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A New Filter Method*
Pu Dingguo®?"  Shao Wengiong? Liu Meiling? Liu Ciwen?

Abstract In this paper, we define a new filter and propose a filter QP-free in-
feasible method with some piecewise linear relational NCP function for constrained
nonlinear optimization problems. This iterative method is based on the solution
of nonsmooth equations which are obtained by the multipliers and the NCP func-
tion for the KKT first-order optimality conditions. Locally, each iteration of this
method can be viewed as a perturbation of a mixed Newton-quasi Newton iteration
on both the primal and dual variables for the solution of the KKT optimality con-
ditions. We also use the filter on line searches. This method is implementable and

globally convergent. We also prove that the method has superlinear convergence
rate under some mild conditions.
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1 Introduction

We shall study the constrained nonlinear optimization problem (NLP):

min f(z),

st. ze€D={ze R"|G(x) <0}, (1.1)

where z € R" and G = (91,92, -, 9m)" : R — R™ is the inequality constraint.
A Karush-Kuhn-Tucker (KKT) point (Z, i) € R™x R™ is a point that satisfies
the necessary optimality conditions for problem (NLP):

V.L(Z,p) =0, G(Z) <0, p >0, f1,9;(x) =0 1 <i<m, (1.2)
where L(z,u) = f(x) + pTG(x) is the Lagrangian function, pu = (p1, 2, -+, fhmm)
is the multiplier vector. For simplicity, we use (x, ) to denote the column vector
(@", u")T

Problem (?7) is a mixed nonlinear complementarity problem (NCP). NCP has
attracted much attention due to its various applications. One method to solve the
nonlinear complementarity problem (?7) is to construct a Newton method for solving
a system of nonlinear equations:

®(z,p1) =0,
which is a reformulation of (77).

Recently Pu, Li ad Xuel® proposed a new QP-free infeasible method for mini-
mizing a smooth function subject to smooth inequality constraints. This iterative
method is based on the solution of nonsmooth equations which are obtained by the
multipliers and the Fischer-Burmeister NCP function for the KKT first-order opti-
mality conditions. They proved that the method has superlinear convergence rate
under some mild conditions. For other QP-free methods, see [6,8-10].

On the other hand, we define the constraint violation by
p(G(2)) = ) max{0, g;(x)}.
j=1

A nonlinear programming algorithm must deal with two conflicting criteria, f and p,
which must be simultaneously minimized, with preference given to the infeasibility
measure p, which must be driven to zero. Fletcher and Leyffer have proposed to solve
problem (NLP) using filter method as an alternative to traditional merit functions
approach. The underlying concept is fairly simple. Trial points generated from

solving a sequence of trust region quadratic programming (QP) subproblems are
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accepted if there is a sufficient decrease in the objective function or the constraint
violation. In addition the computational results reported in Fletcher and Leyffer are

also very encouraging (see [2-3,7,12]).

Definition 1.1 A pair (p(G(z*), f(z*))), is said to dominate another pair (p(G(z!),
f(a!))) if and only if p(G(2")) < p(G(a')) and f(z*) < f(2').

Definition 1.2 A filter F is a list of pairs {(p(G(z¥), f(2*)))} such that no pair
dominates any other. A pair (p(G(2*)), f(z*)) is said to be accepted for inclusion
in the filter if it is not dominated by another pair in the filter.

Call F = {l: (p(G(2), f(2!)) € F} is the index set accompanied with F.

For k-th iteration, We use F* to denote the current filter and F* to be the set
of iteration indices j (j < k) such that (p(G(2!)), f(z!)) € F*.

In this paper, we define a piecewise linear relational NCP function and propose
a filter QP-free infeasible method with this NCP function for constrained nonlinear
optimization problems. This iterative method is based on the solution of nons-
mooth equations which are obtained by the multipliers and the NCP function for
the KKT first-order optimality conditions. Locally, each iteration of this method
can be viewed as a perturbation of a mixed Newton-quasi Newton iteration on both
the primal and dual variables for the solution of the KKT optimality conditions.
We also use the filter on line searches. This method is implementable and globally
convergent. We also prove that the method has superlinear convergence rate under
some mild conditions. Some preliminary numerical results indicate that this new

QP-free infeasible method is quite promising.

2 Preliminaries

Definition 2.1 (NCP pair and NCP function) We call a pair (a,b) € R? to be an
NCP pair if a > 0,b > 0 and ab = 0; a function ¢ : R> — R is called an NCP
function if ¥(a,b) = 0 if and only if (a,b) is an NCP pair.

Two most famous NCP functions are the min function and the Fischer-Burmeister
NCP function. In this paper we define a 4-1 piecewise linear relational NCP function

1 with a parameter £ > 0 as follows.

k%a if b > klal,
2kb — b /a if a > |b|/k,

van)={ 2 e (2.1)
2k%a + 2kb+b°/a if a < —|b|/k,

k*a + 4kb if b < —kla| <O0.
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We know that 1 is continuously differentiable everywhere except at the origin,
but it is strongly semismooth at the origin. i.e., if a # 0 or b # 0, then v is
continuously differentiable at (a,b) € R?, and

2
F i£ b > Klal,
0
2 /.2
Zk/“ o ) if a > |b|/k,
Vip(a,b) = —2b/a (2.2)
2% — b2/a \ |
if a < —|b|/k,
2k +2b/a
k2
if b< —kla| <0,
4k

and

B (R 2k2(1 — t2)
i%_ﬁwum_{<%ﬂ_ﬂ>Lj<%u_ﬂ )‘mgl} (2.3)

Let
¢i(z, 1) = V(=gi(x), i), 1<i<m.

We denote ®(x, 1) = ((VoL(w,p))T, (®1(z,p))")T, where @1 (2, 1) = (f1(w, 1),
Gm(z,1))T. Clearly, the KKT optimality conditions (??) can be equivalently refor-
mulated as the nonsmooth equations ®(x, u) = 0.

If (g;(x), ;) # (0,0), then ¢; is continuously differentiable at (z, ) € R*™. In

this case, we have

7

—k‘QVgZ-(:E)
0
— 12V gi(z)/gi(x)? )

if pi > klgi(z)],

(2k — 241/ gs(x))e: it —gi(z) > |pil/k,

Vi@ ) = (2.4)
(—2k+ p2/gi(@))Vgi(z) \ .. o
(2k — 2/%/92 (z))e; ) if — gi(x) < —|uil/k,
—k‘2VgZ .
[\ 4ke > if p; < —klgi(z)] <O.

If gi(z) = 0 and p; = 0, 1 < i < m, then ¢;(x,pn) is strongly semismooth and
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directionally differentiable at (x, ). We have

B —k%2V g;(x) —2k%(1 — %)V g;(x)
Oi(x; 1) = {( 2%(1 — t)e; > U < (2k — 2t)e; > ‘ s 1}’ 25

where e; = (0,---,0,1,0--- ,O)T € R™ is the ith column of the unit matrix, its ith
element is 1, and other elements are 0. In this paper we take k =1

Another piecewise linear relational NCP function was proposed in [?]. For other
properties of the NCP functions, see [1,8,10].

If f and g¢; are Lipschitz continuously differentiable, then (0,0) = 0 implies
that 1%(a,b) is continuously differentiable at (0,0) and ||®(z, u)|? is continuously
differentiable. The Newton direction of ®(z, 1) = 0 or (®(z, ) ®(z, 1) = 0 is a
descent direction of ||®|| or ||®||%, respectively.

In this paper, we replace the constraint violation p(G(z)) in the filter F' of
Fletcher and Leyffer method by p(G(z), 1) = || ®(z, p)]|.

3 Algorithm

It (_gj("nk)wuk) = (0,0), let

otherwise, let
(=51 = V(@ B)l oy () -
We obtain
(v gi(a®),nhe;) = Vi (2, uF).

Clearly f;? < 0 and 77;? > 0. Let

VE Vi diag(¢F)(VGF)T  diag(n® + c*)

where H* is a symmetric positive definite matrix which may be modified by BFGS
update and VG* = VG(z*). diag(&¥) or diag(n* + c¥) denotes the diagonal matrix

whose jth diagonal element is 5;-“ or 77;“ + cf, respectively, and

k= cmin{1, 8]},

where ®F = ®*(2* 1), ¢ > 0 and v > 1 are given parameters.
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Algorithm 3.1

Step 0. Initialization

Given an initial guess 2° € R*, 7 € (0,1), g > pu® >0,1>6; >0 > 0c > 0,
and v > 1, a symmetric positive definite matrix H°. Let initial FO = {(f(2°), u°)}
and F ° = {0}.

Step 1. Computation of the search direction

If ®* # 0 then compute d*® and A0 by solving the following linear system in

(d, \):
(1))

where Vf* = Vf(zF). If 77;-C # 0 then let )\?0 = ;?/_\;?0 (—77;€ + c;?), otherwise let
)\?0 = j\fo. Compute d*! and A*! by solving the following linear system in (d, \):

el R _VLk>, 3.3
()= @

where VL = VL(z*, u*) and ®} = &, (a*, p¥). Ifn;? # 0 then let )\fl = 7];?5\;?1/(—?7;?—#
c;?), otherwise let )\?1 = 5\?1.
Step 2. Line search with filter
2.1. If
1@ (2 +d*, b + A < 6112 (34)

and (??) or (??), at least one, holds, then let z**! = 2% 4 @*! and p*+! = pF + \FL.
Go to Step 3.

2.2. If <I>’f = 0 then let b* =1 and p* = 0; otherwise, if d** = 0 then let b* =0
and p* = 1, else denote v* = (1 — p*) and

1 if (dkl)vak < e(dkO)vak’
ko kON\T k
P = (d*)TV f . (3.5)
(1-20) (@ — Ty otherwise;

dk _ bk dkO N pk dkl .
)\k )\kO )\kl

Check whether (zF+1, #+1) is acceptable for the filter test: let z*+1 = zF + ay.d”
k

and let

and pFt1 = pF + apA*, where o = 77 and j is the smallest non-negative integer
satisfying

either [ @(™, M| < 6], (3.6)
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or  f(@"h) — faf) < x| @ (3.7)

for all (f(z!),||®'|]) € F*. If there is no such (z*+1, u*+Y) or y is too small, use
the restoration phase to find (¥+1, u(**+1)) so that it is acceptable by the filter F*.

Go to Step 1.
Step 3. Update
If 2**1 is a KKT point then stop, otherwise if uf“ < [ then uf“ = uf“;

otherwise let ™' = i, give H**! by BFGS update, FF+1 = FFU(f(2F+1), ||@F+1)
and delete all pairs (f(2!),||®'||) which are dominated by (f(zF*+1), ®k+1) in Fr+1,
Obtain F = {I : (f(z!),®!) € F*¥*'} the index set corresponding filter F¥*1. Let
k=k+1 and go to Step 1.

4 Implementation

We suppose that the following assumptions A1-A3 hold.
A1 The level set {z|f(x) < f(2°)} is bounded, and for sufficiently large k,

1"+ A0+ AR < .
A2 f and g; are Lipschitz continuously differentiable, and for all y, z € R*t™,
IVL(y) = VL) < molly — z[l,  [[®(y) — 2(2)]| < molly — 2|,

where mg > 0 is a Lipschitz constant.
A3 H* is positive definite and there exist positive numbers m; and mso such
that
ma||d|* < dTH*d < mo|d||?

for all d € R™ and all k.

Lemma 4.1 If ®* #£ 0 then V¥ is nonsingular.
Proof Assume ®* # 0. If V¥(u,v) = 0 for some (u,v) € R"™, where u =

(up -+, un) T, v=(vy-,vn)" and (u,v) denotes (uT,v™)T. Then
H*u+VGf =0 (4.1)
and
diag (") (VG")Tu + diag(n® + *F)v = 0. (4.2)

From the definitions of 5;-“ and 77;“ , we know that 5;-“ < 0 and 77;-C +¢* > 0 for all j.
So, diag(n®* + c?) is nonsingular. We have
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v = —(diag(n* + cf)) "' diag(¢")(VGF) . (4.3)
Putting (??) into (??), we have
ut (H*u 4+ VG*v) = T H*u — oV GFdiag(€F) (diag(n® + *)~H(VGEF)Tu = 0.
The fact that H* is positive definite and —VG*diag(¢¥)(diag(n® + c¥)) "1 (VGF)T is
positive semidefinite implies u = 0, and then v = 0 by (?7?). V¥ is nonsingular. This

lemma holds.

Clearly The following lemma holds (see [?, ?]).
Lemma 4.2 If d*0 # 0, then

(dkO)TdekO < _(dkO)vak
If (d*)TV k> 0(d*)TV f*, then (?7) implies

(AT = (1= M) (d)TVfE o+ @) T
(dkO)vak
(dko _ dkl)vak -

(dkl)vak
(dko _ dkl)vak

= (dTVfF1-(1-0) (1-0)
— H(dkl)Tka
< —0(d*)TH* M. (4.4)
Lemma 4.3 There exists an ms > 0 such that, for any 0 <t <1,
|1 (¥ + ¢, 1u* + EAFO) |7 — @1 * < mst®.
Proof If <I>’f = 0 then let my = m(z). Then for any 0 < t < 1, we have
@1 (2 + 8™, u + X2 = || @1 (a® + ™, 1t + AM0) — 2|7
< 2mi )| (@0, N2
= t2ma | (4", AP,
The lemma holds for ®% = 0.
We define that if (¥, u¥) # (0,0) then (£F0,759) = (¢F,nF), otherwise
10V T 4 AN = (o, ), (a0, A,
where ¢ ((z¥, u¥), (d¥°, \k0)) is the direction derivative of ¢;(z,u) at (x¥, ;%) in the
direction (d*°, \*0). Let diag(£+°) or diag(7*°) denote the diagonal matrix whose

jth diagonal element is 5;?0 or 77;?0, respectively. Then ¢;(0,0) = 0 implies

(@1)" (diag(€)(VGH)T, diag(i7™)) = (21)" (diag(€*)(VGH)T, diag(n®)),
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and
|7 + t(diag(£"0)(VGF)Td™ + diag(7**)A"0)||?
= [|®F]* + ?||diag(E*) (VG*)Td™ + diag (™) AF|>. (4.5)
It is clear that
[ @1 (2" + td*0, b + IARO) |2 = [|8F|12 + O(#?).
This lemma holds.

Lemma 4.4 If <I>’f # 0 then given any € > 0 there is a t > 0 such that, for any

0<t<t,
[T — (| @1 (a* + ta™, b + A2 > (2 - )t @[

Proof If ®% # 0, then (??) implies

diag(€F)(VGF)Td*! + diag(n® + F)AFL = —ok. (4.6)
We define that if (gF, u¥) # (0,0), then (£¥1,7F1) = (¢F,nF), otherwise

B (Vgh) T+ 7 = gl ), (@, ),
where ¢! ((z", u¥), (d*1, \F1)) is the direction derivative of ¢;(z, ) at (z*, u*) in the
direction (d*', \¥1). Let diag(&*') or diag(77*!) denote the diagonal matrix whose

ith diagonal element is Efl or ﬁfl, respectively.

Clearly, for all 4,
(" - td", pF ) — oF —#(E(VgF) T + (77HAR) = o(t). (4.7)
Since ¥ # 0, it follows by the definition of ¢¥, n¥ and (??) that
197 + t(diag(E*)(VG™)Td™ + diag (7" )A™)||?
= (120 ®f|]* + ¢*[|diag(€" ) (VG*)Td" + diag(™ )N\ (4.8)

It follows from (??) and (??) that, given any € > 0, there is a ¢ > 0 such that, for

any 0 <t <t
RF[? — [[®1 (2" + 2d™, u* + AP = (2 — o)t ||

Hence, this lemma holds.

From Lemmas 4.2-4.4 and (??), we know that if ®F # 0, then (d*, \F) is a
descent direction of || ®¥|); if @ # 0, then d* is a descent direction of f*. If ®% =0
and d*® = 0,then (¥, ¥) is a KK T point.
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5 Convergence

In this section, we discuss the global and superlinear convergence of the method.
A4 For all k£ and some apmin > 0, ag > amin > 0.
Suppose that the assumptions A1-A4 hold in this section.

Lemma 5.1 Consider sequences of {||®(z*)||?} and {f*} such that {f*} is mono-
tonically decreasing and bounded below. Let a positive constant 0 satisfy, for all k
and | € F ¥, that

either || @(z""1 M| <ol @t 1], (5.1)

or  f(@"h) — f(al) < —apf]| @@, M), (5.2)

where o > amin > 0 is the step length. Then ®(z*, %) — 0.

Proof Suppose the theorem is not true. Then there exist an € > 0 and an infinitely
index set K such that || ®(z*, 4*)|| > e > 0 and ||®(xF T, ph+1)|| > 6||®(2F, u*)|| for
any k € K. We have

F(@F) = f@*Y) = apb||® (2, 1F)|| > ouminbe. (5.3)
Because {f,} is monotonically decreasing, (??) implies f(z*) — —o0 as k — 400
which contradict to the assumption. this lemma holds.

Lemma 5.2 The assumptions in Lemma 5.1 hold. Consider an infinite sequence of
iterations on which {f*,||®(z*, 1*)||} entered into the filter, where ||®(xF, u*)|| > 0
and {f*} is bounded below. Then ®(zF, u*) — 0.

Proof Suppose the theorem is not true. Then there exist an € > 0 and an infinite
index set K such that either

@, 1) = >0 and [ @F, 1) < 0@, 1|
for any k € K. and | < k € K then we obtain that
{l12(", 1) I rex — O,

or {f¥} is monotonically decreasing, then lemma 5.1 implies ||®(z*, u¥)|| — 0. So,
this lemma holds.
The following Lemmas 5.3-5.4 hold (see [?]).

Lemma 5.3 d*9 — 0.
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Lemma 5.4 d*° = 0 if and only if Vf* = 0, and d*° = 0 implies \** = 0 and
MO = 0. If (x*, u*) is an accumulation point of {(x*, i¥)} then d*° = 0, and d*°, \*°

1s the solution of the following equations

A\ _ [ VS
()67

where V f* =V f(z*) and VL(z*, u*) = 0.
Lemmas 5.2-5.4 imply the following theorem.

Theorem 5.1 If (z*, u*) is an accumulation point of {(x*, u*)} then x* is a KKT
point of problem (NLP).

Now we consider the superlinear convergence of the method. We need the fol-
lowing assumptions.

A5 {Vg;(x*)|i € I(x*)} are linearly independent, where I(z*) = {i|g;(z*) = 0}
and 2* is a accumulation point of {z*} and a KKT point of problem (NLP).

A6 The sequence of {H¥} satisfies

|(H* — V3L(a*, p*))d™ |
[ld* 1|

AT The strict complementarity condition holds at each KKT point (z*, u*).

It follows from that ¢" is differentiable at each KKT point (z*, 4*). Assumption
AT implies that ® is continuously differentiable at each KKT point (z*, 4*). Similar

— 0.

to Lemma 4.1 we have (see [?, ?]):

Lemma 5.5 V(z*, 1*) is nonsingular.
Assumption A6 shows that (zF,u*) is a Newton direction of ®* with a high
order perturbation. We obtain the following Lemma 5.6 and Theorem 5.2 (see [?]).

Lemma 5.6 For sufficiently large k, 1 = zF + d*' and pF+1 = pF + NP1

Lemma 5.6 implies the following theorem.

Theorem 5.2 Assume A1-A7 hold. Let Algorithm 3.1 be implemented to generate
a sequence {(zF, pF)} and (z*,u*) be an accumulation point of {(z*, uF)}. Then
(z*, w*) is an KKT point of problem (NLP), and (z*, u¥) converges to (x*, u*) su-

perlinearly.

6 Numerical tests

We carry out some numerical experiments on the Algorithm 3.1 in the table 1. All

of test examples are the constrained optimization problems in [?]. The problem No.
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in the table 1 is the number of this problem in [?]. These preliminary numerical

results indicate that this new QP-free infeasible method may be promising.

In the implements, the termination criterion is ||¢|| < 107°. The parameters are

chosen as:
c=01,v=27=0.7 6, =08, 0 =0.6, i = 10000, ° = 1.
HO = I is the unit matrix. The H* is updated by BFGS method (see [?]).
In the “NIT, NF and NG” entries of the table below is as follows.
NIT=the number of iterations.

NF=the number of objective function and constraints are evaluations. The

number of NF increases one only if all functions are evaluated once.

NG=the number of ® (or gradient) evaluations.

Table 1

problem Initial NIT | NF | NG Initial NIT | NF | NG
No. point points
227 0.5, 0.5 9 18 | 31 1,1 13 23 | 31
227 10, 10 14 28 | 37 -10, -10 11 28 | 37
215 0.5, 0.5 7 16 | 25 1.5, 1.5 13 25 | 41
215 1,1 7 17 | 28 2,2 5 11 | 25
232 2,05 5 9 4,1 5 7 13
232 4,2 5 9 12 6, 2 8 10 | 13
250 10, 10, 10 9 15 | 29 | -10,-10,-10 | 11 16 | 28
250 15, 15, 15 7 14 | 28 5,5, 5 9 19 | 29

Because each iteration of Algorithm 3.1 can be viewed as a perturbation of a
mixed Newton-quasi Newton iteration locally. During numerical experiments, we
find that if ||¢|| < 107% then iteration points converge very quickly. We may also

use the termination criterion ||¢|| < 107°.

On the other hand, we can not choose the parameter ¢ too small. When the
strict complementarity conditions are not satisfied on some iteration point, small
¢ may influence the convergence rate. So, we may consider to make some small
modification in the algorithm when the strict complementarity conditions are not
satisfied near a solution. For example, instead of constant ¢, we may use the various
c® € [0.001,0.5], which may be depend on ||®F||, strict complementarity and the

termination criterion.
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