
R 36 e R 3 ' X \ a � � � Vol. 36 No. 3

2013  5 n ACTA MATHEMATICAE APPLICATAE SINICA May, 2013

%C6_O=(j4W�JgZ�Griffith;R#&A�TG ∗��� ���
(���Pn=AbAhAAm�&��m 010022)

(E-mail: yelzine@163.com)d ℄ w[x��`i�{�
r1N�L�.�C_~���\E/�["S< 6 K	�o�W�(r�_(( Griffith ��N`�7��LH~��B^6Wz,\T�NO�O�E�(r�\6d�3R�|O�O�+��(<S< 6 K	�o�W�_(( Griffith ���oNO�-0 S< 6K	�o�W�(r
_(( Griffith��
�L�.
Wz,\T�
O�O
MR(2000) hE)6 62G05; 62N01eL)6 O212.7

1 `\ÆZYe 1984 "h&PN�<!}eZu�I!}evZuP2PÆuN� 2%��jYN�dbÆ�(+1&Pd-: +18.d-:PÆu�ÆZP[n:�UÆZdb+qPY℄A|�fÆZ%��#!i���bNXPN�:'�iQ�ÆZh&Qo��e�:'PÆZPb��q℄J���>eD`wP�
�MJ�N/�H.� [1−4]. �eÆZ����qPD`�*Ce6�qU> 6mm N�ÆrÆZ
[5−8], 1deÆZ!+u����qPD`���e��*+{��P26 [9,10], T=�q�:'-''1iJb*+{��P26�deÆZ!+u�b*+{��P�q�*K�,��K���x℄z��rk�|��s2P�M�/�D`�U> 6N�ÆrÆZ!+u�b*+ Griffith ��Pb��q�MJ���C_7Y{-℄U�PQ�Q��Æ 2011 ! 5 o 30 EZI�2012 ! 5 o 4 EZI;~��
∗ �?�?hA3S (10761005) �����?hA3S (2009MS0102) �	-�



3' Q~��	�y�S< 6 K	�o�W�(r�_(( Griffith ��Nl%��o 533

2 $B 6 ^N<'i3![SF".�7?8N�ÆZÆ�(r.���� x3, :{eÆ�(r.P&����&� x1 − x2,JykD{M����℄ u1, u2, u3 �XO�&Pw}� w �X,�&Pw}�℄
[εij , w3j ] = [ε11, ε22, ε33, ε23, ε31, ε12, w31, w32, w33],

[σij , H3j ] = [σ11, σ22, σ33, σ23, σ31, σ12, H31, H32, H33]�XO�& ,�&PY�7Y{w}��b [5] N�ÆZD:�qP�S(jX�i�X�
{

σij = Cijklεkl +Rij3lw3l,

H3j = Rkl3jεkl +K3j3lw3l,
i, j, k, l = 1, 2, 3, (1))��Cijkl g K3j3l w��O�&g,�&P[yD:'�Rij3l �XO�&g,�&�"P[yD:'�!:u{P^&#r1�

{

∂1σ11 + ∂2σ12 + ∂3σ13 = 0, ∂1σ21 + ∂2σ22 + ∂3σ23 = 0,

∂1σ31 + ∂2σ32 + ∂3σ33 = 0, ∂1H31 + ∂2H32 + ∂3H33 = 0
(2)9!r1�

εij =
1

2
(∂jui + ∂iuj), w3j = ∂jw, i, j = 1, 2, 3. (3)xux℄�v};��1 ∂j = ∂/∂xj . r1 (1)–(3)aYN�ÆZD:�qP4�r1�VGThv};� 11 → 1, 22 → 2, 33 → 3, 23 → 4, 31 → 5, 12 → 6, 1;

K3131 = K1, K3232 = K2, K3333 = K3, K3132 = K4,

R1133 = R1, R2233 = R2, R3333 = R3, R2331 = R4,

R2332 = R5, R3131 = R6, R3132 = R7, R1233 = R8.deU> 6 N�ÆrÆZ�bF#��.y	
C11 = C22, C13 = C23, C44 = C55, 2C66 = C11 − C12, C16 = C26 = C36 = C45 = 0,

K1 = K2, K4 = 0, R1 = R2, R5 = R6, R4 = −R7, R8 = 0,iQU> 6 N�ÆrÆZPv�[yD:'� 11 �	 C11, C33, C12, C13, C44,K1,K3,
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R1, R3, R4, R6. U;MU> 6 N�ÆrÆZP�S(jX�























































































σ11 = C11ε11 + C12ε22 + C13ε33 +R1w33,

σ22 = C12ε11 + C11ε22 + C13ε33 +R1w33,

σ33 = C13ε11 + C13ε22 + C33ε33 +R3w33,

σ23 = σ32 = 2C44ε23 +R4w31 +R6w32,

σ31 = σ13 = 2C44ε31 −R4w32 +R6w31,

σ12 = σ21 = 2C66ε12,

H31 = 2R4ε23 + 2R6ε31 +K1w31,

H32 = 2R6ε23 − 2R4ε31 +K1w32,

H33 = R1(ε11 + ε22) +R3ε33 +K3w33.

(4)

xG�r1 (2)–(4) aYU> 6 N�ÆrÆZD:�qP4�r1�FU> 6 N�ÆrÆZ�P:'EÆ�(r. x3 8~S�%�P9!:�K!gÆ�(r.���xS�q:{eÆ�(r. x3 P�(&� x1 − x2 ��&�D:�q�1b
∂ ( )

∂x3
= 0, (5)ib&�}UOpe���} x1  x2.K (5) VAG (2)–(4) V�MJF#|�,)wrP�q�UH I

σ23 = σ32 = 2C44ε23 +R4w31 + R6w32, (6)

σ31 = σ13 = 2C44ε31 −R4w32 + R6w31, (7)

H31 = 2R4ε23 + 2R6ε31 +K1w31, H32 = 2R6ε23 − 2R4ε31 +K1w32, (8)

ε3j =
1

2
∂ju3, w3j = ∂jw, j = 1, 2, (9)

∂1σ31 + ∂2σ32 = 0, ∂1H31 + ∂2H32 = 0. (10)xYNl�eO�& - ,�&�"P$�wr1�gNZuPr1�9!}�^em&��q���k�}�q�UH II






































σ11 = C11ε11 + C12ε22, σ22 = C12ε11 + C11ε22,

σ12 = σ21 = (C11 − C12)ε12,

σ33 = C13(ε11 + ε22), H33 = R1(ε11 + ε22),

εij =
1

2
(∂jui + ∂iuj), i, j = 1, 2,

∂1σ11 + ∂2σ12 = 0, ∂1σ21 + ∂2σ22 = 0.

(11)}�qqee�.}:ZuP&�Y��q�i�℄VD:rk5Q�
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C44∇2u3 +R6∇2w = 0, R6∇2u3 +K1∇2w = 0,)�� ∇2 = ∂2/∂x2
1 + ∂2/∂x2

2. NQ� C44K1 −R2
6 6= 0, ^;iQVN"MJ

∇2u3 = 0, ∇2w = 0, (12)r1 (12) 8�U> 6 N�ÆrÆZq�(&��Pm&�D:�qPm�r1�
3 a8*9/�2K1"+�DVGz�} z = x1 + ix2, i =

√
−1. ^e u3  w YW ��j�iQ�X.z�} z PDRQ�� φ1(z)  ψ1(z) PT#2=#�!tN u3(x1, x2) =

Reφ1(z), w(x1, x2) = Reψ1(z). ;S�^ (6), (7), (9) V�b σ31 = C44∂1u3 + R6∂1w −
R4∂2w, σ32 = C44∂2u3 +R4∂1w +R6∂2w. xG

σ31 − iσ32 = C44(∂1u3 − i∂2u3) +R6(∂1w − i∂2w) − iR4(∂1w − i∂2w). (13)HN φ1(z) = u3(x1, x2)+in1(x1, x2), ψ1(z) = w(x1, x2)+in2(x1, x2),t^ Cauchy-Riemann���b
−∂2u3 = ∂1n1, −∂2w = ∂1n2. (14)� (14) VAG (13) V8M

σ31 − iσ32 = C44φ
′
1(z) + (R6 − iR4)ψ

′
1(z), (15))�� φ1

′(z) = dφ1(z)/dz, ψ1
′(z) = dψ1(z)/dz. }tiM

H31 − iH32 = K1ψ
′
1(z) + (R6 + iR4)φ

′
1(z). (16)

(15), (16) VaY�q I P�Y{w}Pz�X�^ (15), (16) ViM
{

C44

[

φ′1(z) − φ′1(z)
]

+ (R6 − iR4)ψ
′
1(z) − (R6 + iR4)ψ′

1(z) = −2iσ32,

K1

[

ψ′
1(z) − ψ′

1(z)
]

+ (R6 + iR4)φ
′
1(z) − (R6 − iR4)φ′1(z) = −2iH32.

(17)F z qD:u�R8|S� (17) V8��q�P�RxHPz�X�
4 $B 6 ^N<'i3V�IfbY� Griffith :Q"SF�NqU> 6 N�ÆrÆZ��EÆ�(r. x3 bN8~:+� 2a P Griffith ���q x1 − x2 &���g�q�4l7!℄{�q Griffith ���� L J℄EÆ�(r.PF0{ τ , F� 1 iX�;S�}<d�q I 5Q�
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a

L

2
x

1
x

ih

ih

aM 1 T= 6 L
�p�X�)s�`)) Griffith ��J_�qP�RxH�
σ32(x,±h) = 0, H32(x,±h) = 0, −∞ < x < +∞, (18)

σ32(x,±0) = −τ, H32(x,±0) = −τ1, − a < x < a, (19)

σ31(±∞, y) = 0, H31(±∞, y) = 0, − h < y < h. (20)xu���J�4�,�&Y{ −τ1, }YN�B���^ (17) Viz�RxHPz�X�
{

C44

[

φ′1(z) − φ′1(z)
]

+ (R6 − iR4)ψ
′
1(z) − (R6 + iR4)ψ′

1(z) = −2i(−τ), z ∈ L,

K1[ψ
′
1(z) − ψ′

1(z)] + (R6 + iR4)φ
′
1(z) − (R6 − iR4)φ′1(z) = −2i(−τ1), z ∈ L.

(21)�sF#�M�/ ()�GG{�):

z = ω(ζ) =
h

π
ln

[

α
(

ζ +
1

ζ

)

+ β
]

, (22))��
α =

e
π

h
a − e−

π

h
a

4
, β =

e
π

h
a + e−

π

h
a

2
. (23)jK z &�J�b*+ Griffith ��PÆZ!+u7h Ω ZLJ ζ &�JBk γ �#�)� ζ &�J ζ = ±1 UdYe z &�J z = ±a U��Nq γ J� ζ = σ = eiθ, �; φ1(ω(ζ)) = φ(ζ), ψ1(ω(ζ)) = ψ(ζ), tb

φ′1(z) =
φ′(ζ)

ω′(ζ)
, ψ′

1(z) =
ψ′(ζ)

ω′(ζ)
.^;xH (21) i0�















































φ′(σ) − ω′(σ)

ω′(σ)
φ′(σ) +

R6 − iR4

C44
ψ′(σ) − R6 + iR4

C44

ω′(σ)

ω′(σ)
ψ′(σ)

=
2iτ

C44
ω′(σ),

ψ′(σ) − ω′(σ)

ω′(σ)
ψ′(σ) +

R6 + iR4

K1
φ′(σ) − R6 − iR4

K1

ω′(σ)

ω′(σ)
φ′(σ)

=
2iτ1
K1

ω′(σ).

(24)
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2πi

dσ
σ−ζ

�E γ J5w�)� ζ qBk γ �8|�U� φ(ζ), ψ(ζ)qBk γ �Q��� φ(ζ) =
∞
∑

k=0

akζ
k, ψ(ζ) =

∞
∑

k=0

bkζ
k, iQ^ Cauchy5w�V�iM

1

2πi

∫

γ

φ′(σ)

σ − ζ
dσ = φ′(ζ),

1

2πi

∫

γ

ψ′(σ)

σ − ζ
dσ = ψ′(ζ). (25)^ (22) V��
RJ σ̄= 1

σ
, iz ω′(σ)

ω′(σ)
= − 1

σ2 . f φ′(σ) =
∞
∑

k=1

kak
1

σk−1 , ψ′(σ) =

∞
∑

k=1

kbk
1

σk−1 , iQ ω′(σ)

ω′(σ)
φ′(σ)  ω′(σ)

ω′(σ)
ψ′(σ) YBk γ �PQ�� − 1

ζ2

∞
∑

k=1

kak
1

ζk−1 − 1
ζ2

∞
∑

k=1

kbk
1

ζk−1 P�|�^�4l7 Cauchy 5w�V�iM
1

2πi

∫

γ

ω′(σ)

ω′(σ)

φ′(σ)

σ − ζ
dσ = 0,

1

2πi

∫

γ

ω′(σ)

ω′(σ)

ψ′(σ)

σ − ζ
dσ = 0. (26)^ (22), (23) V�Y℄�XtifM

1

2πi

∫

γ

ω′(σ)

σ − ζ
dσ =

1

2πi

∫

γ

h

π

α(1 − 1
σ2 )

α(σ + 1
σ
) + β

1

σ − ζ
dσ,

=
h

π

{

1

ζ
+

1

2−(e
π

h
a
+e

−
π

h
a
)

e
π

h
a
−e

−
π

h
a

− ζ
+

ζ2 − 1

ζ[(ζ2 + 1) + 2(e
π

h
a
+e

−
π

h
a
)

e
π

h
a
−e

−
π

h
a
ζ]

}

def
= F (ζ). (27)� (25)–(27) VAG (24) P5wVaM







φ′(ζ) +
R6 − iR4

C44
ψ′(ζ) =

2iτ

C44
F (ζ),

ψ′(ζ) +
R6 + iR4

K1
φ′(ζ) =

2iτ1
K1

F (ζ).QM










φ′(ζ) =
2i[K1τ − (R6 − iR4)τ1]

C44K1 − (R2
6 +R2

4)
F (ζ),

ψ′(ζ) =
2i[C44τ1 − (R6 + iR4)τ ]

C44K1 − (R2
6 +R2

4)
F (ζ).

(28)^ [4], ζ &�JO�&g,�&q��C_ ζ = ζ1 7PY{-℄U�iXSF#	
K

||
III = lim

ζ→ζ1

2
√
πτ

F (ζ)
√

ω′′(ζ)
, K⊥

III = lim
ζ→ζ1

2
√
πτ1

F (ζ)
√

ω′′(ζ)
. (29)x℄ (22), (23), (27) V (29) Vi5Mq��C_ ζ = 1 7

K
||
III = lim

ζ→1
2
√
πτ

F (ζ)
√

ω′′(ζ)
= τ

√
2h

2 − (e
π

h
a + e−

π

h
a)

1 − e
π

h
a

√

e
π

h
a

e
π

h
a − e−

π

h
a
, (30)

K⊥
III = lim

ζ→1
2
√
πτ1

F (ζ)
√

ω′′(ζ)
= τ1

√
2h

2 − (e
π

h
a + e−

π

h
a)

1 − e
π

h
a

√

e
π

h
a

e
π

h
a − e−

π

h
a
, (31)
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(30), (31) V8�U> 6 N�ÆrÆZ!+u�b*+ Griffith ��q��C_7Y{-℄U�PQ�Q�n�Q�F h→ ∞ S�

K
||
III =

√
πaτ, K⊥

III = lim
ζ→ζ1

√
πaτ1. (32)x��*>U> 6 N�ÆrÆZ�b*+ Griffith ��PQ�,>�e�V (22), (23) P�G�F� 2 Y ζ &�JBk γ �#7h�[$��/

z1 = α
(

ζ +
1

ζ

)

, α =
e

π

h
a − e−

π

h
a

4
. (33)jK ζ &�JBk γ �#7h�/� z1 &�J�b+℄� e

π

h
a−e−π

h
a P�3 Griffith��P�*>7h Ω1, 1 ζ = 1 UdYe z1 = e

π

h
a−e

−
π

h
a

2 U�F� 3. p��/
z2 = z1 + β, β =

e
π

h
a + e−

π

h
a

2
. (34)jK z1 &�J�b Griffith ��P�*>7h Ω1 �/� z2 &�J7h Ω2, 1 z1 =

e
π

h
a
−e

−
π

h
a

2 UdYe z2 = e
π

h
a U�F� 4.�%���/

z3 = ln z2. (35)jK z2 &�J7h Ω2 �/ z3 �&�J�b+℄� 2π
h
a P�3 Griffith ��P�℄�

2π P!+u7h Ω3, 1 z2 = e
π

h
a UdYe z3 = π

h
a U�F� 5.�%��/

z =
h

π
z3. (36)jK z3 &�J� Griffith ��P!+u7h Ω3 �/� z &�J�b+℄� 2a P�3

Griffith ��P�℄� 2h P!+u7h Ω, 1 z3 = π
h
a UdYe z = a U�F� 6.��/ (33)–(36) V8z"8M (22) V�jaYK z &�J�b*+ Griffith ��P!+u7h Ω ZLJ ζ &�JBk γ �#�
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Anti-plane Analysis of a Finite Long Griffith Crack in a Point

Group 6 of One-dimensional Hexagonal Quasicrystals Strip

SHI Zhiyu LIU Guanting

(College of Mathematical Science, Inner Mongolia Normal University, Huhhot 010022)

(E-mail: yelzineq@163.com)

Abstract As one kind of complex variable function method to solve the plane problem in

fracture mechanics, conformal transformation method is very practical and effective, which

transforms the area in physical plane to the unit circle inside (outside) or the upper half-plane

(lower half-plane) in mathematical plane by a conformal transformation. In this article, by

using the complex variable function method and proposing a new conformal mapping, the

fracture problem of a finite Griffith crack in a point group 6 of one-dimensional hexagonal

quasicrystals strip is studied under anti-plane shear stress load in the crack surface. The

analytic solution of the stress intensity factors at the crack tip is obtained.When the height

of the strip tends to infinite, the present results can be degenerated to the solutions of a

Griffith crack in infinite point group 6 of one-dimensional hexagonal quasicrystals.

Key words point group 6 of one-dimensional hexagonal quasicrystals strip;

finite Griffith crack; conformal mapping; stress intensity factor;

analytical solution
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