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Abstract This paper investigates the problems for two-machine flow shop scheduling
with availability constraints. A resumable scenario is assumed, i.e., if a job cannot be
finished before the interval it is continued after the machine becomes available again. The
objective is to minimize the makespan. This paper first considers an approximate case of
the problem with several availability constraints on both machines, presents an algorithm
with performance ratio of 3

2
, then gives an algorithm with competitive ratio of 3

2
for the

semi-online problem with an availability constraint on the second machine.
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w���W/DqmH5OCAO$5�[uD#y<�(�FV [1].�-JDS#�zqmH5H�mKZ.
w A~ B,�� njq� J = (J1, · · · , Jn),_jq� Jj O�MBqm�kx~5�
w A ~
w B 	�q�MBqm�q��
 B aj ~ bj, q���B Jj = (aj , bj). _jq�|5+k�|.
w�q�_.
w|5>X+k�q|jq�D|Bqm�f�B>`�>:>q����>`�>�q�D>q�����FDdd1�
w!#|(<���q���17�Xj#<���R�8*J`-!b#<���RB�N��o2 Lee[2] D
C�<�!q��#<����R1T�D|�
B�4Cd�<1T (resumable) D|����eq��N'y^�>q��<��N# �Vv��D%
�o)g�q
q��1T (semi-resumable)D|���1Tq��	f�q��gq����qD%
1�|%
x5
�q
#<�1T (non-resumable) D|����q��N'yDk>.�q���l�N# '�5
Vv)g�q�gH5��(!��\<��B F2|h(qA, qB), SC |Cmax, v1 qA, qB
 ��H|~HZ.
w	NDj!� SC ∈ {Re, S − Re, N − Re} 
 ��	��4CdD|� [3].

Johnson %bOD F2||Cmax H5�<$D�!m2O~$gH5D Johnson)\ [4].�y
w7�#<��D��R��H5!
�Cpi� Lee t0O�
w+7�|jND|�P�VÆ	��4CdH56� NP-iD [2,5], ,:�m2OmX℄�M0w�)\���XjN�e|.
w	�KubiakF�%bO�q�<1TD|�P�H5Bz NP- iD [6]. YVÆ�1T~#<1TD|�� Lee %bO=
�XNDH5yBz
NP- iD [7]. �Bp|�D|��[�S#�zH5yBz NP- iD�V<1TD|��?HZ.
w	7�MjN�M.
wl�|jND���H5#7�*!hk�D*')\ [2,6]. Breit %bOVÆ�1T~#<1TD|� [8], =
�MjNDqmH5#7�*!hk�D*')\��4VÆM.
wS#�zH5�+��
w7�|jN (V�4|�6.K) ~<1T|�PH|.
w7�XjND���H5&7�*!hk�D*')\ [3].�q�<1TD|�P�Lee V F2|h(1, 0), Re|Cmax H5m2Ohk�B 3

2 D*')\ [5], V F2|h(0, 1), Re|Cmax m2O 4
3 *'D)\�Vy|jH5 Cheng ~Wang[9] !hk�h)A 4

3 , �|jH5 Breitm2O|j 5
4 *'D)\ [10]. ?
w+7�|jND|�P�H5� PTAS[11] ~ FPTAS[12]. �H|.
w	�XjN�� F2|h(q, 0), Re|Cmax,

Kubzin �Rm2O|j 3
2 *'D)\ [3], Hadda[13] �!vh)A 4

3 . �HZ.
w	�XjN�>>�|jND# ���W/�VÆ!jH5� Hadda m2O|j 4/3 *'D)\ [14].�q��1T�#<1TD|�P�Lee�RV F2|h(1, 0), S−Re|Cmax m2O 2 *'D)\ [2], V F2|h(0, 1), S−Re|Cmax m2O 3
2 *'D)\�Vy|jH5�Haddam2O|j 3/2 *'D)\ [15]. "VM.
w	l�|jN�{N�Lo��|jND# ��BQ|jND8���DH5� Cheng ~ Wang m2O|j 5

3 D*')\ [16].�Ft0OM.
w	67�XjND|�PD|j<*'H5�%bgH53�hk�B 3
2 D*')\�YuÆ�YD
w���W/DS#�zH5�fy�^��)gzt0��FHZ%
�!t0HZ.
w	�|jND��Y|��m2|j.#�B 3

2 D�Y)\�
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1 eaPKNW[� Kubzin F� [3] DF�<�C&��M.
w	�yO7�XjND|�P�H5^�*!hk�D*')\��4J`9WgDYH5D|4<*'|��M.
w67�XN!{VHZ.
w	>�|jND# ����W/��RV|be})gK��

qA(qB) �
w A� B �	NDj!�
HA(t)(HB(t)) � t �>�
w A� B �	N+'~�
Cmax(σ) �)\CAD��� σ D�+�
C∗

max �>
��� π D���+�
CJ � F2||Cmax H5D>
�+�
a(S)(b(S)): q��� S 1H|�Z�Bqm'~�
SA

i (SB
i ) �q� Ji �
w A� B �	D8q���

CA
i (CB

i ) �q� Ji �
w A� B �	D>q���� [14] HD�
|w�R
w B 	>�|jND# �� tqB
`Æ CJ , �gH5B

F2|h(qA, qB), Re, tqB
< CJ |Cmax. ,vM.
w6�XND|e�#<*'D��P|"J`!%bgH5�<*'D�VÆ!4<*'|��T�� CJ 6 C∗

max. {�!43�|�P�
w B	DN
�\+�D�����4>
$DP%� C∗
max > b(J)+HB(0).YVÆ��YH5�J`7xt0 F2|h(0, 1), Re|Cmax H5�v1q��6jA9D

(over list), >
���+ C∗
max �&�{ND# ��#,z 1

2C∗
max.o2 Kubzin F� [3] D#y�J`�
�)\�+k9WH5DqPqm������+CD���H�M.
w�qq�D5m|w�:�)\�)g��q�Dqm<�,<k�D�q�

2 TheaU��J`VH5 F2|h(qA, qB), Re, tqB
< CJ |Cmax )g1Y�! Kubzin F�D)\��ÆJ`+1YDH5H�!{%bg)\Dhk�B 3

2 .^I H1wx 1 !HZBqm�q��>:Dq�a����D�E���Dq���qP��!j���B σ1;wx 2 !+�q�� bi

ai

b�D%m�q��!j���B σ2;wx 3 p� σ1 ~ σ2 1���+>QD|j����B)\D�2�����
M)\hk�'y�m2|j�F��RJ`K�!HDu�q� Ju B���
σ 1
w B	>�|R\V��RD8�q���6 bu qm8�(,+�q�>qD!R��RH�
w B #7�?S�{ bu qm'y�
w?S��
wD#<���R�mU 1 �y Ju �)\)ÆD��� σ2 Du�q����

Cmax(σ2) − C∗
max 6 bu.sX #`
��� σ2 1Du�q� Ju �
w A 	D>q��B t. R>
���

π 1H|Bqm>q��#�Æ t Dq���B S1, σ2 1q� Ju '�Dq���B S2.
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a(S2) + HA(t) < a(S1) + HA(t).R S3 = S1

⋂

S2, �
a(S2\S3) 6 a(S1\S3),{V ∀Ji ∈ S1\S3 ��

bi

ai

>
bu

au

,�� ∀Ji ∈ S2\S3 ��
bi

ai

6
bu

au

.�
∑

Ji∈S2\S3

bi =
∑

Ji∈S2\S3

ai

( bi

ai

)

6
∑

Ji∈S2\S3

ai

( bu

au

)

6
∑

Ji∈S1\S3

ai

( bi

ai

)

6
∑

Ji∈S1\S3

ai

( bi

ai

)

=
∑

Ji∈S1\S3

bi�4� b(S2) 6 b(S1), 8�A�>
��� π H�q�� S1 Hq�DHZBqm6��> t '�>q�
C∗

max > t + b(S1) + HB(t).!w�u�q� Ju DHZBqm'y�?S��R��
Cmax(σ2) = t + bu + b(S2) + HB(t)

6 t + b(S1) + bu + HB(t)

6 C∗
max + bu.� Ju DHZBqm'y�#<���R��#`Rg#<���RD# ��B tk �:F�

C∗
max > tk + b(S1) + HB(tk),

Cmax(σ2) 6 C∗
max + bu.%��PaJ`
M)\Dhk��GU 1 )\ H1 VH5 F2|h(qA, qB), Re, tqB

< CJ |Cmax Dhk�� 3
2 .sX |e 1 �q��1#7�HZBqm�q��:Æ 1

2C∗
max Dq��� ∀i =

1, · · · , n �� bi 6
1
2C∗

max. J`9W)\1D��� σ2. ��F 1 ��
Cmax(σ2) − C∗

max 6 bu,T�
bu 6

1

2
C∗

max.�4
Cmax(σ2) − C∗

max 6
1

2
C∗

max.
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2C∗

max Dq��T�+�|j!4q���)\ H 1D��� σ1 �gq�a��E�#`�gq�B J1. �
n

∑

i=2

bi + HB(0) <
1

2
C∗

max.� J1 �u�q��>
��$1
�q J1, �4 J1 � σ1 1D>q���>
*D|jP%��
Cmax(σ1) 6 C∗

max + HB(0) +

n
∑

i=2

bi

6 C∗
max +

1

2
C∗

max =
3

2
C∗

max.� J1 #�u�q���!4|ePu�q��
w A 	D>q��y�>
���+D|jP%�Y�	�D=��KYu�q�HZBqm'y�?S����#<���R�<�CA
Cmax(σ1) 6 C∗

max +
1

2
C∗

max =
3

2
C∗

max.�ÆgH5� [3] 1H5Dp|�|���4�)\D(h~�.K�
3 Cqhea,'�^��V�Y
w���W/DS#�zH5)gt0��4���"J`!V F2|h(0, 1), Re|Cmax H5D|4��Y|�m2|j.#�B 3

2 D)\�q��6jA9D�>
���+ C∗
max �&{ND# ��#,z 1

2C∗
max. �ÆJ`�-&B>
���+ C∗

max, �4�t�)\��
�RÆq||R��R [0, 3
2C∗

max] Ba.q��q��A9��J`
��)\BÆqq��>�!+�q�Oa�A!R��R1�J`
%b!wÆqq�#
�-q�qm0<��l9DA9%m�
 � ai 6 bi Dq�B Ji, ai > bi Dq�B Ji′ .^I H2 _?�q� Ji(Ji′) 2U�wx 1 �q�� Ji, �Æqq���C
SA

i = CA
i−1 { SB

i = max{CB
i−1, C

A
i }.� J1 �H|j!wDq���R SA

1 = 0 { SB
1 = CA

1 .wx 2 �q�� Ji′ , �Æqq��'[= CB
i′ = SB

(i−1)′ { CA
i′ = min{SA

(i−1)′ , S
B
i′ }.VÆH|j!4q� J1′ , R CB

1′ = 3
2C∗

max { CA
1′ = SB

1′ .wx 3 ��Æqq���AN��1Tq��!��D%
Æq�N'��PaJ`B%b)\VÆH5D.#�� 3
2 .GU 2 )\ H2 D.#�� 3

2 .sX T���yq�Ok�ÆqAJ`'yw�|D��R [0, 3
2C∗

max] j�{qm'�#
)Æ0<���
CH2

max 6
3

2
C∗

max.
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)Æ��D��R`Æ2UDq�qmD�q��!4|��<�:�8�A�o2)\�+� ai 6 bi Dq�DH|Bqm�
w A 	�Lo�qD�+� ai > bi Dq�DHZBqm�
w B 	y�Lo�qD�'�^%\�7�q�K\�a���R1��
)\ H2 �-A��RHÆqO kjq��YH k + 1 jq� Jk+1 K\a�A��R1�!HBO%b_��J`!�-Æq|Dq��-`D8q��5
m-`�}�{�ND+PB H .T�>
���+�
C∗

max >

k
∑

i=1

bi + bk+1 + H, C∗
max >

k
∑

i=1

ai + ak+1~
C∗

max > max
16i6n

(ai + bi).|e 1: � ak+1 6 bk+1. �)\<�C&��Æqq���RÆqq�DH|Bqm���&ÆqHZBqm�4�
2UM4|��|e 1.1: ��)\�H|BqmK\a���R1������1H|.
w	�)\�ÆÆqq�D?S��RB IA ��� ak+1 > IA.4�o2)\��)\Æ.D���1�,�7�|jq� Ji [= ai > bi �{
SB

i = CA
i , �u�q� Ju Bv1>�8��qDq��!4|eP�Æq� Ju '�Dq�O[=H|Bqm:ÆHZBqm�:��ND# ��#,z 1

2C∗
max D!j7��J`&BND# ��#
�� Ju DHZBqm8q����d��)\D���t�<&�Æq�N'�Dq�HZBqm'~!:ÆFÆ C∗

max, �7� C∗
max >

n
∑

i=1

bi + H℄W��4�
u

∑

i=1

ai + IA +

k
∑

i=u

bi =
3

2
C∗

max.Y��
��
u

∑

i=1

ai + ak+1 +

k
∑

i=u

bi >
3

2
C∗

max.I�	aC2D>
*DP%�<�CA�
1

2
C∗

max <

u
∑

i=1

ai + ak+1 +

k
∑

i=u

bi − C∗
max

6

u
∑

i=1

ai + ak+1 +

k
∑

i=u

bi −

( k
∑

i=1

ai + ak+1

)

= bu +

k
∑

i=u+1

(bi − ai)

6 bu 6
1

2
(au + bu) 6

1

2
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max
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H|Bqm�-a���R�>HZBqmK\a���R1�� ∆HBN�\���+D%
�T� 0 6 ∆H 6 H . Jv Bg���1[= av > bv D>�8qDq��T�q� Jv 'yDq�6[=H|Bqm#,zHZBqm�4��
v−1
∑

i=1

ai + ak+1 + bk+1 +

k
∑

i=v

bi + ∆H >
3

2
C∗

max.J`�
1

2
C∗

max <

v−1
∑

i=1

ai + ak+1 + bk+1 +

k
∑

i=v

bi + ∆H −

( k
∑

i=1

bi + bk+1 + H

)

6 ak+1 6
1

2
C∗

max.T�!4|�y
)Æ℄W�|e 2: � ak+1 > bk+1. VÆ!4q��o2)\��RÆqHZBqm���&ÆqH|Bqm��4:|e 1 �J`!Hy
M4|��|e 2.1: Jk+1 DHZBqmK\a���R1�o2)\Æ.D����,�7�|ju�q� Ji [= ai 6 bi, { SB
i = CA

i �� SB
i = ∆H + CA

i (�q�H|Bqm# ��HZ.
w	<k7�N��Cq�DHZBqmxFAN# �&k8��q�)J`�u�q� Ju Bv1>�8��qDq���4��
u

∑

i=1

ai + bk+1 +

k
∑

i=u

bi + ∆H >
3

2
C∗

max.'�D
M:|e 1.2, CA
1

2
C∗

max <

u
∑

i=1

ai + bk+1 +

k
∑

i=u

bi + ∆H − C∗
max 6 au 6

1

2
C∗

max℄W�|e 2.2: Jk+1 DHZBqma���R��H|BqmK\a���R�C'G�
Jv Bg���1[= av > bv D>�8qDq��4��

v−1
∑

i=1

ai + ak+1 + bk+1 +

k
∑

i=v

bi >
3

2
C∗

max.!4|�:|e 1.1 |w��4y#<k2U�;�	aD
M�J`%bO+�q�6<�a���R{qm'�#)Æ0<�KFC%�>�J`m2|j�J�%b)\�(D��)\DP%� 3
2 .�R�&>
���+ C∗

max = 2 + ε, ND8�~# ��6B 0. H|jq� J1 =

(1 + ε, 1) A9����HZjq� J2 = (1, 0). o2)\ H2, Mjq�R�a��RwK|D��R [0, 3 + 3
2ε] 1�

CH2
max = 3 +

3

2
ε.
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