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Abstract. A new procedure is firstly proposed to construct soliton equations
with self-consistent sources(SESCSs) in bilinear forms, starting from the Gram-type
determinant solution or Gram-type pfaffian solution of soliton equations without
sources, then soliton solutions of SESCSs can be given. This procedure is applied
to the 2D Toda lattice equation, the discrete KP equation and the BKP equation.

1. Introduction

While integrable systems have been under active investigation since the discovery of
solitons, only a relatively small portion of the literature was devoted to the subject of
multi-dimensional integrable systems. However, increasing attention has been paid to
the study of (2+41)-dimensional integrable systems in recent years [1, 2, 3]. An important
area of this research is to search for new (2+1)-dimensional soliton equations. Several
celebrated examples of multi-dimensional integrable systems have been found in fields
ranging from fluid dynamics, nonlinear optics, particle physics and general relativity
to differential and algebraic geometry, topology, and etc. The special significance of
integrable systems is that they combine tractability with nonlinearity. Hence these
systems enable one to explore nonlinear phenomena in multi-dimensions while working
with explicit solutions. In the literature, there exist several approaches to search
for new candidates of (241)-dimensional integrable systems. One of effective ways
to do so is to find integrable extensions of the known (2+1)-dimensional integrable
systems. For example, for the well-known KP equation, two coupled KP equations have
been found along two different lines of research. One is the so-called KP equation
with self-consistent sources [4] while the other is generated through the procedure
of what we now call pfaffianization [5, 6]. Following pioneering work by Melnikov
[4,7,8,9,10, 11, 12], a number of interesting contributions have been made to the study
of soliton equations with self-consistent sources (SESCSs) via Inverse Scattering Method,
Darboux transformations and Hirota bilinear method etc. [13]-[38]. Unfortunately, most
results in this direction have been achieved just in continuous case. Less work has been
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done on semi-discrete soliton equations with a source and self-consistent sources. In [39],
a differential-difference version to the KdV equation with a source was investigated. In
[40], Toda lattice hierarchy with self-consistent sources are constructed and studied by
means of the Darboux transformation. In [41], the authors presented 2D Toda lattice
equation with self-consistent sources and showed its integrability. As for the study of
SESCSs in the fully discrete case, the situation is even worse than differential-difference
case as it still remains as an open problem how to find SESCSs in fully discrete case. One
obvious cause for this is that a unified algebraic method to construct both continuous
and discrete SESCSs is still missing. On the other hand, it is noted that pfaffianization
method has been successfully applied to the fully discrete case: the Hirota-Miwa discrete
KP equation [43]. Based on this observation, it is natural to expect that an algebraic
method similar to pfaffianization method, would be found, which enable one to produce
both continuous and discrete SESCSs in a systematic way.

The purpose of this paper is to give such a new algebraic method which provides
a unified way to generate SESCSs both in continuous and discrete cases. We call it
”source generalization” method. As an application of ”source generalization” method,
the discrete KP equation with self-consistent sources are found. Besides, as a bonus,
this method also enables one to produce B-type KP equation with self-consistent sources
which has not been known yet before.

The paper is organized as follows. In section 2, we will present so-called source
generalization method to produce SESCSs by taking 2D Toda Lattice equation as an
illustrative example. Then as an application of source generalization method, the
discrete KP equation with self-consistent sources and the BKP equation with self-
consistent sources are found in section 3 and section 4 respectively. It turns out
that resulting SESCSs possess bilinear Backlund transformations and soliton solutions.
Finally, conclusion and discussions are given in section 5.

2. 2D Toda Lattice equation with self-consistent sources

In this section, we will present a new procedure of producing SESCSs which is similar to
the procedure of Pfaffianization. In order to do so, let us first remind you the procedure
of Pfaffianization. The key points behind Pfaffianization method are to first express
N-soliton solutions of an 'un-Pfaffianized’” equation in the form of Wronskian, Casorati
or Grammian type determinant, then to construct a pfaffian with elements satisfying
the Pfaffianized form of the dispersion relation given in the determinant solutions of the
‘un-Pfaffianized’ equation and finally to seek coupled bilinear equations whose solutions
are these pfaffians.

We now briefly describe our procedure of producing SESCSs. There are three steps
involved in the procedure:

1. to express N-soliton solutions of a soliton equation without sources in the form
of determinant or pfaffian with some arbitrary constants, say c; ;.

2. to generalize the determinant or pfaffian in step 1 by replacing arbitrary constants
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with arbitrary functions of one variable, e.g. ¢; ;(1).
3.  to seek coupled bilinear equations whose solutions are these generalized
determinants or pfaffians.

Compared with Pfaffianization method, the above procedure for producing SESCSs
can be applicable to more types of soliton equations as in step 1 there is no restriction
that N-soliton solutions should be in determinant form. As for step 2 in our procedure,
the idea involved is quite natural. We recall that historically, one often applies a
similar technique to solve inhomogeneous differential equations by using solutions to the
corresponding homogeneous differential equations. In the following, we will illustrate
our procedure for producing SESCSs in more detail by considering a concrete example.

The 2D Toda lattice equation is written as [6]

9%Q,,
atgx = Vo1 + Vo =2V, (1)

Through the dependent variable transformation

82

V= otox

In 7,

equations (1)-(2) can be transformed into the bilinear form
(DyDy — 2eP +2)7,, - 7, = 0, (3)
where D is the Hirota bilinear operator [6]

am o
D?D?f(fﬂ,t)g(.’ﬂ,t) = ay_m% (l’—{—y,t—FS)g(l’—y,t—S)’3:07y:0, m7n2071727“'

eXp(Dn)fn *On = fnJrlgnfl-

We have the Gram-type determinant solution of the bilinear 2D Toda lattice equation

(3):

7, = det(c;; + (—1)”/ ¢§”)@§‘”)dx)1<i,j<N, ¢;; = constant (4)

) (=)

where each %(" , @;  satisty the linear differential equations:

n 7(*71)
20" iy w99 (-nt1) | _(-n)
—l pu— .n _— ,n’ —_— 7. n 7. n, 5
5 = P ©; e ?; + @; (5)
n 7(—71)
3901( ) _ _(p(n—l) 8()0] _ _@(—n—l) (6)
ot ! ’ ot J ’

and here we assume that gogn), gbg._") and their derivatives tend to zero when x — —oo.

Let us express 7, by a special kind of pfaffian:

o =pi(1,2,- - N, N* -+ 2" 17),,, (7)



Construction of dKP and BKP equations with self-consistent sources 4

where the pfaffian elements are defined as follows:

ﬁm%=%+GW/‘$@W®7

pf(zaj)n:pf(l*’j*)n:()a Z.7j:]-727"'7N

and other new pfaffian elements are given by

PE(d—m, di)n = PEH(d—m, di)n = PE(d~,,, d}.)n = 0.

Then the equation (3) can be reduced to an identity of determinants|6]:

+pf(d—n—17d:;—1a 1727 T N7 N*a T 1*)npf(d—nad:7 1a 27 o '7N7 N*v '

pf(d—n—lvd* 1 27”'7N7N*7"'71*>npf<d2717d—n7]-727"'7N7N*7"'71*)n
_pf(dfnfhd;flud*nud:u1727'”7N7 N*7“'71*)npf<1727'”7N7 N*v

1)
,1%), = 0.

In the following, we will construct the Toda lattice equation with self-consistent
sources (TodaESCS). We set the function f,, in the following form:

fo = det(y(t) + (=) [* MG )1 jen
(8)
= (1,2, N,N* -+ 2% 1%),,
where
H(t):{ %(t), i=j and 1<i<K <N,
= G i#j and 1<4i,j <N

with ~;(¢) being an arbitrary function of ¢ and K being a positive integer, and cpl(-n), @gfn)

still satisfy relations (5)-(6) and the boundary condition. Here the pfaffian elements are
defined by

(iaj)n:(i*jj*)n:()j Z',j:]_’27...7N'
Through the property of determinants [6]:

(00 = ®) + (-1 [ e,

N
det(ai; — wiy;)1<igen = det(aij)icijan — Y iy, 9)
ij=1
where A; ; denotes the algebraic cofactor of det(a; ;)1<i j<n, wWe can calculate f,41, fr1,
fn and f,,; as follows:

fn,x = (d—n)d:m17"'7N7N*7"'71*)n7 (10)
K

fn,t:Z;}/j(t)(172a”'7.ja"'7N7N*7"'7j*7'”71*)n

j=1

+(d—n—1ad* 1 "'7N7N*7"'71*)n7 (11)

n’ )
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fnJrl = fn+ (dfnfb ZaL"'aNaN*a"'al*)n)
fn—l:fn_(d—nvd;:—la17"'7N7N*7"'71*)717 (12)

where " indicates deletion of the letter under it. Then the function f,, will not satisfy
the equation (3) again and it just satisfies the following new equation:

(D Dt — 2€Dn + 2 fn fn = Z Dng]n “lbin, (]‘3)

and here g;,, and h;, are given by the followmg forms:

~

9jn+1 = 27]( )(d;, 77N7N*77j*771*)n7 (14)

h'j,n—lz Q;Yj(t)(d—na17'"757"'7N7N*7"'71*)n7 (15)

where j = 1,2,---, K, and the dot denotes the derivative of ~,(t) with respect to t. We
can show that f,, g;, and h;,, also satisfy the following bilinear equations:

(De+e P =1 fy-gin=0, j=12,-- K (16)
(Dy+e P = Dhjp-fu=0, j=12,-- K. (17)

In fact, substitution of (10)-(12) and (14)-(15) into (13) leads to the sum of (N + 1)
pfaffian identities|6]:

(d—n 1, n7172 NuN*J"' 1)<d2 17d—n7172 NvN*v"'71*)n

+(d_n_1,dfl 1 1 SN, N* --- .1 )n(d_n,dz,l,Z N, N* - 1%),

_(dfn 1, 0p— 17d7n7d:;7172 N,N*,'*',l )n(1727 7N7N*7"'71*)n

+27j(t)[( n»dn717"' "'7N7N*7"'75*7"'71*)n<17"'7N7N*7"'71*)n
7j=1

_(15 ja"'7N7N*7'”7j*7"'71*)n(d—n7d;a1a"'7N7N*7"'a1*)n
+(d;, 1 N,N* - 1%),(d_p,1,--- ,N,N* ---  1%),] = 0.

o y

Therefore equation (13) holds. On the other hand, we have

~

Jjn = 27]()(d;: 1) 7'"7N7N*7”'7j*7”'71*)n7
9jnze = 2’7]( )[(d:;7 7"'7NaN*a'"75*7"'a1*)n_gjm
(d:, 17d—n7d27177N7N*77.}*7)1*>n] (18)

Substituting (10), (12) and (18) into equation (16), (16) is reduced to the following
pfaffian identity [6]:

d*nad*717”'7N7N* 1 d* 717' 7N7N* 57 71*n

n n—1 .

_(17 NN* o )(d:; 17d—n7d;k17 7"'aN7N* Z 71*)71
—(dfn,d;'; 13 7"'7N7N*7 )(d;ku 7"'7N7N* j 71*>n:0

Then equation (16) holds. Much in the same way, we can prove that f, and hj,
satisfy equation (17). So equations (13), (16) and (17) construct the 2-dimensional
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Toda equation with K pairs of self-consistent sources (TodaESCS), and f,, gjn, b, in
(8), (14) and (15) are the N-order (N > K) determinant solutions of the TodaESCS. In
[41], we have also given the Casorati-type determinant solutions of the TodaESCS, its
bilinear Bécklund transformation and Lax pair, which indicate the integrability of the
coupled system (13), (16) and (17).

3. The discrete KP equation with self-consistent sources(dKPESCS)

In this section we will apply source generalization method to a discrete KP equation or
Hirota-Miwa equation. The discrete KP equation or Hirota-Miwa equation[42, 43| has
the form:

ap (g — ag)T(ky + aq, ko, k3)T(k1, ko + an, ks + a3)

+asg(ag — aq)7(ky, ko + g, k3)T(ky + an, ko, k3 + a3) (19)

+az(ag — ag)7(ky, ko, ks + as)T(k1 + aq, ko + an, k3) =0,

where a4, ag, ag are constants and kq, ko, k3 are discrete variables. It is known that the
discrete KP equation has the following discrete Gram-type determinant solution [42]:

T(k1, k2, k3) = det(di; + mij)1<ii<n, (20)

where d;; is a constant and the matrix element m;; is a function of &y, ko, k3 satisfying
the difference equation:

AJrkaij - 901<k1/ + ay; 0)@](0)7 Za] - 17 27 te 7N7 V= 172737 (21)

where unshifted independent variables are suppressed and ;, ¢; are arbitrary functions
of ky, ko, k3 and an integer s, satisfying the dispersion relations:

A, ik, ko, ks, s) = @i(ki, ko, ks, s + 1), (22)
Ay, @ik, ko, ks, s) = @i(k1, ko, ks, s + 1), (23)

where A_ , Ay, are defined by
F(k,) — F(k, — o)

Ay F(k,) = - : (24)
A F(ly) = ZUr £ O‘O’;) —Fk) 01,03 (25)

It was proved in [42] that the determinant 7 = det(m;;)1<; j<nv has the following
difference formula:

T =|M], (26)

7k, + ) = —QISA{())T ¢05011’) , v =1,2,3 (27)
M ¢(0,) &(0,)

T(ky + o,k + ) = (0 )” ()T —a;? —a:_;z , (28)
T e ot oy
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where T denotes the transpose of the matrix, and M, ¢(s,), ¢(s,) are N x N, N x 1,
N x 1 matrices defined by
myp -0 TN
M= | (29)
myi -+ MNN

o1(ky + s 8)

wa(ky, + s s)

b(s,) = . v=1,23, (30)

@N(ky + Q) S)

56)" = ((@1ls) @als) o pnls) ). (31)
Now we change the solution 7(ky, ko, k3) into the following form:

(K1, ko, k3) = det(cij(k2) + mij)i<ij<ns (32)

where m;; still satisfies relations (21)-(23), and ¢;;(ks) satisfies

) cilks), 1<i<K<N and j=12,---,K, KeZ",
Cij(l{iz) = d.. .
ijs otherwise.

Then we have the following difference formula:

[k, + ) =y al 1 0 ., v=13, (33)
»(0)" 0 o
@

M C(kQ —|—052) ¢<02)

—¢(0)" 0 ay’!

flha+ ) = g T 1 0o |, (34)
M C(k2) ¢(01) ¢(03)
F(ky + o, ks + ) = gflf‘iz - (g‘é)T [1) _212 _232 , (35)
607" 0 oy a5
M Cka+a2) &(02) &(0,)
Flks + i, ky + ) = gzzfo)j _f& é _22_2 _;)VQ L v=1,3 (36)

(
507" 0 et o

v
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and C'(k2) is an N x 1 matrix defined by
Cl(kfg)

CK<']€2)
0

0
According to the above results, f(ki, k2, k3) will not satisfy the dKP equation (19) again.
In fact it satisfies the following equation:

041(042 — 043)7'(]61 -+ Qq, ]CQ, k3)7’<k1, ]{32 + g, /{33 -+ 043)

+062(043 — &1)T(k1, kg + Qlg, k’g)T(/{?l -+ aq, kg, kg -+ Oég)

+az(ar — ag)7(ky, ko, ks + az)T (k1 + a1, kg + o, k3)

K
= Z hij(k1, ko + o, k3)gij (k1 + oa, ke, k3 + o). (37)
ij=1

In the above equation, h;; and g¢;; are functions of variables ki, ks, k3 and have the
following forms:

Eij @i(02)  Njj
hij(ki, ko + o, k3) = anasasy/Aci(ks) | —; (DT —ay?  —p;(1) |, (38)
—#;(0)" oyt —;(0)

Di; ¢i(01) 4(0s)
Gij (k1 + ou, ko, ks + a3) = ayasasy/Ac;(ks) —qﬁj(O)T ot 0451 , (39)

ME  i(01)  ©i(03)
where D;;, E;; are the (N — 1) — th order matrices obtained by eliminating the i-
th row and the j-th column from the matrices (c;;(ka) + mij(k1, k2, ks))1<ij<n and
(cij(ka + ag) +myj(k1, k2, k3))1<i j<n, respectively. In addition, ¢;(s,) is an (N —1) x 1
matrix by eliminating the i-th row from ¢(s,), and ¢;(s)T is an 1 x (N — 1) matrix by
eliminating the j-th column from ¢(s)”, and

Aci(ka) = ci(ky + az) — ¢i(k2),
Cl<k}2 + 052) + maj

Cifl(k'z + 062) + mi,Lj
Civ1 (ko + ag) + Mit1,5

CK(]{?Q + CYQ) + mEg;

dk+1,j + MK+,

dnj+mny,
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MZ = (ci(k2) +ma, -+, ci(k2) + mi 1, ci(ka) + My, -
,Ci(k2) +mik, di ko1 + My kg1, di v + MG N). (41)
From the expressions (32), (38)-(39), we can also show that f, h;; and g;; satisfy the

following equations:

asf(k, k2, ks + ag)hii(ky + ag, ko, ks) — ag f (ki + o, ke, k‘3)h“(k51, ko, ks + as)

(o1 — ) f(ky + ay, ko, ks + o) hij(ky, ko, ks) = (42)
asgij(k1, ko, ks 4 as) f (k1 + aa, kg, ks) — angij(ky + a1, ke, k )f(/ﬁ, ko, k3 + as)
(a1 — a3) g5 (k1 + oa, ko, ks + o) f (kv ko, kg) = (43)

In fact equations (37), (42) and (43) can be verified through Laplace expansion theorem.
Firstly, we show that f, g;; and h;; defined by (32), (38) and (39) satisfy the equation
(37). Substitution of (32), (38) and (39) into (37) yields the following determinant
identity:

M C(ky) @(01) M Clh2 + a2) ¢(02) &(0s)

5 ) o) o
R |

| cte g0 f_wl Clha) 9(0) 90
SO
B i”l C(lkz> cb(é)g) fﬁ 0<k21+a2) ¢<(§)2> ¢<(§)1>
RGN | o7 U S

| M 60 el M Ol ta) ¢<§i Otk y
RAC N R

Now we show that equation (44) holds. Let us introduce the following 2( N +3) x 2(/N +3)
determinant which is equal to zero:

M 0 0 0 0 C(k) ¢(01) ¢(0s)
—1 0 0 0o 0 1 0 0
—p(1)T 0 0 0 1 0 —a;? —a;3?
—(0)T 0 0 0 0 0 art agt 0 (45)
0 M Clky+az) &(0z) 0 Cky) ¢(01) ¢(03) |
0 ~1 1 0 0 1 0 0
0 —o(1) 0 —y? 1 0 —a;? —az?
0 —o(1) 0 a1 0 art agt
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Applying the Laplace expansion in (N + 3) x (N + 3) minors to the left-hand side
of equation (45), we obtain the determinant identity (44). So the discrete Gram-type
determinants f, h;;, g;; are solutions of equation (37). In the same way, substituting f
and h;; into equation (42) gives the determinant identity:

E;j @i(02) @:(03) N Ei; @i(02) @i(01) Ny

J
—¢;(1)7 —ay” —a3” —¢;(1) —;2)" o —g4(2)
—¢;(0)"  ay' oy —;(0) —¢; ()" —ay? —ar® —g(1)
Lo 0i(02) 0i(03) my+ci(kr+az) || =007 oyt art —g;(0)
Eij #i(01)  ¢i(02) N Eij ®i(02) @i(03) Ny
L e et —ay? —#3(1) —¢i27 e’ a4’ —gi(2)
—¢;(0)" o' ay! —5;(0) —¢;()" —ay® —az? —gi(1)
L0 @i(02) mitcilke+ag) || =007 ayt agt —3,(0)
Eij ?i(01) @i(02) i(03) Ni;
B ¢i(02) N —¢;(2)" o’ ay” —%4(2)
+ =) —ay? () || =, ()T —a? -y —a? —@;(1)
—0;(0)" oyt —g;(0) || ()" o' @' a3t —;(0)
5 @i(01) @i(02) @i(0s) mij +ci(ky + )

The above determinant identity can be also proved through the Laplace expansion of
the 2(N + 3) x 2(N + 3) determinant which is equal to zero:

By ¢i(02) Ny 0 0 0 0 0 ¢i(0:1) ¢i(03)
—9;(2)"  a®  —g(2) 0 0 0 01 o oF
—¢;()" —ay? —g;(1) 0 0 0 00 —aj? —a3?
—¢;(0)7 oyt —g,(0) 0 0 0 00 o' a3

g w02 my 0 0 0 00 »i(01) ¢i(03) | _,

0 0 0 Ey;  ¢i(0) Ny 0 0 ¢i(01) ¢:(03) ’

0 0 0 —¢;2)7  ay? —g;i(2) 01 o  a3®

0 0 0 —d;()T —a;® —@;(1) 0 0 —a;® —a3”

0 0 0 —¢;(0)7 oyt —g;(0) 0 0 oyt az?

0 0 0 o wi(02) om0 ¢i(01) ¢i(03)

where m;; = ¢;j(ks + a2) + m;; and @Q;; denotes the following (N — 1) x 1 matrix:

Ci(kz + Oéz) + m;

Ci<k'2 + 062) + mm-,l
ci(ke 4+ ag) +m; 11

Ci(kz -+ 062) + m; K
di k41 + MK

din +m;N).
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Similarly, we can show that equation (43) holds for f, g;; in (32) and (39). So the system
of equations (37), (42) and (43) constructs the discrete KP equation with K pairs of
self-consistent sources(dKPESCS), and f, h;;, g;; expressed by (32), (38) and (39) are
the N-order (N > K)determinant solutions of the system.

For the dKPESCS (37), (42) and (43), we can also give its bilinear Béacklund
transformation. To this end, we express the system as the following bilinear forms:

1 1 1
[2165(_Dk1+Dk2+Dk3) + 226§(Dk1 —Dpy+Diy) + 2365(_Dk1 _Dk2+Dk3)]f . f

K
_ Z eé(Dkl—DkﬁDkS)gm - hij, (46)
ij=1
[a?’e%(Dkg)—Dkl) — erPaDk) 4 (a — a3)e%(Dk1+Dk3):| fohi; =0, (47)
[043«5%(1)’%’])’“) — ale%(D’ch’%) + (g — 043)6%(D'“1+D’“3)} gij- f=0, (48)

where z1 = a;j(ag — ag), 20 = ag(ag — o) and z3 = ag(a; — az). If we set

1 1 1
D, = 5(_Dk‘1 +Dk2 +Dk3)7 Dy = §(Dk1 - Dk2 +Dk3)7 D3 = 5(_Dk‘1 - Dk‘z +Dk3)’

Then the bilinear Bécklund transformation for the system (46)-(48) are as follows:

Proposition 1. The system (46)-(48) has the bilinear Backlund transformation:

[ 1 1 1 1 1 1p.]
ezD1+3Ds _ 16*50175173 _ )\1€D2+5D175D3 =0 49
Y
[ 1 1 _lp, 1 1p,—1p,] /
62D1+2D3 o 616 5D1—5Ds __ /\1€D2+2D1 5Ds Gij gij — 07 (50)
[ 1Di+1Ds —1iD:-1D3 Do+3D1—1Ds] !
€2 2 — 516 2 2 - /\16 2 2 hi,j : hij = O, (51)
1D1+1D, L -ip1-1Dy $D1+3D2 '
ez 1T g i f = faem 2T T2 4 Age2 T2 [+ 94 (52)
$D1+35D2 ' —4D1—$D $D1+3D2 '
ez 2 f . hij — ﬁze p) p) + )\262 2 hi,j . f , (53)
1p 1 1 1p,— 1p,_1 /
K
1p 1 /
= )\2 E 62D1 2D2hi,j . gi,j’ (54)

where v is an arbitrary constant and 31, B2, A\, Ao are constants satisfying \i [0y =

Ao (o — ag).
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Proof. Let f, g;;, hi; be solutions of the system (46)-(48), what we need to prove is that
f, g;j and h;] in (49)-(54) are also solutions of equations (46)-(48). In fact, according
to Appendix A and relations (49)-(54), we have

N
P = {(z1eP + zel2 + zgeP2) f - f — 3 eP2g; - hij e f - f)

231

_{<216D1 +Z26D2 +Z36 )f f - Z eng’Lj hl]}( le f)

1]7
= 2zpsinh 222D (e3(P2mDO f o f1) - (e3Pi=Da) g f)
225 sinh 2221 (ea(PstD) £ 1y (e (DrtDa) . f)
K
_ z {6%(D2_D1)(6%(D2+D1)gi’j . f/> . (6_%(D2+Dl)hi,j ) f/)}

ig=1

K
3 {e3D1=D2) (5(DeDy) £ h; PE (em2(D24D) 1 . g;j)}

i,7=1
= 2z sinh 2211 (el 2(D2=D) £ 1) (e2(P1- Dz)f )
4223\ sinh D32D1 (ez(D1+2D2 Ds) g f ) (ez 1(D1+Ds) )f f )
K
o Y {eB DD (ea(D2ADD L gty (o3 (PP, L f))

1,7=1

K
s 3 {eA PP ) (e3P f g )

2,7=1
= 2z9sinh D2+D1(62(D2 D1) f f) (e 3(D1— D2)f f)
42231 sinh D2+D1( (D2=D1) £ f) (62 (D1+D2=2D3) f . f)
—2Azsinh D2+D1 (62(D2 POf-F) - (e2 2(D1- )hi,j'gi,j)
= —2vsinh D2J2FD1(62(D2 Do f.fy. (ez(D2 Do g
= 0.

The above results indicate f, h and g, g satisfy equatlon (46). Similarly, we can prove
f, hw and gm satisfy (47)-(48). So f, h and g ; are solutions of equations (46)-(48).
Then we have completed the proof of the proposmon. O

4. a BKP-type equation with self-consistent sources (BKPESCS)

The BKP hierarchy (KP hierarchy of the B-type) was introduced by Date, Jimbo,
Kashiwara and Miwa [44, 45]. Here take (2+1)-dimensional SK equation as an example.
The equation in bilinear form is:

DY —5D3Ds —5D2 +9D,Ds)r -7 = 0, 55
1 1 3

where D; = D,, and x; = z. In [46], N-soliton solution of the equation (55) was
expressed by the pfaffians

:<1727"'72N)7 (56)
where pfaffian entries (7, j) are defined by
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In the above expression, each function ¢; = ¢;(z, x3, x5) satisfies the linear equations:

0 o™
- P — 7y - ]-7 37 57 58
@xm¢ G i M (58)
with the boundary condition ¢; = 0 and C;; = —C); being constant. It was proved in

[46] that 7 has the following differential formulas:

i'7—:(d()udlalu'”72]\[)7

ox
0
5 T = <d07d37]-7"'a2N)_2(d17d271a"'72N)7
afl'g
aiT: (d07d5717'”72N>_2(d17d4717”'72N)+2<d27d3717”'72N)7
Ts
82
61'81’57— - _(dlvdSa ]-7 e 72N) + (d07d6a ]-7 e 72N) + 2(d07d17d27d37 17 Ty 2N)7
where d,, is defined by
. am
(dms J) = 505 m=0,1,-- (59)
(dpm,d,) =0. n,m=0,1,--- (60)

Now we change the solution 7 into the following form:
f=(1,2,---2N)1 = (o)1, (61)

whose pfaffian elements are defined as follows
where Cij(lg) = —Cji(fL’5) satisfying

_f i), i=2k-1=2k k=12, K
Cij(ws) = { Cij, otherwise.

Then we have the following differential formula:

0
5y = (do,ds, @)1 — 2(dy, dy, ®)1 + 2(dz, d3, @)
5
+ Z Z+] IClJ<x5>(1 : 757”'7.;7"'72]\[)17 (62)
1<i<j<2N
62
(9x3x5f = _(d17d57 .)1 + <d07d6’ .>1 + 2<d0’d1’d27d37.>1
+ Z H_j 1Czj(x5)(d07d17 7"'7%7"'757'“72]\7)1’ (63)
1<i<j<2N

where d,,, is defined as
am

(dmaj)l = 6m_m

¢j7 (dm7dn>1:O, n,m=20,1,---
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Then f in (61) satisfies the following new equation:

K
(D$ — 5D8Ds — 5D +9D,D5)f - f =Y Dugy - hu. (64)
k=1
where g, and hj are defined by

g = 31/2C(x5)(do, 1, -+, 2k — 1, -+ 2Ny, (65)
he = 31/ 2Ck(x5)(do, 1, - -+, 2k, - -, 2N);. (66)

From the expression (65)-(66), we can show that f, g, and hj satisfy the following
equations at the same time:

(Ds—D})f-gx=0, k=1,2,--- K (67)
(Ds —D})f-h,=0, k=1,2,---,K (68)
In fact, substitution of (61), (65)-(66) into equation (64) yields the following pfaffian

identities:

K
Zc’k($5)[(d0,d1, 17 Ty 2]{:; ]-727{:7 Ty 2N)1(.)1

k=1
( ]_ 27{3 2N)1(d0,d1,.)1
—(do,1,+++,2k, -~ 2N)i(dy,1,--+, 2k —1,--- 2N);
(d0,1,~.,2kl1,.~,2N)1(d1,1,--.,2%,..,21\[)1]:0. (69)

Then the equation (64) holds for f, g and hy in (61), (65)-(66). On the other hand, we

have

0 / .

a.?; =3 20k($5)(d1,17-~-,2]{3—17...72]\])1’
o2 — )
85: =3 20k(375)(d2,1,-~-,2k‘—1,...’2]\[)1’

o3 R R
S0 = 3Y/2Cu(as)[(da, 1, 2k = L+ 2N)1 — (doy drday 1o+, 2k = 1o+ 2N )],

% = 31/2Ck(x5)[(d3, 1, -, 2k —1,--- 2N)y — 2(do, dy,dp, 1, -, 2k — 1, -+ 2N)4].
3

Substituting above results into (67), we obtain the following identities:

(dh d27 .)l(d()a*)l - (')l(d()? dla d2a *)1

—(dy, da, ®)1(dy,*)1 + (do, d1,)1(d2, %) =0,

where x denotes {1,---, 2% — 1,---,2N}. That shows that f, gy satisfy the equation
(67). Equally, f, hy satisfy the equation (68). So equations (64), (67) and (68) constitute
a coupled system with K pairs of self-consistent sources which can be viewed as the
BKPESCS. And f, g, and hy defined by (61), (65) and (66) are pfaffian solutions of
the system. To explain the integrability of the system, we give a bilinear Backlund
transformation of the system (64), (67) and (68).
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Proposition 2. The bilinear system (64), (67)-(68) has the bilinear Bdcklund
transformation.:

(Dy— g f = NDy = p)f - gp. (70)
(Dy =) f -y = N(Dy = phy - f, (71)
(Ds = DY +3uD} = 31Dy =) f - f =0, (72)
(Ds — D} +3uD} — 34° Dy — 7)gk - g, = 0, (73)
(D3 — D} + 3uD? — 32Dy — ~)hy, - hy, = 0, (74)
(=D} +5yD} — 5D3D3 + 5uD} — 5u? D3 — 10uDs
(75)

K
—10yuDy + 10uDy D3 + 6D5 + 0) f - f + L 5" (Ag;hi — A 1g;hy;) = 0,
=1

where v, p, X and 0 are arbitrary constants and 1 < k < K.

Proof. Let f, g, and hy be solutions of (64), (67)-(68). What we only need to prove is
that f', g, and hy, in (70)-(75) satisfy equations (64), (67) and (68). In fact, utilizing
relations (70)-(75) and bilinear operator identities in Appendix A , we have

K
P = {(DY—5D{D3s—5D3+9D1Ds)f - f —> Digi- hi} f f
=1

{(DY — 5DDy — 5D2 + OD\D5)f - f — 3 Dugl- K} 2
k=1
= 3Di[ff - (D}f- f)+5(D3f - f) - (Dif- [l +5D3D3f - f)- ff
—10D3(D3f - f') - ff —30Dy(Dyf - f) - (D1Dsf - f)
—10D3(Dsf - f) - ff +18Dy(Dsf - f) - ff

K
- ;[(DL% SO = gif (Dihi - ') = (Dof - hy) fg; + hif (D1 f - g)]

— 3Dy[(=D%+6Ds)f - f]- ff — 5Dy[(—=Ds + 342Dy + 1) f - ] - (D2f - f)
—5D3[(—=D3 + 3p*Dy — 3uDd)f - f1- ff
—10D3(D3f - f')- ff —10Ds(Dsf - f) - ff

K
=30Dy(Dif - f) - (DiDsf - f) — k;)‘[hif (Dif - 9;) — fg;Dihi - f]
h -
—kz: AN Ufhy(Dvgi - f) = [ giDif - hy)
-1
= 3Dy[(—=D} +5yD? —5D3?D3 + 5uD} — 5> D3 — 10uD3 — 10yuD;
K
+10uDy D3 +6Ds)f - f + 2 (5Ag:hi — 577 gihy)] - £ f
i=1
= =30D\ff - ff =0;
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P, = {(Ds—=D})f - h}f hy —{(Ds— D) f - hy} fhu

= (Dyf - f)hhy, = ff (Dshy - hy) = (D3f - ) hhy
+ff (D}hphy) +3Dy(Dyf - hy) - (Dihy - f)

= [(Ds = D})f - flhwhy, — fF[(Ds — D})hy, - by
+3uDyfhy - (Dihy - f') = AuDihyf - (Dihy - )

= [(Ds = D} +3uD?) [ - flhwhy — [ [(Ds — D} + 3uD?)hy - by
—3p2 Dy fhy, - hyf'

= [(Ds = D} +3uD} = 3p°Dy) f - f lhih
— [ (D3 — D} +3uD? — 34> Dy)hy, - hy] — 3u” D1 fhy, - b f

= ff hily, = 7f f iy, = 0.

The above results indicate that f, h;, satisfy equations (64) and (68). Similarly, it can

be shown that f, g;€ satisfy equation (67). So f, h;g and 9;4 are solutions of the system
(64), (67)-(68). Then we complete the proof. O

5. Conclusion and Discussions

In the paper, we have proposed a new method to construct soliton equations with self-
consistent sources. One of the advantages of this approach is that SESCSs and their
soliton solutions can be generated simultaneously from the procedure. This procedure
has been successfully applied to the 2D Toda equation, discrete KP equation and a
(2 + 1)-dimensional BKP equation. In addition, we have derived the bilinear Bécklund
transformations for the dKPESCS and BKPESCS and thus showed the integrability of
dKPESCS and BKPESCS. If we let the arbitrary functions v;(¢), ¢;(k2) and Cj(z5) in
solutions of these SESCSs be constants, respectively, these SESCSs come to the initial
equations without sources, and the solutions of SESCSs will be reduced to the original
solutions of equations without sources. So the SESCSs are a kind of generalization
of equations without sources, and solutions of SESCSs obtained in the procedure are
also generalization of Gram-type determinant or pfaffian solutions of original equations.
We know many soliton equations possess determinant or pfaffian solutions with some
arbitrary constants. For example, the semi-discrete Toda equation has such kind of
determinant solutions which can also be expressed by means of pfaffian. As for BKP
equations, we can only find pfafffian solutions. So we believe that this approach can be
applicable to a variety of soliton equations, both continuous and discrete, such as the
semi-discrete Toda equation, Leznov lattice equation, DKP-type equations and semi-
discrete BKP-type equations. The work in this direction is in progress.

Finally, we believe that it would be quite interesting to consider the reduction of
the soliton equations with self-consistent sources, say the discrete KP equation with
self-consistent sources. It is noted that in [47] a variety of (1+1)-dimensional famous
soliton equations have been derived from the reductions of the discrete KP equation.
Therefore it is natural for us to expect that many (1+1)-dimensional SESCSs may be
derived from the reductions of the discrete KP equation with self-consistent sources
obtained in this paper.
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Appendix A.. Hirota’s bilinear operator identities.

The following bilinear operator identities hold for arbitrary functions a, b, ¢ and d.

D.ab-cd = (D,a-d)cb — ad(D,c - b); (A1)
(D.a-b)c? = (D.a - c)bc — ac(D,b - ¢); (A2)
(D.a-b)ed — ab(D,c - d) = (D,a - ¢)bd — ac(D,b - d); (A3)
(D3a - b)ed — ab(D3c - d) = (D2a - ¢)bd — ac(D3b - d) — 3D, (D.a - d) - (D.b - c); (A4)
(D?a - b)ed — ab(D?*c - d) = D.[(D.a - d) - cb+ ad(D.c - b)]; (A5)
(ePra - b)(eP2c - ¢) :e%(e@a-c) : (e‘wb-c); (A6)
2sinh (21— 12 5 R TN N Cas P

:(eDla-a)(eDQb-b)—(eDQa-a)(ele-b); (A7)
(ePra - a)(eP2b - b) — (eP2a - a)(ePh - b)

= 2sinh (P E ) (P 0 - (750 ) (A8)
(eDla . a)(eD% - b) — (eDQa . a)(ele - b)

— osinh (2L P2 (222 gy L (o B2 ) (A9)

where z ia a variable and D;, D, are linear combination of Dy, Dy, and Dy,.
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