wiener index

in the set H2 maybe

Z
n,d,⌊d

2 ⌋−1,⌊ d
2 ⌋

or A
n,d,⌊d

2 ⌋,⌊d
2 ⌋+1or Z

n,d,⌊d
2⌋+1,⌊ d

2⌋+2 or P
v
⌊ d

2⌋
v
⌊ d

2 ⌋+1

d (T 1
n−d−4,1, S2).

By Lemma 1.3 and 1.4, it is easy to obtain that

W (Z
n,d,⌊d

2⌋−1,⌊ d
2 ⌋

)−W (Z
n,d,⌊d

2 ⌋+1,⌊ d
2⌋+2) = (n− d− 2)(2d− 4

⌊

d

2

⌋

) + (2d− 4− 4

⌊

d

2

⌋

),

if d is even, the result is −4 < 0; if d is odd, the result is 2(n − d − 3) > 0 .

W (Z
n,d,⌊d

2⌋−1,⌊ d
2⌋

) − W (A
n,d,⌊ d

2⌋,⌊ d
2⌋+1) = (n − d)(d − 2

⌊

d

2

⌋

),

if d is even, the result is 0; if dis odd, the result is n − d > 0.

W (Z
n,d,⌊d

2 ⌋−1,⌊d
2 ⌋

) − W (P
v
⌊ d

2 ⌋
v
⌊ d

2⌋+1

d (T 1
n−d−4,1, S2)) = (n − d − 1)(d − 2

⌊

d

2

⌋

) − d,

if d is even, the result is −d < 0.

W (Z
n,d,⌊d

2⌋+1,⌊ d
2 ⌋+2) − W (A

n,d,⌊d
2 ⌋,⌊ d

2 ⌋+1) = −(n − d − 2)(d − 2

⌊

d

2

⌋

) + 4,
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if d is odd, the result is−(n − d − 6) ≤ 0.

W (Z
n,d,⌊d

2 ⌋+1,⌊d
2 ⌋+2) − W (P

v
⌊ d

2 ⌋
v
⌊ d

2 ⌋+1

d (T 1
n−d−4,1, S2)) = (n − d − 1)(2

⌊

d

2

⌋

− d) − d + 4,

if d is odd, the result is 5 − n < 0.

Thus the result holds.

Lemma 2.2 Let G ∈ Tn,d\(H1 ∪ H2), 3 6 d 6 n − 6. Then

W (G) > W (B
n,d,⌊d

2 ⌋−1,⌊d
2 ⌋,⌊d

2 ⌋+1),

with equality if and only if G ∼= B
n,d,⌊d

2⌋−1,⌊ d
2 ⌋,⌊ d

2 ⌋+1.

Proof Let Pd = v0v1 · · · vd−1vd is a path of length d in G with d(v0) = d(vd) = 1. Let

Vd = {vi : d(vi) > 3, 1 6 i 6 d − 1}. Since n > d + 3, Vd 6= φ. We discuss in two cases.

Case 1 |Vd| > 3. In this case, we first obtain a tree T1
∼= G1, by Lemma 1.1, W (G) >

W (T1) and equality holds if and only if G ∼= T1. SinceG /∈ (H1 ∪ H2), by Lemma 1.2, we

can obtain a tree T2
∼= Bn,d,i,j,m such that

W (T1) > W (T2) = W (Bn,d,i,j,m).

Hence

W (G) > W (T1) > W (T2) = W (Bn,d,i,j,m).

Case 2 |Vd| = 3 and G ∼= Bn,d,i,j,m. In this case, by Lemma 1.4, we have

W (Bn,d,i,j,m) =
(d + 1)3 − (d + 1)

6
+ DPd

(vi) + DPd
(vm) + (n − d − 3)DPd

(vj)

+ (n − d − 3)(n − d + 1) + d(n − d − 1) + 4 + dPd
(vi, vm)

+ (n − d − 3)dPd
(vi, vj) + (n − d − 3)dPd

(vm, vj),

by Lemma 1.3, it is easy to proof that when vi = v⌊ d
2 ⌋−1,vj = v⌊ d

2 ⌋
, vm = v⌊ d

2 ⌋+1, the

Wiener index of Bn,d,i,j,m achieve the minimum.

By case 1 and case 2, the proof of the Lemma is complete.

It is easy to proof that the second-minimum Wiener index among all the trees of order

n is T 1
n−3,1 and W (T 1

n−3,1) = (n − 2)(n + 1). Therefore, let H ∈ P
v
⌊ d

2⌋
d (T⌊ d

2 ⌋
), then

W (H) > W (X
n,d,⌊d

2 ⌋
) > W (T

n,d,⌊d
2⌋

).

By Lemma 1.3 and 1.4, we have the trees with the second and third-minimum Wiener

indices in the set H1 maybe T
n,d,⌊d

2⌋−1 , T
n,d,⌊d

2 ⌋−2 or X
n,d,⌊d

2 ⌋
.

Lemma 2.3 In the set H1 ∪ H2 ∪ {B
n,d,⌊d

2 ⌋−1,⌊d
2 ⌋,⌊d

2 ⌋+1}(3 ≤ d ≤ n − 6),

(1) for d is even, the third-minimum Wiener index is

Z
n,d,⌊d

2 ⌋−1,⌊ d
2⌋

or A
n,d,⌊ d

2⌋,⌊ d
2⌋+1 (n < 2d + 1);

X
n,d,⌊d

2⌋
(n > 2d + 1);
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(2) for d is odd, the third-minimum Wiener index is Z

n,d,⌊d
2⌋+1,⌊ d

2 ⌋+2.

Proof Let

T ∈ H1 ∪ H2 ∪ {B
n,d,⌊d

2⌋−1,⌊ d
2 ⌋,⌊ d

2 ⌋+1}

is the tree with the third-minimum Wiener index. By Lemma 2.1 and 2.2, T maybe

T
n,d,⌊d

2 ⌋−1 or X
n,d,⌊d

2 ⌋
or T

n,d,⌊d
2⌋−2 or Z

n,d,⌊d
2 ⌋+1,⌊d

2 ⌋+2 or Z
n,d,⌊d

2 ⌋−1,⌊d
2 ⌋

or

B
n,d,⌊d

2 ⌋−1,⌊ d
2 ⌋,⌊d

2 ⌋+1.

By Lemma 1.3 and 1.4, for d is even,

W (Z
n,d,⌊d

2⌋−1,⌊ d
2 ⌋

) − W (X
n,d,⌊d

2 ⌋
) = (n − d − 2)(1 + d − 2

⌊

d

2

⌋

) + 1 − d = n − 2d − 1,

if n > 2d + 1, the result is> 0; if n < 2d + 1, the result is< 0.

W (Z
n,d,⌊d

2 ⌋−1,⌊d
2 ⌋

) − W (T
n,d,⌊d

2⌋−2) = −2(n − d) < 0,

W (Z
n,d,⌊d

2 ⌋−1,⌊ d
2⌋

) − W (B
n,d,⌊d

2 ⌋−1,⌊d
2 ⌋,⌊d

2 ⌋+1) = −2 < 0,

for d is odd,

W (Z
n,d,⌊d

2⌋+1,⌊ d
2⌋+2) − W (B

n,d,⌊d
2 ⌋−1,⌊ d

2⌋,⌊ d
2⌋+1) = −(n − d − 2) < 0,

W (Z
n,d,⌊d

2⌋+1,⌊ d
2⌋+2) − W (X

n,d,⌊d
2 ⌋

) = 3 − d < 0,

W (Z
n,d,⌊d

2 ⌋+1,⌊d
2 ⌋+2) − W (T

n,d,⌊d
2 ⌋−1) = −(n − d − 2) < 0.

Thus the lemma is proved.

Theorem 2.4 Let

G ∈ Tn,d\{Tn,d,⌊d
2 ⌋

, T
n,d,⌊d

2 ⌋−1Zn,d,⌊d
2⌋,⌊ d

2⌋+1},

(3 6 d 6 n − 6). Then

(1) for d is even,

W (G) > W (Z
n,d,⌊d

2⌋−1,⌊ d
2⌋

)

or

W (G) > W (A
n,d,⌊d

2 ⌋,⌊ d
2⌋+1 ) (n < 2d + 1),

W (G) > W (X
n,d,⌊d

2 ⌋
) (n > 2d + 1);

(2) for d is odd,

W (G) > W (Z
n,d,⌊d

2⌋+1,⌊ d
2⌋+2).

Proof Let Pd = v0v1 · · · vd−1vd is a path of length d in G with d(v0) = d(vd) = 1. Let

Vd = {vi : d(vi) > 3, 1 6 i 6 d − 1}. Since n > d + 3, Vd 6= φ. We consider three cases.

Case 1 |Vd| > 3.
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In this case, by Lemma 2.2 and 2.3, we have

W (G) > W (B
n,d,⌊d

2 ⌋−1,⌊d
2 ⌋,⌊d

2 ⌋+1),

and for d is even,

W (B
n,d,⌊ d

2⌋−1,⌊ d
2⌋,⌊ d

2 ⌋+1) > W (Z
n,d,⌊d

2 ⌋−1,⌊ d
2⌋

);

for d is odd,

W (B
n,d,⌊d

2 ⌋−1,⌊d
2 ⌋,⌊d

2 ⌋+1) > W (Z
n,d,⌊d

2 ⌋+1,⌊ d
2 ⌋+2).

So, for d is even,

W (G) > W (Z
n,d,⌊d

2⌋−1,⌊ d
2⌋

)

and for d is odd,

W (G) > W (Z
n,d,⌊d

2⌋+1,⌊ d
2⌋+2).

Case 2 |Vd| = 2.

In this case, by Lemma 2.1, we have for d is even,

W (G) > W (Z
n,d,⌊d

2 ⌋−1,⌊d
2 ⌋

) or W (G) > W (A
n,d,⌊d

2 ⌋,⌊d
2 ⌋+1);

for d is odd,

W (G) > W (Z
n,d,⌊d

2⌋+1,⌊ d
2⌋+2).

Case 3 |Vd| = 1.

In this case, by Lemma 2.3, we have for d is even, when n > 2d + 1,

W (G) > W (X
n,d,⌊d

2⌋
),

and when n < 2d + 1,

W (G) > W (Z
n,d,⌊d

2 ⌋−1,⌊d
2 ⌋

).

For d is odd,

W (G) > W (Z
n,d,⌊d

2⌋+1,⌊ d
2⌋+2).

According to the above method, if we want to obtain the order of trees in the set

Tn,d(3 6 d 6 n − 6) on Wiener index, we should divide Tn,d(3 6 d 6 n − 6) into some

smaller sets Hk(1 6 k 6 d − 1). And then, by Lemma 1.1, 1.3 and 1.4, we characterize the

order of trees in the set Hk(1 6 k 6 d − 1) respectively, at last we will obtain the order of

trees in the set Tn,d(3 6 d 6 n − 6) on wiener index.
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