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Abstract 

The first part of this paper gives the definition about complex fuzzy structured element on the basis of 
one-dimensional fuzzy structured element and some of its property. The following part introduces its limit 
and continuity. All of this has opened up a vision for the research of fuzzy structured element, and also 
played an important role in promoting its progress. 
 
Keywords: complex fuzzy structured element, (2) (2)

~ ~
E F  modulus, continuity of complex fuzzy structured 

element 

1. Introduction 
 
Many scholars have further studied the fuzzy structured 
element, and they also have given out a lot of properties 
about the fuzzy structured element. But the study of 
complex fuzzy structured element is at its beginning 
stage. In this paper, we study the complex fuzzy struc-
tured element, which breaking the blank situation of re-
searching the complex fuzzy structured element, and 
laying a foundation for the further research of complex 
fuzzy structured element. It also breaks the blank field of 
researching area in complex fuzzy number, and brings 
motivations for people to study the calculus in the field 
of the fuzzy structured element. Meanwhile, it also en-
riches the knowledge of fuzzy mathematics and widens 
the vision for the research of the fuzzy control, fuzzy 
decision-making, etc. It also broadens a new area for its 
study. Of course, the study of this paper is a qualitative 
leap from the real area to the complex area, and brings 
great convenience for the information classification and 
management. In order to give a clear introduction for the 
following part, we give the following illustrations as the 
starting point, for a coordinate point ( , )f a b a ib 

( ,
 of 

two-dimensional space, every coordinate point )f x y   

x iy  its degree of near ( , )f a b  can be expressed by 

the fuzzy sets in fuzzy numbers, Recorded as (2)

~
( , )A x y  

(hear we add (2) in the upper right corner of the two-di- 
mensional space of symbols, which is different from one- 

dimensional space of symbols). In one-dimensional 

space we have membership function 
2( )

( )
x a

B x e 



  (of 

course there are others). As to the membership function 
of two-dimensional space, we take the membership func-

tion 
2( )

( )
x a

B x e 



 and 

2( )
( )

y b

C y e 



 , according we 

defined the membership function of two-dimensional 

space as (2)

~

( ) ( )
( , )

2

B x C y
A x y


 . 

2. The (2) (2)

~ ~
E - F  Modulus of the Complex 

Fuzzy Structured Element and Its     
Related Concept 

2.1. The Complex Fuzzy Structured Element 

Definition 2.1.1 Let  be a fuzzy set of in the 

two-dimensional real number field, its membership func-

tion recorded as: , here 

2

~
E（ ）

2 ( , )E x y（）

2R

~

2

~

( )

2

B x ( )
( , )

C y
E x y


（） , 

,x y R , if ，  meet the following nature, we 

say the two-dimensional fuzzy set  is complex 

fuzzy structuring element of . 

( )B x ( )C y
(2)

~
E

2R

1) (0) 1B  , (0) 1C  , (1 0) ( 1 0) 0B B     , (1 0)C    
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left-continuous function, In the interval  0,1  is a single 

down the right continuous function. 
3) When  and 1, 1x y      1 ,x    

, we have , that is to say 

. 

1 y  
2

~
( ,E x（ ）

( )B x  ( )C y 

0

0

~

)y 

If a fuzzy number 
~ ~
A a rE i  （2） （2）

, 0r t 
~
E（2）

tF（2）

~

 (here ,  

are real numbers, and , , 

r t

F（2） are complex 

fuzzy structuring element), we say 
~
A（2

~

） is generated by 

a linear of , 
~
E（2） F（2） , here 

~
( , )A x y （2）  

~ ~
( ( , ))

2

a rE x y （2） (t F x（2） , )y
. Here we state  

is all the fuzzy numbers generated by the linear  and 

~

（2） 2

~
E（2

~
( )）E F （

）



~
F（2）. 

Definition 2.1.2  is all the fuzzy num-

bers generated by the linear ，

~ ~
(E F （2） （2）)

~
E（2）

~
F（2） , let 

. There exist limited real numbers 

, , , , such that 

~ ~
(A E （2） （2） （2）

a r t R r t

~
)F

, 0
~ ~ ~
A a r  E （2） it F（2）（2） , 

, we say , 0r t  2 2 2a r t   is the  — 

modulus of the complex fuzzy number 

~
E（2）

~

~
F 2） （

A（2）. Recorded 

as 
~ ~

~ E F
A

（2） （2）
, That is 

~ ~

2 2 2

~ E F
A a r


 

（2） （2）

)
~

t

2）

1 1~ ~

         (1) 

Definition 2.1.3 —distance

（ ）， let complex fuzzy number  

 and 

~ ~
E F（2） （

[7]tanE dis ce

~ ~ ~
, (A B E（2） （2） （2）

~
F （2）

1A a r E  （

1 2 1, , ,a a r

it F2） （2）

2 1 2, ,r t t R

（2） , 

, here 2 2~ ~
B a r E （2） （2）

2it F （2）

~
  

and . 1 2 1 2, , , 0r r t t 

We say 2 2
1 2 1 2

2( ) ( ) )a a r r    1 2(t t  is the 

 —distance of the complex fuzzy number 
~ ~
E F（2） （2）

~
A（2）

~
B（2）and , Recorded as , That is  

~ ~
E F

d A B
（2） （2）

~ ~
( ,（2） （2）

~ ~

2 2
1 2 1 2 1 2

~ ~
( , ) ( ) ( ) ( )

E F
d A B a a r r t t


     （2） （2）

（2） （2） 2    （2） 

2.2. Subtraction and Multiply of Complex Fuzzy 
Structuring Element 

 
Definition 2.2.1. Let 

~
A（2） , 

, 
~

~
B（2）

1

, 

~ ~~
C（2）

~ ~
( )E F （2） （2）

1 1A a r E（2） （2）

3~ ~~
E it（2）

it F （2）

F（2）, 

 

r

, 

, 3 3C a（2） here 

R

2 2 2~ ~
r E it F  （2） （2）

1 2 1 2, , ,r r t t
~

B a（2）

1 2, ,a a   2, t 3aand 1 2 1, t . If a,r r 0 1a 2  ，

3 1r r 2r  3 1t， 2t t  ，we say 2 
~
C

~

（ ） is A（2） （2） plus 
~
B . 

Recorded as . 
~ ~~

C A B （2） （2） （2）

Definition 2.2.2 Let 
~
A（2）, 

~
B , （2）, 

~
C（2）

~ ~
( )E F （2） （2）

1 1 1~ ~ ~
A a r E it F  （2） （2） （2）

3 3 3~ ~~
C a r E it  （2） （2）

, , 

（2
R

2 2B a 

1 2 1, , ,a a r

2~ ~ ~
r E it F（2） （2）

2 1 2, ,r t t

（2）

re F ）
, he   and 

 3a1 2 1 2, , , 0r r t t  . If 1a 2a  ， 3r  1 2r r 2t, 3 1t t  , 
2） ubtraction 

~
we say 

~
C（  is the s of A（2） and 

~
B（2）, Re-

cor s 
~ ~~

C A B（2） （2） （2）. ded a 

Definition 2.2.3 Let 
~
A（2） , , 

~
C（2）

~ ~
( )E F （2） （2）

1 1 1~ ~ ~
A a r E it F  （2） （2） （2）

1 3 1 3 1 3, , , , ,a a r r t t R

, , here 3 3r  （

3~ ~
E it F2） （2）

~

（2）C a

  and . If 1 3, ,r r 1 3, t  0 3 1a kat  , 

3 1r kr , 3 1t kt , we say  is  multiply 
~
C（2） k

~
A（2）. 

Recorded as . 
~~

C k（2） （A 2）

 
3. The Limit of the Complex Fuzzy    

Structuring Element 
 
Definition 3.1 Let , 

~ ~~

( )nA E F （2） （2） （2）

~ ~
(A E（2） （2） 

, if 
~

)F （2） 0  N

)A

, , such that , n N

( 2 ) ( 2 )

~ ~
E F

(2)

~

( ,nd A
~




（2）  is true, we say   con-

verge to 

(2)

~
nA

~
A（2）

n
Li

 according to fuzzy distance . 

Recorded as . 

( 2) ( 2)

~ ~
E F

d


(2 ) ( 2)

~ ~
(2) (2)

~

E F
d

n A



~

m A


In the following we give a theorem about the conver-

gence of complex fuzzy numbers with the help of 

—distance. 
)

~ ~
E F（2） （2）

Copyright © 2010 SciRes                                                                                  IIM 
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Theorem 3.1. Let 
(2)

~
nA , (2) (2)

~ ~
( )A E , (2)

~
A   

(2) (2)

~
a r E it F  , (2) (2) (2)

~ ~~ ~
n nn nA a r E it F   , here  

, , , , ,n n na r r t t R  and 0  a

0, 0

, , ,n nr r t t  , if

     , such that when ,na a    

,n nr r t t     , constant have inequality ( 2) ( 2)

~
E F

~

d


 

(2) (2)

~~

( , )nA A   is true. That is (2)

~
nA  c  onverge to

(2)

~
A  according to fuzzy distance ( 2) ( 2)E F

d


. 

 we choose 

~ ~

Proof. In fact,
3
  , 

rom the meaning of the queF stion we know ,N  

whe n Nn. , 
3

||


 naa ，
3

||


 nrr ， 

3
|


 nt , that is when Nn . ,  | t

~ ~

2 2

~~

( , ) ( ) ( ) ( )n n nE F
d A A a a r r t t


     （2） （2）

（2） （2）  2
n

222 )
3

()
3

()
3

(


 ]=   

So (2)

~
nA  converge to (2)

~
A  according to the fuzzy dis-

tance 

heore  
ition,  mu

( 2d ) ( 2)

~ ~
E F

 

T m 3.2 (Complex fuzzy limits with a number of
add  subtraction and ltiply theorem) 

Let  (2)

~
nA ,  (2) (2) (2)

~ ~~

( )nB E F  , (2) (2)

~ ~
,A B   

~ ~
(2)

~
A , (2) )( )E F  , k R , if 

(2 (2))

(2)
E F

d

LimA


(2

~

( 2) ( 2

~ ~(2)
E F

d




~ ~
n

~

n

) , we have, 

)

~
B(2

~
n

n
Lim B


1)               (3) 

   

3)                         (5) 

Proof. Only serves to prove (3), It is easy to get the 

result when . In t

clusion is correct when 

    

(2) (2)

~ ~(2) (2) (2) (2)

~~ ~

( )
E F

d

n n
n
Lim A B A B




  

2)             (4) 

(2) (2)

~ ~
(2) (2) (2) (2)

~ ~~ ~

( )
E F

d

n n
n
Lim A B A B




  

(2) (2)

~ ~(2) (2)

~~

E F
d

n
n
Limk A k A






0k  he following we prove the con-

0k  . 

Because  

( 2) ( 2)

~ ~(2) (2)

~~

E F
d

n
n
Lim A A




  

Then we know    0, ,N n N    , 

(2) (2)E F
d

~ ~

(2) (2)

~~

( , )nA A
k




     )

So

 ( 0k   

  

(2) (2) (2)

~ ~ ~ ~

(2) (2) (2) (2)

~ ~~ ~

( , ) ( , )n nE F E F
d kA k A kd A A(2) 

 
  . 

Theorem 3.3 (The uniqueness of the limit) Let 

 ( 2 ) ( 2 )

~~

( )nA E

~~
n

n
L im A A
 



we have (2) (2)

~ ~

, , if ( 2 ) ( 2 ) ( 2 )

~ ~ ~
, (A B E

, 
~

n
n
L im A
 



)

( 2 ) ( 2 )

~ ~( 2 ) ( 2 )
E F

d
 ( 2 ) ( 2 )

~ ~( 2 ) ( 2 )

~

E F
d



, B

A B . 

Proof. Because 

So

( 2 ) ( 2 )

~ ~
( 2 ) ( 2 )

~

E F
d

n
n

A


 
  

~

  

L im A

( 2 ) ( 2 )

~ ~
( 2 ) ( 2 )

~~

E F
d

n
n
L im A B



 
  

1 20, , 0N N    , when , we ha  1n N ve

( 2)

~
E ( 2 )

~

(2) (2)

~~

( , )
2nF

d A A



  

 2n N , we have 2)

(2) (2)( , )nA B  Similarly, when ( 2) (

~ ~
~~

E F
d



2


 

Let max( ,N N



1 2 )N , When n 

(2E

N , then 

0< ) (2)

~ ~

(2) (2)

~ ~
( ,

F
d A B


) < (2) (2) (2) (2)

~ ~ ~ ~

(2) (2) (2) (2)

~ ~~ ~

( , ) ( , )n nE F E F
d A A d A B 

 
   

As   is arbitrary we 

0

obtain:  

( 2) ( 2)

~ ~

(2) (2)

~ ~
( , )

E F
d A B


  

That is  
(2) (2)

~ ~
A B  

Definition 3.2 Let  (2) (2) (2)

~ ~ ~
( )A E F  , 

(2) (2)

~ ~

(2)

~ E F
A


 

2 2 2a r t   , if 0,M M R   , 
( 2) ( 2)

~ ~

(2)

~ E F
A M


 is 

always right, we say (2)

~
A  is bound

Theorem  (Bounded theorem) 

ed. 

3.4 Let 

 ( 2 ) ( 2 )

~~

( )nA E , (2) (2)( ) , 
~ ~
A E if (2)

~
n

n
Lim A


 

( 2) ( 2)F
~ ~

(2)

~

E
d

A


  and 
~

(2)A is bounded, then we say  (2)

~
nA  

Copyright © 2010 SciRes                                                                                  IIM 
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is bounded. 

Proof. because (2)

~
A  is d and bounde

A  then 1

( 2) ( 2)

~ ~(2) (2)

~~

E F
d

n
n
Lim A




, M ，s.t (2)| | 1~

A M  

N  when 

, also

, we han N ve ( 2)

~
E ( 2 )

~
~ ~

F

(2) (2)( , )nd A A 


 , 

Let 1  , then we have 

That is to say 

H hoose

an ge

(2) (2)

~ ~

|| | | || 1nA A   

(2) (2| 1A   

ere we c  1M M 

)

~~

| | |nA

1 

We c t (2)

~

| |nA M , S ded o  is boun

 
4. 

ring Ele ent 
 

all, we know is a fuzzy structuring 

(2)

~

{ }nA

The Continuous Definition of Complex 
Fuzzy Structu m

First of (2)

~
a r E  

element, for (2) (2)

~ ~
( )A E , (2) (2)

~ ~ ~

(2)A a r E it F  

0 , refer to the continuity of fuzz

, 

-
ent, we give out the continuous definition of complex 

t. 

Definition 4.1 Let 
~

,r t y structuring ele
m
fuzzy structuring elemen

(2) (2) (2)

~ ~
A a r E it F  

, if fuzzy structuring elem

, , 

ent 

r

t R  and 
(2)

~
a r E  and (2)

~
t F is continuous at every point 

 ,

, 0r t 

x y D D R R    , we say (2)

~
A  is continuous in 

Now we give the 
fuzzy stru eleme

Definiti Let 

D D . 
continuous definition of complex 

cturing nt at some point. 

on 4.2 (2) (2)

~ ~
( ) 0 0( , )A E , x y R R  , if 

(2)

(2) (2)

~ ~

( , )
E F

d

x
Lim A x y A






0

0

0 0 0~ ~x
y y

fu le  2

(2) ( , )x y

ment 
~

, we say lex  the comp

zzy structuring e A  is continuous at 

0 0( , )x y . 

In the above definition, if 
whether a fuzzy-valued functions is c

ry poi

we want to determine 
ontinuous in 

D D , we should verify eve nt ( , )x y D D  , 
which is very different to verification. Therefore, this is 

heonly a t ory definition. Here we give a determine theo-
re

Det

m about the continuous of complex fuzzy structuring 
element. 

ermine theorem 4.1 Let (2)

~ ~ ~

(2) (2)A a r  , 

t R  and , 0r t  , 

E it F ，r

(2)

~

( ) ( )
( , )

2
E EB x C y

E x y


 , 

(2)

~

( ) ( )
( , ) F FB x C y

F x y
2


 , ( , )x y R  , then as long 

as , 

 

 the membership function ( ),x  

is continuous in 

( ),E EB x C ( )y FB

( )FC y D , we obtain (2

~

) ( , )A x y  is 

continuous in D . 
Proof. From the preceding  know that: introduce we

(2) (2))y t F )

~
(x

(2) ~

~

( ( ,
( , )

2

a r E x y
A x y

 


Therefore ( ,

, )
 

0 0 )x y D D    we have  

(2) (2)
0 0 0 0( ( , )) ( , )a r E x y t F x y 

(2

~

So 

) ( ,A x ~ ~

20 0 )y 

0 0( ,

 

(2) ( , ) (2)

~ ~
)A x y A x y  (2(E ) (2)( , ) (x y E 0 0,x

~ ~
))  

2

r
y

(2) (2)

~ ~
( ( , ) 0 0,( ))

2

t
F x y F  x y  

 0( )( )
( )

2 2
EB x

2
EB x

+
r

 0( )( )
( )

2 2 2
EE C yC yr

  

+ 0( )( )

2 2
FB x

( )
2

FB xt
 + 0( )( )

( )
2 2 2

FF C yC yt
  

Because 

( ),F FB x C

the m

ar

embership function ，

 e continuou  

( ), ( )E EB x C y

( )y s in , en  we know whD

0, 0     ， 0 0y,x x y    , 

0( )( )

2 2 2r
EBE xB x 

  , 0( )( )

2 2 2
E yC y

r
EC 

   

0( )) FB x(FB x

t2 2 2


  , 0( )( FF C yC y)

2 2 2t




us we obtai

  

Th n 
(2) )

0 0~ ~
( , ) ( , )(2A x y A x y   

Du ( , )x y D , we know e to th bitrariness of e ar
(2)

~
( , )A x y  is continuous in D .  
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