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Abstract

In this paper, we prove some extensions and generalizations of the classical Enestrom-Kakeya theorem.
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1. Introduction and Statement of Results

Let P(z):= Z?:Oaj 2 be a polynomial of degree n such
that

a,za,,za,_,=-2a 23,20,
then according to a classical result usually known as
Enestrom-Kakeya theorem [11], P(Z) does not vanish
in |Z| > 1. Applying this result to the polynomial P(tz) ,
the following more general result is immediate.

Theorem A. If P(z):= Zr;zoajzj is a polynomial of
degree n such that for some t>0

at">a, t"'>a ,t"?>.->at>a >0,

then P(z) has all the zeros in |z|<t .

In the literature, [1-15], there exist extensions and
generalizations of Enestrom-Kakeya theorem. Joyal, La-
belle and Rahman [9] extended this theorem to poly-
nomials whose coefficients are monotonic but not nece-
ssarily non negative and the result was further gene-
ralized by Dewan and Bidkham [6] to read as:

Theorem B. If P(z):=3 " a;z' is a polynomial of

degree n such that for some t>0 and 0<A<n,
at'<a t"'<..<at'>a, t*'>...>ta >4,

then P(z) has all the zeros in the circle

t | 2a 1
|7 sm{[tn—i—an)+t—n(|a0|—ao )}

Govil and Rahman [8] extended Theorem A to the
polynomials with complex coefficients. As a refinement
of the result of Govil and Rahman, Govil and Jain [7]
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proved the following.
Theorem C. Let P(z):= Zloajzi be a polynomial

of degree n with complex coefficients such that for some

B
larga, - |<a<m/2, k=0,1,--,n
and
|a,] =2, | =2, ,| 2 2 [a] 2 [a],

then P(z) has all its zeros in the ring-shaped region
given by

Here

1
o ZE(L_LJ+ E(L_LJ2+& 2
) la,| M, 4\|a,| M, la,|{

1
R, SETvE {—Rf lb|(M, —|a0|)+{4|a0|R§|v|§
2

1
+R;|b|2(M2 _|a0|)2}2}’

where
M, =|a,|R,,
M, =|a,|R; {R+ R, —%(cosa-ﬁ-sina)},
c=la,-a,,l,
b=a —a,
and
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R=cosa +sina + 2|sm|az Jal

By using Schwarz’s Lemma, Aziz and Mohammad [1]
generalized Enestrom-Kakeya theorem in a different way
and proved: _

Theorem D. Let P(z):= Z’;:Oajz’ be a polynomial
of degree n with real positive coefficients. If t, >t, >0
can be found such that

att,+a _(t-t)-a_,=20,r=L2,---,n+1

where a_, =
|z <t,.

In this paper, we also make use of a generalized form
of Schwarz’s Lemma and prove some more general
results which include not only the above theorems as
special cases, but also lead to a standard development of

~(Jen| - K1)

. =0, then all the zeros of P(z) liein

a,(t-t,) -«

n-1

#{(Je|-

ET AL

interesting generalizations of some well known results.
Infact we prove

Theorem 1. Let P(z):=
of degree n such that

a; = 4; +ibj where a, and bj , J=0,1,---,n are
real numbers and for certain non negative real numbers

i .
Z, ;2" be a polynomial

t,t, with t,>t, and t =0
artltz + ar—l(tl _tz) &, 20
btt,+b_ (t -t,)-b_,=20,r=L2,---,n+1

a,=a,, =0=b,=Db

then all the zeros of P(z) liein

min[rz,tlj <|z| < max(r,t,).
1

n+1°

Here

K,)

a,(t-t)-«a

n-1

1
LK |an|}2

h

_(|a0|t1t2 -

2K, |ar, |

K, )|a1t1t2 +a, (1 -t )|t12 + {(|ao|t1t2 -

>

'
K, ) Jantt +a (4 —t, )|t +4K] |a0|t13t2}2

where

K, =(a,+b,)

+ (|2 -2 ) 7+ (Jos[ b

1

) n+1 2
1
K, = (@, +b, )t +(Ja, | +]b, ) t7* = (3, +by ) tt,.

Assuming that all the coefficients aj,j:O,l,---,n
are real, the following result is immediate:
Corollary 1. Let P(z):=

of degree n with real coefficients such that for certain

n ] .
-2 be a polynomial

~(Jan| =Ky )fa (1

2K;

—tz)—an71|+{(|an|—K1

B

non negative real numbers t , t, with t >t, and
t,#0

artltz + ar—l(tl

r=1,2,---,n+1,

-t)-a_, 20,
(a,=a,, =0),

n+1
then all the zeros of P(z) liein
min{rz,tl]s|z|ﬁmax(rl,tl).
1
Here
1

)2 |an (t-t,) an71|2 +4K’t? |an|}E

" 2K [a| ’
1
~(Jaotit, = K, )fatit, +a, (4 ~t,)|t2 +{(|a0|t]t2 —K, ) [artt, + 2, (t —t,)| 6 +4K; |a0|t,3t2}2
r, =
: 2K ’
where of degree n such that for some real number t>0
Kl =a,—q tﬁil +|a0| ! > K = |a |tn+2 t1n+2 _aotltz- antn 2 an—l'[m1 2 an—ztm2 228 > 0,
1 1

If in Corollary 1, we assume that all the coefficients
are positive and t, =0, then we have the following:
Corollary 2. Let P(z):= Z';Zoajz‘ be a polynomial
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then all the zeros of P(z) liein

min(zaaf[’n ; ,IJ_|Z| <t.
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In particular, if t=1, Corollary 2 gives the following
improvement of Enestrom-Kakeya theorem.

Corollary 3. Let P(z):= Zr;zoajzi be a polynomial
of degree n such that

a,>a, >a, ,>-->a, >0,

n-1 = “n-2 =
then all the zeros of P(z) liein
Do <)yl <1,
2a,

We next prove the following more general result which
include many known results as special cases.

Theorem 2. Let P(z):= Zloajzj be a polynomial
of degree n such that «; =a; +ib; where a; and b;,
j=0,1,---,n are real numbers. If t,>t,>0 can be
found such that for a certain integer A, 0<A<n
>0,r=2,3,-,A+1

ath+a(t _tz)_a”{<o r=A+2,A+3,,n+l

>0,r=23,---,A+1
btt,+b _ (t —t,)—Db ’
il B (6 ) r2{£0,r—/1+2,/1+3,---,n+1
an+1:O:bn+1’
then all the zeros of P(z) liein
7| <R, (1)

where

t 2b 1
e {tnﬁ”l +t_n(|b0|_b0)}
1

|an| |

Remark 1. Theorem B is a special case of Theorem 2,
if we take t, =0 and assume that all the coefficients
a;, j=0,1,2,---,n are real.

The following result follows immediately from Theorem
2 by taking A=n and assuming «;, j=0,1,2,---,n
to be a real.

Corollary 4. Let P(z):= zr;:oajzj be a polynomial

jo

of degree n with real coefficients. If t, >t, >0 can be
found such that

att,+a,, (t-t)-a_,20,r=23,-,n+l,
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then all the zeros of P(z) liein
1 n
|Z|S_|an|t1” [tl(ant, +|a0|—a0)+t2(|a0|—a0)]

Remark 2. For t =1 and t,=0, Corollary 4
reduces to a result of Joyal, Labelle and Rahman [9].

We also prove the following result which is of inde-
pendent interest.

Theorem 3. Let P(z):=)

of degree n such that «; =a; +ib; where a; and b;,

. .
a7’

s be a polynomial

j=0,1,..,n are real numbers. If t,>t,>0 can be
found such that for a certain integer 4, 1<A<n-1

>0,r=2,3,-,A+1

Ak e (6 -t) -8, {<0r—,1+2 A+3,n+1

and

>0,r=2,3,---,A+1
brtltz +br—1 (tl _tz )_brz{

<0,r=A+42,A+3,---,n+1
(a—l =a,=a,,=0=b,=hb,= bn+1)’

then all the zeros of P(z) liein

Z+

a,_
. L—(t,-t,) <R, )

where

Remark 3. Theorem 4 of [4] immediately follows
from Theorem 3 when t, =1, t, =0 and the coefficients
a;, j=0,1,---,n are real.

On combining Theorem 2 and Theorem 3 the following
more interesting result is immediate.

Corollary 5. Let P(z):=>" a;z' be a polynomial

j=0%i

of degree n such that «; =a; +ib; where a; and b;,

i=0,1,..,n arereal If t >t,>0 can be found such
that for a certain integer 4, A<n-1
att 4, (6 —t)-a >0,r=23,,1+1
+ — —
T R <0, r = A4 2,4+3,,n+1
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>0,r=2,3,---,A+1
brtltz+br—1(tl_t2)_br—2{<0 F=A42 443 n+l An :Ozbn+1’

then all the zeros of P(z) lie in the intersection of the of degree n with real coefficients. If t >t, >0 can be

two circles given by (1) and (2). found such that

If we take A=n-1 and the coefficients «;, >0.r=2.3.---.n
j=0,1---,n are real in Theorem 3, we get the following att,+a_ (t-t)-a., {< 0’ _ ’ ’1 '
result. _ Sl

Corollary 6. Let P(z):= zr;:oajz’ be a polynomial then all the zeros of P(z) liein

z+a“‘1—(t1—t2)s ! ta, +a 1+i(|a0|—a0)(tl+t2) :
a, laJ| """

The following result also follows from Theorem 3, (1—|a|)|z|2 +|b||z|+|a|(1—|a|)
when A=n-1, the coefficients «;,, j=0,1,2,--,n |f(Z)|S > .
arerealand t, =0. |a|(l—|a|)|z| +|b||z|+(1_|a|)

Corollary 7. Let P(z) = ij‘=0ajzj be a polynomial From Lemma 1, one can easily deduce the following :

Lemma 2. If f(z) isanalyticin |z|<R, f(0)=0,

of degree n with real coefficients. If for some t>0, f’(O) ~b and |f (z)| <M for |z| 'R then

a " za, t" 28, t" 22t 2 a, M|z| M |z| + R* |o|
) |f(z)|£ . |7 <R
then P(z) has all the zeros in R* M +b||]
R 1 a (|a0 | - ao) The next Lemma is due to Aziz and Mohammad [2].
a, | |a| ™t Lemma 3. Let f(z)=a,2"+) " a2’ 0<p<n-I

be a polynomial of degree n with complex coefficients.
2. Lemmas Then for every positive real number r, all the zeros of
f(z) lieinthe disk
For proving the above theorems, we require the following

lemmas. The first Lemma which we need is due to |z|£max r 2’): |ak| ) 3)
Rahman and Schmeisser [11]. = |an| k!
Lemma 1. If f(z) is analytic in |z|<1,f(0)=a,
where |a|<1, f'(0)=b ,|f(z)|£1 on |z]<1, then 3. Proofs of the Theorems
for |z[<1, Proof of Theorem 1. Consider the polynomial

F(z)=(t,+2)(t —2)P(2)=-a,2" +(a, (t, —t,)—a,, ) 2" +(att, + o, (-1, @, ) 2"+
+aotty + o (t —t) = ) 27 +(att, + o (t, —t,)) 2+ it
“)

=-a,2"" +(a, (t —t,)—a,, ) 2"+ +(att, +a, (f —t,))z+att,

+1[ 0,27 (b, (4, —t,) =, ) 2" +-+ (it +by, (t, —t,)) Z+ byt |.

Further, let

G(z)= z””F(

+att, o (t —t)) =, ) 2" + (it + @, (t —1,)) 2" + ity 2

=-a,+(a,(t -t,)-a,_ )z+(att, +a, (t -t,)-a,_,) 2" +-+(att, +a (t, -t,)-a,)2" 6))
+(att, +a, (4 —t,)) 2" +a,tt, 2™ +i[ b, +(b, (t —t,)=b, ) z+(btt, +b, , (t —t,)=b, ,) 2" +--

+(btt, +1 (8, —t,) by ) 2" +(btt, +by (t, —t,)) 2" + bt t,2" | = —at, +y (2)

1

ZJ: -a, +(0:n (t1 _tz)_an—l)z+(antlt2 +a,, (t1 —tz)—ocn_z)z2 +e

n+2
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where
v(z)=(a,(t -t,)-a, )z+(att, +a,_ (t -t,)-a,,)z" +--
+(a,tit, +a (t, —t,)—a, ) 2" +(att, +a, (t —t,)) 2" +a,tt,z"
+[ (b, (t —t,) b, ) z+ (bt +b , (t —t,)=b, , ) 2" +---
+(bytit, +hy (t, —t,) =1, ) 2" + (bt +b, (t, —t,)) 2" +b0t1tzz“*2].
Now
v (2)]<|(a (t -t,)—a,, || +|( (tl—tz)—aH)||22|+---+|(a2t1t2+al(1 t,)-a,) (2"
+(att ) +a, (4 -t,)|[2" |a0tt| 2" +|(b, (t, ~-t,)~b,_, |||+ o (4 =t) b, )| |22+
+|(b,tt, +by (t, - 2)—b0) +|(Bitt, +by (4 —t,))|[2" [+ [oytit,||27

This gives after using hypothesis, for |z| =1/t

|V/(Z)|S(aﬂ+bn)+(|a0|_a0)tn+l (| | b ) n+1 - Kl(say)’

Clearly, y(0)=0,y'(0)=¢,(t -t,)-,, and

K _t)—
|t//(Z)|SK1 for |z =1/t, y/(z)|<K1|Z| 2|+ | (t1 t,) an1| | 1
Thus, it follows by Lemma 2 that - lz K, +|a
tl
From (5), we get
1
K[ K1|Z|+t—2an(t1—t2)—an71
6(2)] 2en|- :
l K1+|an(tl—t2)—an_l||z|
tl
_K |an|+|an||an (t, —tz)—an71||z|—K12t12|Z|2 —K1|Z||ocn (t, —tz)—an71|
1
A ool oK
K1+|an a,_ 1|| | ,
if
2 f ~(l Kt () K, <0
This gives |G(z)|>0, if
1
~(Jat| =K et (1 =)=t +{(Jta| =K, ) et =)=ty [ 44K |
< -
i 2K 3
Consequently, all the zeros of G(z) lie in of F(z) and hence all the zeros of P(z) lie in
|Z|Zmin[l,lj. |2| < max(r,.t,). (6)
1 Again from (4)
Since F(z)=2z""?G(1/z), it follows that all the zeros |F(Z)|2|a0|t,t2—|¢(z) @)

Copyright © 2011 SciRes. AJCM
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6
where
l#(2)] <[a]|2"|+|(a, (tl—t2)—a_1) 7™ +...+|(att +a, (4, —tz))||z|+|bn| 2
(b, (t =) =,y )|[27 [+ +[(bitit, +by (1 —,))||2].
Therefore, for |z| =1, , we have by using the hypothesis
|¢(z)|§|an t'?|+|(a, (tl—tz)—an DI+
+|(atty +ay (t =)l [0 [t [, (6 =t )=y [+ +|(bitt, +by (& =) [t
=(a, +b, )t (|a| |b, |) t'** —(a, +b, )tt, = K, (say) for |z|=t,
Therefore, it follows again by Lemma 2 that
K, |z|| K, |z|+t |atit, + o (1,
l9(2) < t2| { K|-!-|at|t 1+0: 0 ||Z|)q
1 171 0
Using this result in (7), we get
K 7| Ky f7]+ 8 ety +a0(t ~t,)
F (@) el t { K, +atit, +a, (t, -, )||2]
e[ B[ K; Hlantts +a (6 -1 )]|2]]- K3 |z| — Kottty + e, (1, -1, )|
(K +att, +o,(t | |)
K3 - [K, e[t Jjentt, +a0(t |t 2]+ Kot ’
(K +lagtt, +a (t ||z|)
if
K |2 +[|erotity = K, J|entit, + e, (8 =1, |67 2] = K, [ £t < 0.
Thus |F(z)|>o, if
L
~[Jenltt, = K, Jlastt, + (tl—t2)|tf+{[|a0|tlt2—K2]2 lontit, +a (8 =4[ £ + 4K o |t }
=,
2K? ?

This shows that all the zeros of F(z) and hence of the polynomial P(z) lie in
|z|2min[r2,tlj. ®)
1
Combining (6) and (8), we get the desired result. Proof of Theorem 2. Consider the polynomial
f(z)=(t,+2)(t, —z)P(2)
= —O(nZ”+2 + Z::)(artltz +a, ('[1 -t, ) -a,, ) z".

a,._ 1(t tz)_ar2|} )

Since f(z) is a polynomial of degree n + 2, it |a tt, +
follows by applying Lemma 3 to f(z) with p=n+1 |7] < max Z —
and r=t,, that all the zeros of f(z) liein ALY

AJCM

Copyright © 2011 SciRes.



G.SINGH ET AL. 7

Now

Zn+1 (05 L +a, | n+1 a At +a (t-t)-a, +i (brtltz +b, (¢, _tz)_brfz))
r=0 |0,’ |tn r+l | |an|tln—r+1 ‘

(brtltZ + br—l (tl _tz ) - br—2 )|

t =

(artltz +a,_ (tl - tz ) —-a,_, )|

|tn—r+1 +Z::(])

<X

|an 1 |an|tln_r+1
|a0|tt +|a1t1t2 +a, ('[1 -t )| . Z,M (art1tz +a,._; (t1 _tz)_ar—z )| + Zn+1 (artltz +a,; (tl _tz)_arfz )|
|(Z n+1 | |O.’ |tn+1 | r=2 |an|t1n—r+1 r=A+2 |an|t1n—r+l
['b |tt _'_|b1tt +b | z/m btt +br 1(t tz)_b | Zn+1 r-1 (tl_tz)_br—2)|
|O.’ |tn+1 | |(l n+1 | | n|t1n r+l r=i+2 |an|t1n—r+l
y lay|t, [at, —a0|t |a| (@t +a (t, tz)—a,_2)| (&t +a (t —tz)—a,_2)|
- |6‘( |tn + |6‘( |t1n |6‘( |tn 1 +Zr 2 |0,’ |tn r+l +Zr:1+2 |0,’ |t1n—r+1
n n
|b |t |b1t] —b0|t |b | A+l | (b tt +b|, 1(t tz)_br—Z) | n+l (brtltz +br—1 (tl _tz)_br—z )|
|:|0! |tn + |an|t1n |£Z |tn -1 Z |an |tn r+l +Zr=/1+2 |an|tln—r+1 .
Using the hypothesis, we get
P L W EA B LURE(ARE
@] ez, |t Ia |t et et et

+|: |b0|t2 1'[2 0 2 |b0| +Z/1+1 (brtltz +br—1 (tl _tz)_br-z ) +Z::H2 (brtltZ + br—l (tl _tz)_ br—2 ):l

|an|t1" + |an|tln_1 - |an|t1" + |an|t1”_1 r=2 |an|t1n—r+l |an|tln-r+1
L - P L NP b 2% oo
|an|{[t]n/1 a'nJ'i—tln (|a0| aO)}+|an|{tlnil +t1n (|a0| aO)}

t, 2b, 1 t, [2b,, 1
w0 [ b=y ) A—(|by| b, )b
+|an|{(tln—i HJ+t1n (| 0| 0)}+|an|{tln—l—1 +t1n (| 0| 0)}

Hence by (9) all the zeros of f (Z) lie in the circle |Z| <R,

where
2a,,, 1 t 2b 1
& al-a)f i B e nl-n)

t 2a 1
R = 1 A - _
P e B IS
t, [2b,, 1
+ |c12 | {tn—i—ll +t_”(|b°| =D, )}
n 1 1
Since every zero of P ( Z) is also a zero of f (Z) , the theorem is proved completely.

f(2)=(t, +2)(t —2)P(2) ==, 2" +(at, (t, =t,) — e, ) 2" + (e tty + @, (1))~ 5 ) 2"+
(aztt +a,(t—t)—a,) 2 +(atit, + (4 —1,)) 2+ atit,

=—a, 2" + (an(tl—tz)—an_l)z””+Z::0{art1t2+ar_1(t1—t2)—ar_2}z'+iZ:zO{brtlt2+b,_1(t1—t2)—br_2}z’.

This gives

Copyright © 2011 SciRes. AJCM
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|1 (2)| z|_anz”+2 +(a, (4 —t,)— e, ) 2"

_ ‘z:zo{artltz +a,_ (t-t)-a_,}z
_‘zfzo{b,tltz +b, (t—t,)=b,_,}z'
2|7 ez + et —a, (4 -1,)| - 20 [atit, +a,, (t —t) -2, |2

- Z::0|brtlt2 + br—l (tl _tZ) - bl’*2||z|r :

Let |z|>t, ,we get by using the hypothesis

1
W - Z::0|brt1tz + br—l (tl _tz )_ brfz
1

L
tln—r+l

|1 (2) 22" Danz +at,, —a, (4 -t)- 20 [att +a, (4 -t,)-a,,

. t 1 b, |t 1
=l llianz+an_l —a,(t, —t2)|—{|a:n| 2+ |(at, -, +ay, t—n}—{l ‘t’l 2+ |(bt, —by )t, + Iyt t_”}
1 1 1 1
+ 1 1
_Zf:”artltz +a,_, (tl _tz)_ar—2|tn,ﬁ_zrzg+z artltz +a,_, (tl _tz)_ar—2|tn,ﬁ
1 1

A+l
Zr=2

Z|Z|n+ll:

brtltZ + br—l (tl -4 ) - br—2

brtltz + br—l (tl -4 ) - br—2

1
tln—r+1

1 n
tn—r+1 Zr=/1+2
1

olta,, —aq, (tl _tz )|_{|a0r|1t2 + |a1t1 _a0|t2 + |a0|tl}

4 t t
_{'bzltz + |b1t1 ;nbohz + |b:r!t1 }_Z;Hzl a,t1t2 4 ar_l (t] _tz)— a,-_z tn_%
1 1 1 1

1

n-r+l
tl

2
r=1+2

2
r=1+2

att, +a, (tl -t ) -4,

brtltZ + br—l (tl -t ) - br—2

1 Z/Hl
tn—r+1 - r=2
1

b
tln—r+1

_|a0|t2 _(altl _ao)tz _|ao|t1 +{_|bo|tz _(bltl _bo)tz _|bo|t1}

brtltz + br—l (tl - tz ) - brfz

1
= |Z|n+ |:|anz +a,,—a, (tl —tz )| tl tln t, tln '[ln t]n

1 1
- ZS (artltz +a,_, (tl - tz )_ a._, )tn,T_ Z:zhz (artltz +a,, (tl - tz ) &, )W
1 1

A+l 1 n 1
_zrzz(brtltz +br—1 (tl _tz)_ brfz)tn,m _Zr:/“z(brtltz + br—l (tl _tz)_brfz ) tnr+1:|
1 1
L &t _at, at, [at
f|Z| {anz+anl—an (tl—t2)|— o —tnlj + tonz o
1 | 1 1
b|t, bt, bt [bt at, a a,.t+a a,t+a
T B e T Ier
t) t) t, t) t) t) t, t
] (bt + by + bty +b, 4 bty +b, +ht +b
tn—l tn—l tn—/l—l tn—/l—l n n
| 1 1 1

a, |t t t a . t+a
——| Ol 2 +_a0n2 __|a0n| ! +%—2 24 \rat +a,
" t

+{_%+%_%+bi_2[m}+bntz +bn—1}:| > 0,

= |z|n+1 Danz ‘o, —a,(t -t )|

tln tln t]n tln—l ]n—l—l
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if
|0an T, (tl _tZ )| ~ 2(WJ_ antz —a, t |a0|t2tn_a0t2 + |a0|t1tn_a0t1
| ! !
t t! ¢
Thus |Z| >0, if

an_
7+ . L—(t,-t,)

n

boJf2a A ) 4 J(2a,. o
>Ian|{tr-* t ]*t:('%' )}H{t ""“]H;('aol ao>}

e &_E 1 _ L 2b/1+1_ 1 B
+{|an|{[tln—4 1J+t1n (|bo| bo)}+|an|{[tln_l_l an+tln (|b0| bo)}l.

T
his shows that those zeros of f (z) whose modulus is greater than t,, lie in the circle
z+50 -(t -t,)

t_l Zaﬂ - Ot i - t_2 2a1+1 _ i 3

n < |an| {[t]ﬂﬂ tl j+t1n (|a0| ao)}+ |an|{(tlnil an]-i-t]n (|a0| a‘())}
t_l Zbl _bn_l i - t_2 2b/1+1 _ i B

gl sy en g

It can be easily verified that those zeros of f(z) Therefore, we conclude that all zeros of f(z) and
whose modulus is less than t,, lie in the circle as well. hence P(z) liein
7+ -(t -t,)

t_l Zaﬂ_arH i - t_2 2a1+1_ i 3

n s|an|{£t]nﬂ ¢ j+tln (Ja| ao)}+|an|{tln“ a”jth]” (Ja| ao)}
t_l Zbl_bn_l i - t_2 2b/1+1_ i B
gl gt

This completes the proof of the theorem. Mathematical Analysis and Applications, Vol.7, 1963, pp.
176-182. doi:10.1016/0022-247X(63)90046-5
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