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 L L � 36%�* Lk(s). Kurosawa; [3] d( 2n �\LtK< s : k /:GY|DPaAo:GY|D L(s):(A�*� kmin = 2WH(2n
−L(s)), ^� WH(b) ���� b ~L����4:

Hamming �8�
Rueppel[4] d(:GY|D* L : 2n �\LtK<:# b��4 k = 1, 2 ��

Meidl[5]d(:GY|D* 2n: 2n�\LtK<: k/:GY|DT g,�4 k = 2, 3���V<s℄-U [6] d(:GY|D* 2n − 1 : 2n �\LtK<: k /:GY|DT g,� Fu, Niederreiter s Su[7] d(�l 2n �\LtK<: 1 /:GY|DT g,��-#nR �\* 2n :LtK<:GY|D��(� k /:GY|D:�� z*j Hamming �8(A:/3K<��o Games-Chan �O��E::GY|D* 2n : 2n �\LtK<: 3 /:GY|DT g,�d(:Ge 3,4/:GY|DK<:(���i��Go[Æ::GY|D* 2n −m : 2n �\LtK<�X*℄�i\QOd(Ge k /:GY|DK<:��i��
2 [*aG:X�4-���E:K<B�~ GF (q)qz�} GF (q)qz:6b?8 x = (x1, x2, · · ·,

xn) s y = (y1, y2, · · · , yn), �A` x + y = (x1 + y1, x2 + y2, · · · , xn + yn). Go n = 2m,

Left (x) A`* (x1, x2, · · · , xm), J Right (x) A`* (xm+1, xm+2, · · · , xn).K< s = {s0, s1, s2, s3, · · ·} :~%o�A`*
s(x) = s0 + s1x + s2x

2 + s3x
3 + · · · =

∞
∑

i=0

six
il8K< sN = {s0, s1, s2, · · · , sN−1} :~%o�A`* sN(x) = s0 + s1x + s2x

2 + · · · +

sN−1x
N−1. ul s ��\K<� sN ��:=[�\�� s(x) *℄��%

s(x) =sN (x)(1 + xN + x2N + · · ·) =
sN (x)

1 − xN

=
sN (x)/ gcd(sN (x), 1 − xN )

(1 − xN )/ gcd(sN (x), 1 − xN )
=

g(x)

fs(x)
.�2 fs(x) = (1 − xN )/ gcd(sN (x), 1 − xN ), g(x) = sN (x)/ gcd(sN (x), 1 − xN ).6n� gcd(g(x), fs(x)) = 1, deg(g(x) < deg(fs(x))). fs(x) � s :�AI>��


fs(x) :+��K< s ::GY|D��* L(s).} N = 2n, � 1 − xN = 1 − x2n

= (1 − x)2
n

= (1 − x)N . aJGo�\* 2n :LtK<�j^:GY|D�*℄ {*j sN (x) �a� (1 − x) :+��4Q�6b����:b1�*℄#� [6].YA 2.1 }�\* N = 2n :LtK< s, ^:GY|D L(s) = 2n, 4
�4\K<:[b�\: Hamming �8*_��a* Hamming�8*_�:K<k?[b 1��* Hamming�8*Z�:K<�j4Q�V'B Hamming �8*Z�:K<�



3[ ��d�"k 2n 9FX{C9 2n �[KsJ;9 3 .9FX{C 401YA 2.2 }�\* N = 2n :LtK< S1 s S2. ul L(s1) 6= L(s2),� L(s1+s2) =

max {L(s1), L(s2)}. ul L(s1) = L(s2), � L(s1 + s2) < L(s1).ul({^�LtK< s : k bt��K< s ::GY|D�*4��e!b1
2.2, �� k b+�* 1 :LtK<^:GY|DX�* L(s). aJ k /:GY|D:��*℄ z*j Hamming �8(A:LtK<��8^:GY|DX* L(s).YA 2.3 } Ei ��\* N = 2n :LtK<��:=[�\K<Æ~= i+�t�� 1,^�+�t�l* 0, 0 ≤ i ≤ N . w j− i = 2r(1+2a), a ≥ 0, 0 ≤ i < j < 2n, r ≥ 0,� L(Ei + Ej) = 2n − 2r.h } Ei +Ej Ge:I>� xi +xj = xi(1+xj−i) = xi(1−xj−i) = xi(1−x2r+2a2r

),^� a *RZ���a*
1 − x2r+2a2r

= (1 − x2r

)(1 + x2r

+ x2·2r

+ · · · + x2a·2r

) = (1 − x2r

)f(x)
 f(1) = 1,�℄ gcd((1−x)2
n

, xi(1−xj−i)) = gcd((1−x)2
n

, 1−x2r

) = gcd((1−x)2
n

, (1−

x)2
r

) = (1 − x)2
r

, � L(Ei + Ej) = 2n − 2r. ���7~'BÆl 4 b+�R=�\ N = 2n :LtK<�YA 2.4 } s *�\ N = 2n :LtK<�R=t�b�* 4, � s *℄T�* 2b Eij 	s�}= 1 b Eij ^R=t�+�* i, j, j − i = 2d(1 + 2u), 
= 2 b Eij ^R=t�+�* k, l, l − k = 2e(1 + 2v), 
 i < k, k − i = 2c + 1. w d = e, �^:GY|D* 2n − (2d + 1), W�* 2n − 2min(d,e).h w d 6= e, e!b1 2.2, L(s) = 2n − 2min(d,e).w d = e, Ei + Ej Ge:I>�*
xi + xj = xi(1 − xj−i) = xi(1 − x2d(1+2u)) = xi(1 − x2d

)(1 + x2d

+ x2·2d

+ · · · + x2u·2d

).

Ek + El Ge:I>�*
xk + xl = xk(1 − xl−k) = xk(1 − x2d(1+2v)) = xk(1 − x2d

)(1 + x2d

+ x2·2d

+ · · · + x2v·2d

).

Ei + Ej + Ek + El Ge:I>�*
xi + xj + xk + xl =xi(1 − x2d

)[(1 + x2d

+ x2·2d

+ · · · + x2u·2d

)

+ xk−i(1 + x2d

+ x2·2d

+ · · · + x2v·2d

)]

=xi(1 − x2d

)[1 + xk−i + (x2d

+ x2·2d

+ · · · + x2u·2d

)

+ xk−i(x2d

+ x2·2d

+ · · · + x2v·2d

)]

=xi(1 − x)2
d

[1 + x2c+1 + (x2d

+ x2·2d

+ · · · + x2u·2d

)

+ xk−i(x2d

+ x2·2d

+ · · · + x2v·2d

)]

=xi(1 − x)2
d+1[(1 + x + x2 + · · · + x2c)

+ (x2d

+ x3·2d

+ · · · + x(2u−1)·2d

)(1 + x)2
d
−1

+ xk−i(x2d

+ x3·2d

+ · · · + x(2v−1)·2d

)(1 + x)2
d
−1].
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 L L � 36%jo (1 + x + x2 + · · · + x2c) Lla� (1 + x), j gcd((1 − x)2
n

, xi + xj + xk + xl) =

(1 − x)2
d+1, �℄ L(s) = 2n − (2d + 1). ���

3 NQ7^2K 2
n 4\SB/ 3-NQ7^21W 3.1[5] } s(n) = {s0, s1, s2, · · · , s2n

−1} �LtK< s :=[�\� n ≥ 1. e!
Games-Chan �O�A`f| ϕn , F 2n

2 6 F 2n−1

2 ,

ϕn(s(n)) = ϕn((s0, s1, s2, · · · , s2n
−1)) = (s0 + s2n−1 , s1 + s2n−1+1, · · · , s2n−1

−1 + s2n
−1).YA 3.1[5] A` 3.1 :f| ϕn J&4Q:G��

1) W (ϕn(s(n))) ≤ W (s(n));

2) W (ϕn(s(n))), W (s(n)) _ZG;$	
3) �t ϕ−1

n+1(s
(n)) =

{

v ∈ F 2n+1

2 |ϕn+1(v) = s(n)
} :1A* 22n

.YA 3.2[4] } N(L) ���\* 2n, :GY|D* L :LtK<b���
N(L) =

{

1, L = 0,

2L−1, 1 ≤ L ≤ 2n.YA 3.3 } s(n), t(n) � 2b�$:K<3:GY|D&* c, 1 ≤ c ≤ 2n−1−1, u(n),

v(n) � 2 b�$:K<3:GY|D&* 2n, 
 W (u(n)) = W (v(n)) = 1, � s(n) + u(n)p t(n) + v(n) �$�h r�R s(n) + u(n) p t(n) + v(n) �$���R s(n) + u(n) + v(n) p t(n) �$���R u(n) + v(n) p s(n) + t(n) �$�a* s(n), t(n) � 2 b�$:K<3:GY|D&*
c, 1 ≤ c ≤ 2n−1 − 1, �℄ s(n) + t(n) ::GY|DAo 2n−1 − 1, 
a 2n−1 bt�pw
2n−1 bt�;$��} u(n) + v(n) p s(n) + t(n) ;$�� u(n) + v(n) a 2n−1 bt�pw 2n−1 bt�;$��℄a 2n−1 bt��Æl[bt� 1, j u(n) + v(n) ::GY|D* 2n−1, p
s(n) + t(n) ::GY|DAo 2n−1 − 1 KH����YA 3.4 }K< s(n) :GY|D* c, 1 ≤ c ≤ 2n−1 − 1, K< u(n) :GY|D*
2n, 
 u(n) �t� 1 :b�* 1, � s(n) + u(n) : 1 /:GY|D* c.h j 1 /:GY|D����[bt� 1 :b�* 1 :K<�nwj(A::GY|D�} v(n) �p u(n) �$:K<3:GY|D* 2n, 
 v(n) �t� 1 :b�* 1.e!b1 2.3, u(n) + v(n) ::GY|D* 2n − 2d, d ≥ 0 *���� u(n) + v(n) ::GY|D(A* 2n − 2n−1 = 2n−1, s(n) + u(n) + v(n) ::GY|D(A* 2n−1. jo
s(n) + u(n) + u(n) ::GY|D* c, 1 ≤ c ≤ 2n−1 − 1, j s(n) + u(n) : 1 /:GY|D* c. ���4Q:A1 3.1 � [5] �:A1 1. �-d(C:�RQO�1A 3.1 } L(r, c) = 2n − 2r + c, 2 ≤ r ≤ n, 1 ≤ c ≤ 2r−1 − 1, N1(L(r, c)) ���



3[ ��d�"k 2n 9FX{C9 2n �[KsJ;9 3 .9FX{C 403\* 2n, :GY|D L(s) = 2n, 1 /:GY|D* L(r, c) :LtK<b���
N1(L) =















2n, L = 0,

2L+r−1, L = L(r, c),

0, ^�.h } s �:GY|D L(s) = 2n :LtK<� s(n) = {s0, s1, s2, · · · , s2n
−1} �K<

s :=[�\�e! Games-Chan �O� Left (s(t)) 6= Right(s(t)), 1 ≤ t ≤ n, L(s(0)) = 1,^� s(t) = ϕt+1 · · ·ϕn(s(n)).�℄ s(0) = {1}, 
 s0 + s1 + · · · + s2t
−1 = 1, L(s(t)) = 2t, 1 ≤ t ≤ n.5'B�2gE W (s(n)) = 1, � s(n) �t� 1 :b�* 1. {s0, s1, · · · , s2n

−1} �Æl[bt� 1, �℄�T s(n) :b�* 2n, � N1(0) = 2n.'B[Æg, L(r, c) = 2n − 2r + c, 2 ≤ r ≤ n, 1 ≤ c ≤ 2r−1 − 1.} s�:GY|D L(s) = L(r, c):LtK<�s(n) = {s0, s1, s2, · · · , s2n
−1}�K< s:=[�\�a* L(r, c) = 2n −2r + c = 2n−1 + · · ·+2r + c, �℄ Left (s(r)) = Right(s(r)),
 L(s(r)) = c.a*:GY|D* 2r 
 W (t(r)) = 1 : t(r) b�* 2r, e!b1 3.4, s(r) + t(r) : 1/:GY|D* c.e!b1 3.2 sb1 3.3, s(r) + t(r) :b�* 2c−1 × 2r = 2c+r−1. e!b1 3.1, ~%Mb s(r) + t(r) : s(n) + t(n) :b� 22n−1+···+2r

= 22n
−2r

.-~K< t(n) �8 t(r) = ϕr+1 · · ·ϕn(t(n)), L(t(n)) = 2n 
 W (t(n)) = 1,j s(n) + t(n): 1 /:GY|D* 2n−1 + · · · + 2r + L1(s
(r) + t(r)) = 2n − 2r + c = L(r, c).�℄ N1(L(r, c)) = 22n

−2r

× 2c+r−1 = 2L(r,c)+r−14 L(r, c)jA61�z��N1(L(r, c))T�* r = n, 2n, 2n+1, · · · , 22n−1
−1+n−1; r =

n − 1, 22n−1+1+(n−1)−1, 22n−1+2+(n−1)−1, · · · , 22n−1+2n−2
−1+n−1; · · · , r = 2, 22n

−22+1+2−1.jo N1(0) = 2n,}.�℄z��8 1/:GY|D* 0} L(r, c):LtK<b�*
22n

−1. e!b1 3.2,�l L(s) = 2n :LtK<:b�* 22n
−1, j�-~�T:K<�

L(s) = 2n, 1/:GY|D�* 0
�* L(r, c) = 2n−2r +c, 2 ≤ r ≤ n, 1 ≤ c ≤ 2r−1−1.���YA 3.5 } s(n), t(n)� 2b�$:K<3:GY|D&* c, 1 ≤ c ≤ 2n−2, u(n), v(n)� 2 b�$:K<3:GY|D&* 2n, 
 u(n), v(n) :R=t�b�T�* 1 } 3, �
s(n) + u(n) p t(n) + v(n) �$�h r�R s(n) + u(n) p t(n) + v(n) �$���R s(n) + u(n) + v(n) p t(n) �$���R u(n) + v(n) p s(n) + t(n) �$�a* s(n), t(n) � 2 b�$:K<3:GY|D&* c, 1 ≤ c ≤ 2n−2, �℄ s(n) + t(n)::GY|DAo 2n−2, 
 s(n) + t(n) : 2n bt�*℄T% 4 b;$!T��} u(n) + v(n) p s(n) + t(n) ;$�� u(n) + v(n) : 2n bt�*℄T% 4 b;$!T�j u(n) + v(n) :R=t�b�ÆU* 4, u(n) + v(n) ::GY|D* 2n−2, p
s(n) + t(n) ::GY|DAo 2n−2 KH����
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 L L � 36%YA 3.6 }K< s(n):GY|D* c, 1 ≤ c ≤ 2n−1−3, c 6= 2n−1−2m, 2 ≤ m < n−1,K< u(n) :GY|D* 2n, 
 u(n) �t� 1 :b�* 1 } 3, � s(n) + u(n) : 3 /:GY|D* c. }K< s(n) :GY|D* c, c = 2n−1 − 2m, 0 ≤ m < n − 1, �-~ u(n), �8 s(n) + u(n) : 3 /:GY|DAo c.h j 3 /:GY|D����[bt� 1 :b�* 1 } 3 :K<�nwj(A::GY|D�} v(n) �p u(n) �$:K<3:GY|D* 2n, 
 v(n) �t� 1 :b�* 1 } 3.w u(n) + v(n) ::GY|D(A* 2n−1, � s(n) + u(n) + v(n) ::GY|D(A*
2n−1. jo s(n) + u(n) + u(n) ::GY|D* c, 1 ≤ c ≤ 2n−1 − 1, j s(n) + u(n) : 3 /:GY|D* c.w u(n) + v(n) ::GY|DAo 2n−1, � u(n) + v(n) a 2n−1 bt�pw 2n−1 bt�;$�
a 2n−1 bt��t� 1 :b�* 2. e!b1 2.3, u(n) + v(n) ::GY|D* 2n−1 − 2m, 0 ≤ m < n − 1. �℄� L(s(n) + u(n) + v(n)) ≥ L(s(n)). j s(n) + u(n) : 3/:GY|D* c.}K< s(n) :GY|D* c, c = 2n−1 − 2m, 0 ≤ m < n− 1, �4 u(n) + v(n) ::GY|DX* c �� L(s(n) + u(n) + v(n)) < c, � s(n) + u(n) : 3 /:GY|DAo c. ���YA 3.7 } N3(2

n−2) ���\* 2n, :GY|D L(s) = 2n, 3 /:GY|D*
2n−2 :LtK< s b���

N3(2
n−2) =

{(

2n

3

)

−

[

2n + 2n−2

(

4

2

)

(2n − 4)

]}

22n−2
−1.h }K< s(n) :GY|D* 2n−2, � s(n) :b�* 22n−2

−1.}K< u(n) :GY|D 2n 
 W (u(n)) = 1, ^�-~K< v(n) 
 W (v(n)) = 3, �8 u(n) + v(n) :GY|D* 2n−2. � s(n) + u(n) : 3 /:GY|DAo 2n−2.}K< u(n) :GY|D 2n, W (u(n)) = 3, 
 u(n) ��{6bR=t�$0* 2n−2:���^�`q-~[bK< v(n), �8 u(n) + v(n) :GY|D* 2n−2. � s(n) + u(n): 3 /:GY|DAo 2n−2.}K< u(n) :GY|D 2n, W (u(n)) = 3, � u(n) :b�* (

2n

3

)

.}K< u(n) :GY|D 2n, W (u(n)) = 3, 
 u(n) �`q6bR=t�$0* 2n−2:���� u(n) :b�* 2n−2
(

4

2

)

(2n − 4).}K< u(n) :GY|D 2n, W (u(n)) = 3, 
 u(n) �p_6bR=t�$0&*
2n−2 :���� u(n) :b�* 2n−2

(

4

3

)

= 2n.}K< s(n) :GY|D* 2n−2, K< u(n) :GY|D 2n, W (u(n)) = 3, 
 u(n) ��-~6bR=t�$0* 2n−2 :���/�ob1 3.6, *� s(n) + u(n) : 3 /:GY|D* 2n−2. �T s(n) + u(n) :b�*
{(

2n

3

)

−

[

2n + 2n−2

(

4

2

)

(2n − 4)

]}

22n−2
−1.



3[ ��d�"k 2n 9FX{C9 2n �[KsJ;9 3 .9FX{C 405���4u�4 n = 3 ��
(

2n

3

)

−

[

2n + 2n−2

(

4

2

)

(2n − 4)

]

= 0,�:GY|D L(s) = 23, 3 /:GY|D* 2 :LtK< s b�* 0.4 n = 4 ��
{(

2n

3

)

−

[

2n + 2n−2

(

4

2

)

(2n − 4)

]}

22n−2
−1 = 2048,�:GY|D L(s) = 24, 3 /:GY|D* 4 :LtK< s b�* 2048.YA 3.8 } N3(2

n−1 − 2n−m + x) ���\* 2n, :GY|D L(s) = 2n, 3 /:GY|D* 2n−1 − 2n−m + x :LtK< s b�� n > 3, 1 < m < n− 1, 0 < x < 2n−m−1,�
N3(2

n−1 − 2n−m + x)

=

{(

2n

3

)

− (2m−2 − 1) × 2n+1 − (2m−1 − 1) ×

(

2n−m

2

)

× 2m+1

− 3 × 2n−m−2

[(

2m

3

)

− 4

(

2m−1

2

)]

−

(

2n−m

2

)

×

[(

2m

2

)

− 2m−1

]

× 2m

}

22n−1
−2n−m+x−1.h }K< s(n) :GY|D* 2n−1 − 2n−m + x, � s(n) :b�* 22n−1

−2n−m+x−1.}K< s(n) :GY|D* 2n−1 − 2n−m + x, K< u(n) :GY|D 2n, W (u(n)) = 1} 3, jb1 3.6, *� s(n) + u(n) : 3 /:GY|D* 2n−1 − 2n−m + x. K< u(n) :b�* (

2n

3

)

+ 2n.}K< u(n) :GY|D 2n, W (u(n)) = 1, �`ql 1 b v(n) �8 u(n) + v(n)::GY|D* 2n−1 − 2n−2, `ql 2 b�$ v(n) �8 u(n) + v(n) ::GY|D*
2n−1 − 2n−3,· · ·, `ql 2m−2 b�$ v(n) �8 u(n) + v(n) ::GY|D* 2n−1 − 2n−m.j t(n) = s(n) +u(n) +v(n) ::GY|D* 2n−1−2n−m +x. �℄ s(n) + t(n) = u(n) +v(n),*�� s(n) + u(n) = t(n) + v(n). aJ�IV'B�T 2n b u(n) �^� W (u(n)) = 1. $�0N�7-~ 2m−1 − 1 b�$: v(n) s t(n) �8 s(n) + u(n) = t(n) + v(n).}K< u(n) :GY|D 2n, W (u(n)) = 3, 
 u(n) �6bR=t�$0* 2n−r(1 +

2a), 1 < r ≤ m, a ≥ 0, ^�-~[bK< v(n), �8 u(n) + v(n) :GY|D* 2n−1 −

2n−r, 1 < r ≤ m. j t(n) = s(n) + u(n) + v(n) ::GY|D* 2n−1 − 2n−m + x. �℄
s(n) + t(n) = u(n) + v(n), *�� s(n) + u(n) = t(n) + v(n).� u(n) T% 2n−m b#K<�#K<�t�:$0* 2n−m. w 3bR=t�&�o[b#K<�
 u(n) �6bR=t�$0* 2n−1, �-~ 2m−1 − 2 b�$:K< v(n),
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W (v(n)) = 3, �8 u(n) + v(n) :GY|DT�* 2n−1 − 2n−r, 1 < r ≤ m. �T u(n) :b�* 2n−m × 2 ×

(

2m−1

2

)

× 2 = C1.w 3bR=t�&�o[b#K<�
�-~ u(n) �6bR=t�$0* 2n−1, �-~R=t�b�* 3 : 3 bK< v
(n)
1 , v

(n)
2 , v

(n)
3 , �8 u(n) + v

(n)
1 , u(n) + v

(n)
2 , u(n) + v

(n)
3x�;$�:GY|D* 2n−1 − 2n−r, 1 < r ≤ m. �T u(n) :b�*

2n−m

[(

2m

3

)

− 2 ×

(

2m−1

2

)

× 2

]

= C2.wÆl 2bR=t��o[b#K<�
 u(n) �6bR=t�$0* 2n−1. �-~
2m−1 − 1b�$:K< v(n), �8 u(n) + v(n) :GY|DT�* 2n−1 − 2n−r, 1 < r ≤ m.�T u(n) :b�*

2

(

2n−m

2

)

× 2m−1 × 2m =

(

2n−m

2

)

× 22m = C3.wÆl 2 bR=t��o[b#K<�
�-~ u(n) �6bR=t�$0* 2n−1,�`ql[b v(n) �8 u(n) + v(n) ::GY|D* 2n−1 − 2n−r, 1 < r ≤ m, j t(n) =

s(n) + u(n) + v(n) ::GY|D* 2n−1 − 2n−m + x. �℄ s(n) + t(n) = u(n) + v(n), *��
s(n) + u(n) p t(n) + v(n) ;$��T u(n) :b�*

2

(

2n−m

2

)

×

[(

2m

2

)

− 2m−1

]

× 2m = C4.j 3 /:GY|D* 2n−1 − 2n−m + x :LtK< s :b�*
N3(2

n−1 − 2n−m + x)

=

[(

2n

3

)

−
2m−1 − 2

2m−1 − 1
× C1 −

2m−1 − 1

2m−1
× C3 −

3

4
× C2 −

1

2
× C4

]

22n−1
−2n−m+x−1

=

{(

2n

3

)

−
2m−1 − 2

2m−1 − 1
× 2n−m+2

(

2m−1

2

)

−
2m−1 − 1

2m−1
×

(

2n−m

2

)

× 22m

−
3

4
× 2n−m

[(

2m

3

)

− 4

(

2m−1

2

)]

−

(

2n−m

2

)

×

[(

2m

2

)

− 2m−1

]

× 2m

}

22n−1
−2n−m+x−1

=

{(

2n

3

)

− (2m−2 − 1) × 2n+1 − (2m−1 − 1) ×

(

2n−m

2

)

× 2m+1

− 3 × 2n−m−2

[(

2m

3

)

− 4

(

2m−1

2

)]

−

(

2n−m

2

)

×

[(

2m

2

)

− 2m−1

]

× 2m

}

22n−1
−2n−m+x−1.���



3[ ��d�"k 2n 9FX{C9 2n �[KsJ;9 3 .9FX{C 407JE 3.1 } N3(2
n−2 + 1)���\* 2n, :GY|D L(s) = 2n, 3 /:GY|D*

2n−2 + 1 :LtK< s b�� n > 3, �
N3(2

n−2 + 1) =

[(

2n

3

)

− 2n−3

(

4

2

)

)(2n − 4)

]

22n−2

.h t^S��� m = 2 �b1 3.8 :�4�4Q}
��R�b%E�℄�l�ob1 3.8 :1��}K< s(n) :GY|D* 2n−2 + 1, � s(n) :b�* 22n−2

.}K< s(n) :GY|D* 2n−2 + 1, K< u(n) :GY|D 2n, W (u(n)) = 1 } 3, jb1 3.6, *� u(n) + s(n) : 3 /:GY|D* 2n−2 + 1. K< u(n) :b�* (

2n

3

)

+ 2n.}K< u(n) :GY|D 2n, W (u(n)) = 1, �`ql[b v(n) �8 u(n) + v(n) ::GY|D* 2n−2, j t(n)=s(n) + u(n) + v(n) ::GY|D* 2n−2 + 1. �℄ s(n)+t(n) =

u(n) + v(n), *�� s(n) + u(n) p t(n) + v(n) ;$� s(n) + v(n) p t(n) + u(n) ;$�}K< u(n) :GY|D 2n, W (u(n)) = 3, 
 u(n) ��{6bR=t�$0*
2n−2 :���^�`q-~[bK< v(n), �8 u(n) + v(n) :GY|D* 2n−2. j
t(n)=s(n) + u(n) + v(n) ::GY|D* 2n−2 + 1. �℄ s(n)+t(n) = u(n) + v(n), *��
s(n) + u(n) p t(n) + v(n) ;$� s(n) + v(n) p t(n) + u(n) ;$�jb1 3.7, K< u(n) :b�* 2n + 2n−2

(

4

2

)

(2n − 4). �℄
N3(2

n−2 + 1) =

{

(

2n

3

)

+ 2n −

[

2n + 2n + 2n−2

(

4

2

)

(2n − 4)

]

/

2

}

22n−2

=

[(

2n

3

)

− 2n−3

(

4

2

)

(2n − 4)

]

22n−2

.���YA 3.9 } N3(2
n−2 + 2n−3) ���\* 2n, :GY|D L(s) = 2n, 3 /:GY|D* 2n−2 + 2n−3 :LtK< s b�� n > 3, �

N3(2
n−2 + 2n−3) =

[(

2n

3

)

− 7 × 2n − 384

(

2n−3

2

)]

22n−2+2n−3
−1.h }K< s(n) :GY|D* 2n−2 + 2n−3, � s(n) :b�* 22n−2+2n−3

−1.jo 2n−2 +2n−3 = 2n−1− (2n−2−2n−3) = 2n−1−2n−3, e!b1 3.6,-~K< u(n):GY|D 2n, W (u(n)) = 1 } 3, u(n) + s(n) : 3 /:GY|DAo 2n−1 − 2n−3.6n�Go�lK< u(n) :GY|D 2n, W (u(n)) = 1, u(n)+ s(n) : 3 /:GY|DAo 2n−1 − 2n−3.'B:GY|D* 2n : u(n), W (u(n)) = 3. } u(n) ��{6bR=t�$0*
2n−3(2k + 1) } 2n−1, k *���^�-~[bK< v(n), �8 u(n) + v(n) :GY|D*
2n−1 − 2n−3, � u(n) + s(n) : 3 /:GY|DAo 2n−1 − 2n−3.� u(n) T% 2n−3 b#K<�#K<�t�:$0* 2n−3. w 3 bR=t�&�o[b#K<�� u(n) ��{6bR=t�$0* 2n−3(2k + 1) } 2n−1. ~#K<��$
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�J&#K<�6bR=t�$0*
2n−3(2k + 1) } 2n−1, �#K<�6bR=t�$0* 2n−2 } 3 × 2n−2, �T u(n):b�*

2

(

2n−3

2

)

× (6 + 2) × 8 = 128

(

2n−3

2

)

.}K< u(n) :GY|D 2n, W (u(n)) = 3, 
 u(n) ��{6bR=t�$0* 2n−2} 3 × 2n−2, ^�`q-~[bK< v(n), W (v(n)) = 3, �8 u(n) + v(n) :GY|D*
2n−2. j t(n)=s(n) +u(n) +v(n) ::GY|D* 2n−1−2n−3. �℄ s(n) + t(n) = u(n) +v(n),*�� s(n) + u(n) p t(n) + v(n) ;$� s(n) + v(n) p t(n) + u(n) ;$�}K< u(n) :GY|D 2n, W (u(n)) = 3, ��{6bR=t�$0* 2n−3 × k :b�*

2n−3

(

8

3

)

+ 2

(

2n−3

2

)(

8

2

)

8.aJ 3 /:GY|D* 2n−1 − 2n−3 :LtK< s :b�*
N3(2

n−2 + 2n−3)

=

[(

2n

3

)

− 2n−3

(

8

3

)

− 2

(

2n−3

2

)(

8

2

)

8 + 64

(

2n−3

2

)]

22n−2+2n−3
−1

=

[(

2n

3

)

− 7 × 2n − 384

(

2n−3

2

)]

22n−2+2n−3
−1.���YA 3.10 } N3(2

n−1 − 2n−m) ���\* 2n, :GY|D L(s) = 2n, 3 /:GY|D* 2n−1 − 2n−m :LtK< s b�� n > 3, 1 < m ≤ n, �
N3(2

n−1 − 2n−m)

=

[(

2n

3

)

− 2n−m

(

2m

2

)

−

(

2n−m

2

)(

2m

2

)

2m+1 +

(

2n−m

2

)

× 22m(2m−2 − 1)

+2n−m−1 ×

(

2m−1

3

)

− 2n−2 × (2m−2 − 1)

]

22n−1
−2n−m

−1.h }K< s(n) :GY|D* 2n−1 − 2n−m, � s(n) :b�* 22n−1
−2n−m

−1.e!b1 3.6, -~K< u(n) :GY|D 2n, W (u(n)) = 1 } 3, u(n) + s(n) : 3 /:GY|DAo 2n−1 − 2n−m. 6n�Go�lK< u(n) :GY|D 2n, W (u(n)) = 1,

u(n) + s(n) : 3 /:GY|DAo 2n−1 − 2n−m.'B:GY|D* 2n : u(n), W (u(n)) = 3. } u(n) ��{6bR=t�$0*
2n−m(2k + 1) } 2n−1, k *���^�-~[bK< v(n), �8 u(n) + v(n) :GY|D*
2n−1 − 2n−m. � u(n) + s(n) : 3 /:GY|DAo 2n−1 − 2n−m.� u(n) T% 2n−m b#K<�#K<�t�:$0* 2n−m.



3[ ��d�"k 2n 9FX{C9 2n �[KsJ;9 3 .9FX{C 409wÆl 2bR=t��o[b#K<��T u(n) :b�* 2
(

2n−m

2

)

×
(

2m

2

)

×2m =

C1. wÆl 2bR=t��o[b#K<�
 u(n)�6bR=t�$0�� 2n−m(2k+1),�T u(n):b�* 2
(

2n−m

2

)

×2×
(

2m−1

2

)

×2m,^�$0* 2n−1:b��2
(

2n−m

2

)

×2m−1

×2m.aJ�wÆl 2 bR=t��o[b#K<� u(n) ��-~6bR=t�$0*
2n−m(2k + 1) } 2n−1 (#K<�$0* 2m−1), �T u(n) :b�*

2

(

2n−m

2

)

× 2 ×

(

2m−1

2

)

× 2m − 2

(

2n−m

2

)

× 2m−1 × 2m

=

(

2n−m

2

)

× 22m × (2m−1 − 2) = C2.GMbK< u(n) :GY|D 2n, W (u(n)) = 3, 
 u(n) �6bR=t�$0*
2n−m+1 × k, k *���^�-~[bK< v(n), W (v(n)) = 3, �8 u(n) + v(n) :GY|D* 2n−1 − 2n−2, 2n−1 − 2n−3, · · ·, } 2n−1 − 2n−m+1. j t(n) = s(n) + u(n) + v(n) ::GY|D* 2n−1 − 2n−m. �℄ s(n) + t(n) = u(n) + v(n), *�� s(n) + u(n) p t(n) + v(n) ;$� s(n)+ v(n) p t(n) + u(n) ;$�w 3 bR=t�&�o[b#K<��T u(n) :b�* 2n−m ×

(

2m

3

)

= C3.w 3bR=t�&�o[b#K<�
 u(n)��-~6bR=t�$0* 2n−m(2k+

1), �T u(n) :b�* 2n−m+1 ×
(

2m−1

3

)

, ^�-~6bR=t�$0* 2n−1 (#K<�$0* 2m−1) :b�� 2n−m+1 × 2m−2 × (2m−1 − 2) = 2n × (2m−2 − 1).aJ�w 3 bR=t�&�o[b#K<� u(n) ��-~6bR=t�$0*
2n−m(2k + 1) } 2n−1 (#K<�$0* 2m−1), �T u(n) :b�* 2n−m+1 ×

(

2m−1

3

)

−

2n × (2m−2 − 1) = C4.GMbK< u(n) :GY|D 2n, W (u(n)) = 3,p_6bR=t�$0* 2n−m+1×k,

k *���
�-~6bR=t�$0* 2n−1, �-~:GY|D 2n, R=t�b�*
3 : 3 bK< v

(n)
1 , v

(n)
2 , v

(n)
3 , �8 u(n) + v

(n)
1 , u(n) + v

(n)
2 , u(n) + v

(n)
3 x�;$�:GY|D* 2n−1 − 2n−2, · · · } 2n−1 − 2n−m+1.aJ 3 /:GY|D* 2n−1 − 2n−m :LtK< s :b�*

N3(2
n−1 − 2n−m)

=

[(

2n

3

)

− C3 − C1 + C2/2 + C4/4

]

22n−1
−2n−m

−1

=

[(

2n

3

)

− 2n−m

(

2m

3

)

−

(

2n−m

2

)(

2m

2

)

2m+1 +

(

2n−m

2

)

× 22m(2m−2 − 1)

+2n−m−1 ×

(

2m−1

3

)

− 2n−2 × (2m−2 − 1)

]

22n−1
−2n−m

−1.���t^S�b1 3.7 � m = 2 �b1 3.10 :�4	b1 3.9 � m = 3 �b1 3.10 :�4�
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N3(2

n−1 − 2n−4) =

[(

2n

3

)

− 34 × 2n − 3072

(

2n−4

2

)]

22n−1
−2n−4

−1.���YA 3.11 } n > 2, L(r, c) = 2n − 2r + c, 3 ≤ r ≤ n, 1 ≤ c ≤ 2r−2 − 1, N3(L(r, c))���\* 2n, :GY|D L(s) = 2n, 3 /:GY|D* L(r, c) :LtK<b���
N3(L) =



















(

2n

3

)

+ 2n, L = 0,

2L−1

(

2r

3

)

+ 2r, L = L(r, c).h } s �:GY|D L(s) = 2n :LtK<� s(n) = {s0, s1, s2, · · · , s2n
−1}, �K<

s :=[�\�e! Games-Chan �O� Left (s(t)) 6= Right(s(t)), 1 ≤ t ≤ n, L(s(0)) = 1,^� s(t) = ϕt+1 · · ·ϕn(s(n)).�℄ s(0) = {1}, 
 s0 + s1 + · · · + s2t
−1 = 1, L(s(t)) = 2t, 1 ≤ t ≤ n.5'B�2gE W (s(n)) = 1, � s(n) �t� 1 :b�* 1. {s0, s1, s2, · · · , s2n

−1} �Æl[bt� 1, �℄�T s(n) :b�* 2n.'BgE W (s(n)) = 3. {s0, s1, s2, · · · , s2n
−1} �Æl 3 bt� 1, �℄�T s(n) :b�* (

2n

3

)

. �℄ N3(0) =
(

2n

3

)

+ 2n.'B L(r, c) = 2n − 2r + c, r = n, c = 1. } s �:GY|D L(s) = L(r, c) = 1:LtK<��T:K<Æl[b� s(n) = {s0, s1, s2, · · · , s2n
−1} �K< s :=[�\�e! Games-Chan�O�} r �(1:���J& Left (s(r)), Right(s(r));$�a*

Left (s(n)), Right(s(n)) ;$�j r = n.ma*:GY|D 2n 
 W (t(n)) = 1 } 3 : t(n) b�* (

2n

3

)

+ 2n, s(n) + t(n) :b��� N3(1) =
(

2n

3

)

+ 2n.'Bg, L(r, c) = 2n − 2r + c, 3 ≤ r ≤ n, 1 ≤ c ≤ 2r−2 − 1.} s �:GY|D L(s) = L(r, c) :LtK<� s(n) = {s0, s1, s2, · · · , s2n
−1} �K<

s :=[�\�a* L(r, c) = 2n − 2r + c = 2n−1 + · · ·+2r + c, �℄ Left (s(r)), Right(s(r));$�
 s(r) ::GY|D* c.a*:GY|D* 2r 
 W (t(r)) = 1 } 3 : t(r) b�* (

2r

3

)

+ 2r, e!b1 3.6,

s(r) + t(r) : 3 /:GY|D* c.e!b1 3.5, s(r) + t(r) :b�* 2c−1 ×
[(

2r

3

)

+ 2r
]

.e!b1 3.1, ~%Mb s(r) + t(r) : s(n) + t(n) :b� 22n−1+···+2r

= 22n
−2r

.-~K< t(n) �8 t(r) = ϕr+1 · · ·ϕn(t(n)), L(t(n)) = 2n 
 W (t(n)) = W (t(r)), j
s(n) + t(n) : 3 /:GY|D* 2n−1 + · · · + 2r + L3(s

(r) + t(r)) = 2n − 2r + c = L(r, c).�℄
N3(L(r, c)) = 22n

−2r

× 2c−1 ×

[(

2r

3

)

+ 2r

]

= 2L(r,c)−1

[(

2r

3

)

+ 2r

]

.



3[ ��d�"k 2n 9FX{C9 2n �[KsJ;9 3 .9FX{C 411���1A 3.2 } n > 2, L(r, c) = 2n − 2r + c } 2n − 23 + 1, 4 ≤ r ≤ n, 1 ≤ c ≤ 2r−1 − 1,

N3(L(r, c)) ���\* 2n, :GY|D L(s) = 2n, 3 /:GY|D* L(r, c) :LtK<b��?
f(n, m) =

(

2n

3

)

− (2m−2 − 1) × 2n+1 − (2m−1 − 1) ×

(

2n−m

2

)

× 2m+1

− 3 × 2n−m−2

[(

2m

3

)

− 4

(

2m−1

2

)]

−

(

2n−m

2

)

×

[(

2m

2

)

− 2m−1

]

× 2m

g(n, m) =

(

2n

3

)

− 2n−m

(

2m

3

)

−

(

2n−m

2

)(

2m

2

)

2m+1

+

(

2n−m

2

)

× 22m(2m−2 − 1) + 2n−m−1 ×

(

2m−1

3

)

− 2n−2 × (2m−2 − 1),�
N3(L) =



































































(

2n

3

)

+ 2n, L = 0,

2L(r,c)−1

[(

2r

3

)

+ 2r

]

, L = L(r, c), 1 ≤ c ≤ 2r−2 − 1, r > 2,

2L(r,c)−1g(r, m), L = L(r, c), c = 2r−1 − 2r−m, 1 < m ≤ r, r > 3,

2L(r,c)−1f(r, m), L = L(r, c), c = 2r−1 − 2r−m + x,

1 < m < r − 1, 0 < x < 2r−m−1, r > 3,

0, ^�.h e!b1 3.11, 0NÆI'B 4 ≤ r ≤ n, 2r−2 ≤ c ≤ 2r−1 − 1.w 4 ≤ r ≤ n, c = 2r−1 − 2r−m, 1 < m ≤ r, e!b1 3.1 sb1 3.10, N3(L(r, c)) =

2L(r,c)−1g(r, m).w 4 ≤ r ≤ n, c = 2r−1 − 2r−m + x, 1 < m < r − 1, 0 < x < 2r−m−1, e!b1 3.1 sb1 3.8, N3(L(r, c)) = 2L(r,c)−1f(r, m).w n = 3, �\* 2n, :GY|D* 2n :LtK<b�� 223
−1 = 128. jb1 3.11,

N3(0) = N3(L(3, 1)) =
(

2n

3

)

+ 2n = 64, aJ^�g,LtK<b�� 0. ���4u�w n = 4, ��\* 2n, :GY|D* 2n :LtK<b�� count= 224
−1 =

215. jb1 3.11, N3(L(3, 1)) = 28
[(

23

3

)

+ 23
]

= 214 = count/2.

N3(0) = N3(L(4, 1)) =
(

24

3

)

+ 24 = 26 × 9 = count × 9
512 .

N3(L(4, 2)) = 2 × count × 9
512 = count × 9

256 .

N3(L(4, 3)) = 4 × count × 9
512 = count × 9

128 .jb1 3.7, N3(L(4, 4)) =
{(

2n

3

)

−
[

2n + 2n−2
(

4

2

)

(2n − 4)
]}

22n−2
−1 = count

16 .jb1 3.8 }%E 3.1, N3(L(4, 5)) =
[(

2n

3

)

− 2n−3
(

4

2

)

(2n − 4)
]

22n−2

= count× 13
64 .
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 L L � 36%jb1 3.9, N3(L(4, 6)) =
[(

2n

3

)

− 7 × 2n − 384
(

2n−3

2

)]

22n−2+2n−3
−1 = count

16 .jb1 3.10, N3(L(4, 7)) =
[(

2n

3

)

− 34 × 2n − 3072
(

2n−4

2

)]

22n−1
−2n−4

−1 = count
32 .z��Bg,%s* count = 215, j^�g,LtK<b�� 0. ���

4 <D#nR �\* 2n :LtK<:GY|D��(� k /:GY|D:�� z*j Hamming �8(A:/3K<��o Games-Chan �O��E::GY|D* 2n :
2n �\LtK<: 3 /:GY|DT g,�d(:Ge 3 /:GY|DK<:(���i��e!b1 2.1, 3 /:GY|D;o 4 /:GY|D�Go[Æ::GY|D* 2n − m : 2n �\LtK<�X*℄�i\QOd(Ge k /:GY|DK<:��i��

Kavuluru[8] d(�l 2n �\LtK<: 2 /s 3 /:GY|DT g,��o�-�l�*℄86�l 2n �\LtK<: 3 /:GY|DT g,���R Kavuluru: 3 /:GY|DT i��/3:��B�l�>-d(�bP� �℄*-
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On the 3-Error Linear Complexity of 2
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n
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(E-mail: zhou9@yahoo.com)

Abstract The linear complexity and the k-error linear complexity of a sequence have been

used as important measures of keystream sequence strength. By studying linear complex-

ity of binary sequences with period 2n, it is proposed that the computing of k-error linear

complexity should be converted to finding error sequences with minimal Hamming weight.

Based on Games-Chan algorithm, 3-error linear complexity distribution of 2n-periodic bi-

nary sequences with linear complexity 2n is discussed. For k = 3, 4, the complete counting

functions on the k-error linear complexity of 2n-periodic binary sequences with linear com-

plexity 2n are derived. Based on those results, the counting functions for the number of all

2n-periodic binary sequences with given 3-error linear complexity can be obtained. Gener-

ally, the complete counting functions on the k-error linear complexity of 2n-periodic binary

sequences with linear complexity 2n − m can be obtained using a similar approach.

Key words periodic sequence; linear complexity;

k-error linear complexity; k-error linear complexity distribution.
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