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A Generalization for Directed Scale-Free Graphs*

Yan Yunzhi! Wang Hanxing!f

Abstract We study a dynamically evolving directed random graph which
randomly adds vertices and directed edges using preferential attachment and prove
that its vertice degree obey power law and has elaborate power law exponents.
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1 Introduction

In the past few years, there has been much interest in understanding the properties
of real-world large-scale networks such as the structure of the Internet and the World
Wide Web. It has been observed that many such networks have a so-called power law
degree distribution: the proportion of nodes of degree k is approximately k%, where
v > 1 is a fixed real number. Such graphs are sometimes called scale-free in the
literature. A graph is called a power law graph if the fraction of vertices with degree

k is proportional to k% for some constant v > 0. The standard models of random

[12]

graphs introduced by Erdés and Rényi and Gilbert!!3 are not appropriate for
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studying these networks, since they generate graphs which, with high probability,
have binomial degree distributions. A large number of power law random graph
models [1-2,5,9-10,15] have been proposed now. Many models have been suggested
to explain this and other features of the graphs studied. One of the basic ideas
is the combination of growth with ‘preferential attachment’; the graph grows one
vertex at a time, and edges are added, perhaps only from the new vertex to old
vertices, or perhaps also between old vertices, where the old vertices involved are
chosen with probabilities proportional to their degrees. One of the simplest and
earliest models is that outlined by Barabdsi and Albert in [5], made precise in [9].
The degree sequence of this model was analyzed heuristically in [5, 6], and rigorously
in [9]. Many generalizations have been suggested and studied heuristically, see [3]; a
few have been analyzed precisely, see [16]. In [10] Cooper and Frieze have analyzed
rigorously a very general version of the model allowing for (finite) distributions of
out-degrees and mixtures of uniform and preferential attachment.

The models mentioned above essentially describe undirected graphs. The only
exception is [10], where the authors treat either in-degrees or out-degrees, but not
both simultaneously; a full treatment of directed graphs was announced there, but
has not yet appeared. Bollobds et al. in [8] and Wang in [17] introduce a directed
scale-free graph model that grow with preferential attachment depending on the in-
and out-degrees. However, in their model when a new vertex is added it can’t be
viewed as both origin and destination simultaneously since only a single directed
edge is added to it. In [9] Bollobas and Riordan introduce a model that multi-
edge is added when a new vertex is added, but they don’t differentiate between
the in-degree and out-degree while the graphs grow with preferential attachment
depending on degrees of the vertices. In the model mentioned in this paper, the
number of edges added at every time step is a random number, which generalize the

models and some result in [8].

2 The model

We consider a directed graph which grows by adding single edges at discrete time
steps. At each such step a vertex may or may not be added. For simplicity we allow
multiple edges and loops. More precisely, let «, §;, and d,,+ be non-negative real

numbers. Let G(0) be any fixed initial directed graph, for example a single vertex
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without edges. At time ¢ the graph G(t¢) has random e; edges and n; vertices. In
what follows, to choose a vertex v of G(t) according to dout + 0out means to choose

v so that Pr(v = v;) is proportional to doyt(v;) 4 dout, i-€., so that
PI'(’U = Ui) = (dout ('Uz) + 5out)/(et + 5outnt);

to choose a vertex v according to d, + d;, means to choose v so that Pr(v = v;) is

proportional to d;,(v;) + dip, i.e., so that
Pr(v =v;) = (din(vi) + 0in) /(€1 + dinny).

Here dy,:(v;) and djp,(v;) are the out-degree and in-degree of v;, measured in the
graph G(t).

For ¢ > 0 we form G(t + 1) from G(t) according to the following rules:

(A) With probability «, add a new vertex v together with random number &4
edges (v, w) from v to 41 vertices w’s of G(t) and random number 7,1 edges (w, v)
from n;41 vertices w’s of G(t) to v, where the former &1 w’s is chosen according to
din + 0in and the later 1,11 w’s according to dyyt + dout, and the &1 + M1 w’s is
chosen independently.

(B) With probability 3, add random number (;4; edges (v, w) from ;41 existing
vertex v’s to (311 existing vertex w’s, where each v’s is chosen according to doyt + dout
and each w’s according to d;, + d;n, and the v’s and w’s are chosen independently.

Let & has probability distribution (a; : @ > 0), n has distribution (b; : i > 0)
and (¢ has distribution (¢; : ¢ > 0), where the probability that £ be i is a;, etc. We
write £ = B¢, 7 = En,( = EC. In (A) and (B), {&,t > 0}, {n:, t > 0}, {¢;t > 0} are
three sequences of independent random variable which respectively have the same
probability distributions with &, n, ¢ for every t.

The model we study here require o > 0. Depending on the parameters, we may
have to assume eg > 1,a90 = Pr({ =0) =0, =Pr(n=0)=0o0r ¢y =Pr(¢ =0) =
0 for our process to make sense. Additionally, it is convenient to assume a finiteness
condition for the distribution of &, n,{. This means that there exist a constant m
such that a; = b; =¢; = 0,71 > m.

Now define the sequences (p_1,P0, D1, s Pk ---); (41,90, 15 -, Gy ---) DY P_1 =
g—1=0,and for i > 0

(a€+ (1 =a))i—1+6m)pic1 (€ + (1= )Q)(i + 6in)pi

bi= alE+ 1)+ (1 —a)C + adin _a(§+ﬁ)+(1—a)f+a6in+abi (1)
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_ (e 4+ A=) =1+ dou)gim (@ + (1 =)+ dou)i
‘ alE+70)+ (1 — ) + adou alE+70)+ (1 — ) + adou ‘

For simplicity we set

04(77] + 5zn) o Oé(g_ + 5out)
ait (I—a)g M e =2t AT

(The definitions above we may have to assume o€+ (1 —a){ > 0 or afj+(1—a)¢ > 0

to make sense.) And we write x;(t) for the number of vertices of Gy with in-degree

i, and y;(t) for the number of vertices of G; with out-degree i.

3 Main results

The main results of this paper are

Theorem 1 There exists a constant M > 0 such that almost surely fort,k > 0,
B (t) — tps] < Mt logt;  |Eyg(t) — tgx] < Mt'/?logt.
Theorem 2 For k = O(logt), there exists some sufficiently large constant M,

Pr(|zs(t) — E(zy(t)| > Mt*3logt) < t~0oed),
Pr(|y,(t) — E(yp(t))| = Mt*3logt) < t~%0oet),

The next theorem show that p; and q; asymptotically have the form of pow law

functions.

Theorem 3 (i) If af + (1 — o) > 0, then as i — 0o we have p; ~ Cii~Yin, where
Cin 18 a positive constant.

(ii) If ai + (1 — a)C > 0, then as i — oo we have ¢; ~ Coyi~ Vot where Coyt is
a positive constant.

In the statements above, g(t) = O(f(t)) means there exist constants 7" and
M > 0 such that for all t > T, |g(¢)/f(t)] < M; g(t) = Q(f(t)) means there exist
constants T and My > M; > 0 such that for all ¢t > T, My < g(t)/f(t) < My;

g(i) ~ f(i) means g(i)/f(i) — 1 as i — oo.

4 Proof of theorems

We prove all three theorems just considering the state of in-degrees, for out-degrees
proofs is exactly the same after interchanging the roles of & and 7; and of d;, and

dout- We have mainly used the methods of that used in [10] and [8] for our proof.
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By (1), the probability that there’s at least a vertex of in-degree j in Gy which
gets [, [ > 2 in-incidences and becomes a vertex of in-degree j + [ at time step ¢ + 1

is at most

J+ Oin J+ O J
I " ) <mlz; — | = P A
i ®) <€t + (5mnt> B (t) <€t + 5mnt> o (et + 6i"nt> ?

since 7;(t) := x;(t)(j + din)/(er + dinny) < 1. With this effect, we have

zi(t) + Brr1(1, @) B(&v1,mi-1(t)) + (1 = Beg1 (1, @) B(Get1, i-1(t))
—(Bi41(1, @) B(&e41,7i(t)) + (1 = Beya (1, @) B(Geg1, 14 (t)))

zi(t+1) = iy
+1{Bt+1(1,a)=1,77t+1=i} w.p. 1-— O(¢t+5i7lnt)’
zi(t) + u, [ul <m w-p. Ogms,m)-

(3)
where {B;+1(1,a);t > 0} is a sequence of independent random variables which have
the same distribution with 0,1 random variable B(1, «), where Pr(B(1,a) = 1) = o
{B(&t+1,mi-1(1));

t > 0} is a sequence of random variables which have binomial distribution B(l, p) on
condition that &1 = I,r;(t) = p, and Bi11(1, ) is independent with B(&41,7;(t))
for every t > 0; 1p is the indicator function which is 1 if the event D holds and
0 otherwise; u is an error term that there’s some vertices have added more than 1
in-incidences to generate x;(t+1) in-degree i vertices at step t, which has probability
of O(Wimm) by (2). We abbreviate ‘with probability’ by ‘w.p.’.

At first we establishes an upper bound on pj given in by (1). Denote

0 = E(B;(1,a)(& +m) + (1 - Bi(1,a))¢;) = a(§ +7) + (1 — a)C.

Lemma 1 For k > 1 the solution of (1) satisfies pr, < C/k.
Proof We assume that & > m, and thus by = 0. Smaller values of k can be dealt
with by adjusting C'. We proceed by induction on k. By (1),

(@€ + (1 —a))(k — 1+ 6in)pr_1
(@€ + (1 —a))(k + 6in) + 0 + dina

P =

Let pp_1 < %, then we just need to prove p, < %, which only need to prove

(a€+ (1 —a)Q)(k =1+ din)pr_1 . (af+ (1 =a)Q)(k =1+ 6,)C/(k—1) ¢
(@€ + (1 —a))(k+6im) +0+dna  (af+ (1 —a))(k+6in) +0+0ima  k

The right inequality of above is equivalent to

k(€ + (1= a)Q)(k =14 i) < (k= 1)((a€ + (1 = )C)(k + bin) + 0 + dina)
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That is
(k—1)(0 + 6ina) = (o€ + (1 — a))bin

A large k guaranty above holds clearly. This completes the proof of Lemma 1.
Proof of Theorem 1 When k > ¢'/2 it is trivial by lemma 1 since e; < 2mt. Now

we prove when k < t1/2 the first part of Theorem 1 holds. Since

t

ng = ng + Z B.(1,a),
T=1

€t —60+Z 1 « §T+777') (1_BT(17Q))C‘F)7

the random variables n;, e; are sharply concentrated provided ¢ — oo. Indeed by
Azuma-Hoeffding’s theorem([4,7,14]),
9~ (logt)?/(2m?). (4)

Pr(|n; — at| ;

PI‘(|€t 9t|

\\/ WV,
00-
5
(]
=

9~ (logt)?/(2m?) (5)

Take the expectation of (3) we have

7
er + Oinny

Ez;(t+1) = Ez;(t) + (o€ + (1 — @)¢) (Eri—1(t) — Er;(t)) + ab; + O( ). (6)

It follows from (4-6) that

(€ + (1= a)Q)
0+ dma)t
)

+ aby + Ot~ Y2logt

Exy(t +1) =Ex(t) + ((k =1+ 6in)Exz_1(t) — (k + din) Exk(t))

Let Ag(t) = Exg(t) — tpg, by (1) and above

(@€ + (1 —a){)
(0 + 5m0£)t
+ 0@t Y2 1ogt) (7)

Ag(t+1) =Ak(t) + ((k =14 0in) Ag-1(t) = (k + din) Ar(t))

To prove the first part of theorem 1 we must show exactly |A;(t)| < Mt'/?logt for
all k& < t'/2. We do this by induction on k; suppose that k& > 0 and |A,_;(¢)| <
Mt'/?1logt, noting that A_1(t) = 0 and we can adjust M to deal with small val-

ues of t for each k, so the induction starts. Let L denote the hidden constant
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in O(t~'/2logt) of (7). Assume inductively that |A.(7)] < M7/%logr for all
k < k,7 < t. It follows from (7) that

¢+ (1—a)C
< 1/2 ag + ( B , 1/2
ARt +1)] < Mt 1ogt+—(9+6ma)t (k=14 8;) MtY2 log t
—(k 4 6;n) Mt'/? log t) + Lt /% log t
_af+(1-a)

Mt'/? logt

Mt 21logt + Lt /2 1ogt
0 + dino ogt+ °8

Mt'?logt + Lt~ logt
M(t+1)"?log(t +1)

NN

provided M > 2L. Above the first inequation holds because on the right side of (7)
the coefficient of the first Ay(t) is larger than that of the second since k < t1/2 .
This completes the proof by induction.

Let us choose at each step which of operation (A) or (B) to perform and the
number of edges added. Let A be an event corresponding to one (infinite) sequence
of such choices and set A is composed by all such events A. Given A define ayq =

aA(T) = 1g(B;|A) = 1} to be the indicator for an new vertex to generate at time
m

1=

7, define 4 = £A(T) = Y il(g(B,|4)=}, similarly we define 74, (4. Denote
1

t

ealt) =D (aa(r)éa(r) + (1= aa(r))¢a(r))

=1
which counts the number of in-incidence vertices that until time ¢ the added edges
will choose randomly to join to condition on A.
The following lemma help us to prove Theorem 2.
Lemma 2 For any u > 0,
u2
Pr(lax(t) — B (1) A)] > ulA) <exp{ = - }.
dea(t)
Proof Given A, let Y1, Y2, ..., Y, () be the sequence of single choices of edges created.
We let

Zi = E(:L'k(t”Yla Yé) [RX) Y;lv A) - E(ZL’k(t)|Yi, Y27 EE) Yri—lvA)
and prove that |Z;| < 2. The Azuma-Hoeffding martingale inequality then implies
that lemma 2 holds.
For each sequence of edges choice Y = Y7,Y5,..., Y, (D) denote Y; = x[@l,}?; =

xi0;, then the choice of Y; can be viewed as such a program to perform: Either choose
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an edge and take its endvertice as Y;’s one, or choose Y;’s endvertice otherwise. Now
we define Y = }/}1,}/}2, ...,z_l,ﬁ- ...,}ZA@) =Y1,Ys, ...,Yi_l,ﬁ-, ...,KA@) where }?Z"S
endvertice 9; is a vertex randomly chosen according to d;, + 6;n, for j > 4,Y} is
obtained from Y; = x;0; as follows: At step j, if the choice of Y}’s endvertice is
decided by choosing Y;» = x;/0;s, j' < j and takeing its endvertice v; as vj, then ?J
choose Y and take Yj’s endvertice 0; as endvertice ©;. Otherwise Y; =Y.

The map Y — Y is measure preserving and in going from Y to Y only the
degree of vertex v; and 9; change and so the number of vertices of degree k changes
by at most 2 and lemma 2 holds.

Proof of Theorem 2 Going back to (3) we can write

TRt + 1) =27 () + (eapri€anst + (1 — aan)Can) (T () — 77(E)

+ 1 + 0( i )
a _ _—
At+1H{na t11=k} G%A + 5mn}A

where

(k -1+ 5m):fk"4_1 — (k + 61")‘@9'/4
et + Sinnft .

Z () = E(zk(t)A), 7L (1) — 78 =
Again we let A7V (t) = 7{'(t) — tpy, then

AR +1) =A8() + (aaa + (1 — aa)Ca) (7 (1) — 74 (1) + @Al —ky

%) — Pk (8)

Let s = t2/3, then by Azuma-Hoeffding’s theorem,

t
Pr<( > B —(s+ 1)aﬁ( > 52 log s> < 9e-(oms)2/(2m?) _ 4=Q0lot) ()

T=1t—s

Let

Al ={Aed:|n,—at| <tZlogt); Ao ={AcA:|e,— 0t <t2logt};

t
Az = {A eA: ‘ Z B — (s + 1)aﬁ‘ < 53 logs}; A= A1 A As.

T=t—s

It follows easily from (4)(5) and (9) that

Pr(A ¢ A) =t %ogt), (10)
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Assuming that A € A and set

SA(0) = S ad 1),
=0

s+1
We can deduce from (1) and (8) that
(al+ (1 —0a)Q)
(9 + (5m04)t

ks
(0 + dina)t + O(t2/3)

_ (a€ + (1~ a)¢)
=20+ (0 + dina)t

+ Ot logt) (11)

Sp(t+1) =32(t) + (k=14 6im) S5 1 (1) — (k + 6in) S (1))

+O( ) +O0(s7?1og )

(k=14 0in) S5 1 () — (k + 6in) Z1 (1))

since k = O(logt), s = t?/3. (We leave out the straightforward but somewhat tech-
nical details.) We inductively prove the following inequalities for k < Q(logt) and

some sufficiently large M :
sA < M3 log t. 12
K

Let z74,(7) = 0 for every 7, then ¥4,(7) = 0. Again for small ¢ this holds trivially
so the induction starts. Let L denote the hidden constant of the term O(t~'/3 logt)
n (11). Let k¥ < Q(logt) and some sufficiently large M, for any k < k,

ISA()] < Mt*3logt,
then by the last part of (11)
127t 4+ 1)] < Mt*3logt + Lt~ 3 logt < M(t +1)*3log(t 4 1),
provided M > 3L /2. This completes the induction. Noting that
AR () - S (0] < s = 777,
this together with (12) we get Af(t) = O(t*/3logt), that is
() = tpy + O(t*? logt), A € A. (13)
In lemma 2, if A € A then ea(t) = Q(t). Take u = t*/3 we get

Pr(|zy(t) — T2 ()] A)] > 73] 4) < exp{-Q(t'/%)}.
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Associate (10)(13) with above, with probability

~

(1 — exp{—QY}P(A) = (1 — exp{—Q(t/3)}) (1 — t~o8Y))
=1 — ¢~ og?)

we have x5 (t) = tpy + O(t*/3 logt)
Now we turn to the more substantial part of the result, determining the behavior
of the quantities p; defined by (1).
Proof of Theorem 3 For i > m, by finiteness condition b; = 0, we have
(af + (1 - a_)f)(z‘ — 1+ din)Pica
(0 = 14 0in)pi—1
0+0;n . .
m +17+ 5m
(i -1 + 52n)2—m

pi =

(Eme it Gin)im
I(—2tdma 4y 5, +1) L(m + 0in)! "

aé+(1-a)¢
We skip some detail in the derivations, as equations such as (1) clearly have unique

solutions, and it is straightforward to check that the formulae we obtain do indeed

o0
give solutions. Omne can check that, as expected, >  p; = «; there are (o + o(1))t
i=1
vertices at large times t. Now using the fact that I'(z) = 27e %2~ /2(1+0(z~1))
we see that as ¢ — oo we have p; ~ Cjpi~Vin with
(N + 6in)
=9 + _—
T aE 1 -ax

where Cj,, is a constant.

5 Remark

In this paper, based on the result of [8,10] we introduce a general model for directed
scale-free graphs that grow with preferential attachment depending on the in- and
out-degrees, we show that the resulting in- and out-degree distributions are power
laws with exponent 2 + oy, 2+ as, respectively. Noticing that substitute a + ~ for
a, B for 1 — « and puq, po, ps for a;j_,y, a—L{, 1, respectively, Yin, Yout 1S just the form
of the power law exponent in [8], it is easy to see that our result is a generalization

of Theorem 1 that in [8].
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