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`h0hv%w�N~j��=>�F3_/YVJ
`�8 Galois �3hvJ>�l
`\�EJ�?u��n� qn − 1 ;C12}J�+L_�&�j�RA�=� pi J��lC�{ÆT Galois �3hv�?u��nIk�+L0#�8naJ�+L_�
2 ;
=-6 p I(vXV�e I(vbaV�aVJ;C℄� Zpe I(p
OJ Galois���m3�Galois �I�v Zpe J(veh�ZZ�_S.;.vaV p, e� d[T���o pe I�J
`� d IZZ:V�℄#J Galois S�l�J12}Io(J�wz
_*p GR(pe, d).6 R I Galois � GR(pe, d) � q = pd, W R I(v. pR p�?`�JF&��_J;C℄F R/pR I>�F Fq. * · p R F R/pR ∼= Fq J�&l`�_�D8 R[x] F
Fq[x] J(vl`�l#*p ·.- f(x)I Zpe 3JN( d:\�E�� f(x)I Fq[x] 3J$SK\�E�W Galois� GR(pe, d) S.j��T0� Zpe [x]/

(

f(x)
) GF�*/P8� GR(pe, d) > ped vGX�

Galois � R = GR(pe, d) J� ΣR = {a ∈ R|aq = a} /p R J Teichmüller  � Æ Σ∗

R = ΣR\{0}S R J1`}I(v q − 1 9��$�85 · �lS Σ∗

R 3GF Σ∗

R F
F
∗

q J(v$l�� R oJGX a S.o( Gp
a = a0 + pa1 + · · · + pe−1ae−1, a0, a1, · · · , ae−1 ∈ ΣR,℄v G/p p-adic  G� a p R oS�GJ5h�$h5I a0 6= 0. *
ΠR = {1 + pa1 + · · · + pe−1ae−1|a1, · · · , ae−1 ∈ ΣR},_I RJ(v1`�$��GXS;C℄F3JK�p 1. RJS�G�$ R∗ S.h=p Σ∗

R E ΠR Jf� Σ∗

R×ΠR. */P8 |Σ∗

R| = q−1, |ΠR| = qe−1,.# |R∗| = (q−1)qe−1.+� d′|d, �w R′ = GR(pe, d′) I R = GR(pe, d) J(v���℄W>�FJ�85�wzS.T2 R F R′ J�Y��Vp
Tr(a) =

d/d′
−1

∑

i=0

(apd
′
i

0 + papd
′
i

1 + · · · + pe−1apd
′
i

e−1).

Tr I R J(v R′− �l��$_AG R′ JGX850�7�z\ Galois �J��d�S.(Q [10,11].

R 3J�np s = (sk)k∈N, �o sk ∈ R. R 3"g�nJ Æ*p Ω. Y Ω oJ�n s, -<SbaV k AGY(� i ∈ N V> si = si+k, W/ s Iu�J�#/v�h5J�
JbaV k p s Ju��*p per(s). - f(x) = c0 + c1x+ · · ·+ cnxn ∈ R[x], T2
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f(x)s = c0L

0(s) + c1L
1(s) + · · · + cnLn(s), �o Li(a0, a1, a2, · · ·) = (ai, ai+1, ai+2, · · ·).39� Ω S.�&MP�(v R[x]- ��- f(x)s p"o�n 0, W/ f(x) p s Jo�\�E� Ω o. f(x) po�\�EJ"g�nJ Æ*p Ω(f), �&_I Ω J(v

R[x]− ���- s ∈ Ω(f), */
~
c0si + c1si+1 + · · · + cnsi+n = 0, i ∈ N.YB n :N(\�E f(x), �n s JO j � sj ��e�J n �n"#T�- f(x) J-V�p R JS�G�W s J'1(�0S<�� n �n"#T�wz
�n s J+}e� n ��0J n q�i (si, si+1, · · · , si+n−1) /p s JO i vz`�#
O 0 vz`

(s0, s1, · · · , sn−1) /p s J6Bz`�<B R I>���℄..Wp n J$lz`I>�J�39 Ω(f) oJ�nVIu��n�s℄ud�>�F3�nJu�E>�F3J\�Eu�{����YB Galois�3J\�E�%>�7J\�Eu�q��6 f(x) I Galois � R 3(v\�E�-<SbaV r AG f(x)|xr − 1, W/ f(x) Iu�J�#/v�9h5J�
baV r p
f(x) Ju��*p per(f). $�
~� f(x)pu�\�EJ5h�$h5p f(0) ∈ R∗.���YBbaV m, _J p-adic gVIAG pk|m J�?JaV k, *� vp(m).

p-adic gVS.�+}J
EZXF Galois �3��9 1 S R = GR(pe, d) o�<S`�:f {0} = peR ⊂ pe−1R ⊂ · · · ⊂ pR ⊂ R.- 0 6= a ∈ R, W<S 0 ≤ i ≤ e − 1, AG a ∈ piR B a 6∈ pi+1R, T2 vp(a) = i. T2
vp(0) = e.

3 '7��2/6 a = (ai)i∈N, b = (bi)i∈N I R = GR(pe, d) 3hvu��n�+�Y'1 i >
bi = ai+k, W/�n a � b I�+L0J�v�℄vh5JaV k /p�n a � b JL_�*/P89<> b = xka.- f I R 3J n :u�\�E�W Ω(f) oJ�nVIu�J�6�n s ∈ Ω(f),yH [7−9], s Ju�v�

per(f) = piper(f) ≤ pi(qn − 1), 0 ≤ i < e.-L
0
�W/ f I R 3J�?u�\�E� s I�?u��n� [7−9] Y�?u�\�E��k D�#x8k�?u�\�EJT��p�T�?u�\�Ee|k�b�s℄ud�>�F3�?u�\�E℄o�Jeo�nVI�?u�J�BYB
R 3J�?u�\�E�℄(<t#$0
�- f p R 3 n :�?u�\�E� s I
Ω(f) oeo�n�W>

per(s) = pe−1−v(qn − 1), v = min {vp(si+j) | i ∈ N, 0 ≤ j < n}.



4� Y	\�� \� Galois �1�=t��lH�*K/ 649- sp R3�?u��n�W v = 0,$S si, si+1, · · · , si+n−1 oi4>(vIS�G�}}JT`x8k Ω(f) o�?u��nJ)V��" 1 6 f(x) ∈ R[x] p n :�?u�\�E�W Ω(f) o}> q(e−1)n(qn − 1) v�?u��n�.�+L0p�|S.hp p(e−1)(dn−1) vL0℄�K 6 s p Ω(f) oJ(v�n��6Bz`�ip (s0, s1, · · · , sn−1). - s I�?u�J�W s0, s1, · · · , sn−1 oi4>(vS�G�yHE (1), R oJS�GvVp
(q − 1)qe−1, �v�h5J s }> |R|n − |R\R∗|n = q(e−1)n(qn − 1) v�℄�?u��nJ.Wp pe−1(qn − 1), ℄.xv�nE pe−1(qn − 1) v�nL0�L0℄JvVp

q(e−1)n(qn − 1)

pe−1(qn − 1)
= p(e−1)(dn−1).3RT` ~ Ω(f) o�m$lJJ�?u��nvVp p(e−1)(dn−1). wze8+}J�+L0vf�6 e ≥ 2, f(x) I R 3(v n :N(�?u�\�E� s, t I Ω(f)ohv�?u��n�_zJ6Bz`h"p (s0, s1, · · · , sn−1) � (t0, t1, · · · , tn−1). +
ÆT s, t Ik�+L0
-�+L0�+
#T�+L0L_ k, AG t = xks. ℄vvf%S.P�(vrk*[vf�#Trk k, AG t J6Bz` (t0, t1, · · · , tn−1) I

s JO k vz`�
4 �
?)4#�'7���&�S�:o� R  G Galois � GR(pe, d). 6 f(x) = c0 + c1x + c2x

2 + · · · + cnxn p
R[x] oJ n :�?u�\�E�W f(x) I Fq 3J�I\�E�r S = R[x]/

(

f(x)
)

, SI Galois � GR(pe, dn). 6 θ p f(x) S S o(y�W S = R[θ]. � S oJGX a S. Gp 1, θ, · · · , θn−1 J R- ���Æ
a = a0 + a1θ + · · · + an−1θ

n−1.S�:o�wz6';3R
E G S oJGX�}}J4`[� [12], x8k R 3�nJ� G�:" 1[12] 6 f p�?u�\�E� s = (s0, s1, · · ·) p Ω(f) oJ�?u��n�W s J>� G si = Tr(ξθi), �o i ∈ N, ξ p S o(v1`S�G�<3:JatSd s E t �+L0C�?C t J6Bz`�iI s J�vz`�i�$d6pO k v�yH4` 1, s JO k vz`�iS Gp
(

Tr(ξθk), Tr(ξθk+1), · · · , Tr(ξθk+n−1)
)

.℄#E
ÆXhv�?u��nIk�+L0JvfE�v θk d{�[k�+�wz�[F℄v θk, #;o�8 k, E�ÆXhv�nIk�+L0�#��8�+L_�YB'1 k ∈ N, <B θk ∈ R[θ], ℄.<S R oJGX x0, x1, · · · , xn−1, AG
θk = x0 + x1θ + · · · + xn−1θ

n−1,



650 5 9 S � � � 36M�B{V x0, · · · , xn−1 wz>+}<t��" 2 6 f(x) I R 3�?u�\�E� Ω(f) o(v�?u��n s J>� G (

Tr(ξθi)
)

i∈N
. A6 Vi I s JO i vz`�- θk =

n−1
∑

i=0

xiθ
i, �o x0, · · · , xn−1 ∈ R, W

Vk =
n−1
∑

i=0

xiVi.K <B θk =
n−1
∑

i=0

xiθ
i, LEh�1. ξθj , 0 ≤ j ≤ n − 1; GF n vLE

ξθk+j =

n−1
∑

i=0

xiξθ
i+j , 0 ≤ j ≤ n − 1. (1)
��V Tr(·) �;F℄�LEh��GF

sk+j =

n−1
∑

i=0

xisi+j , 0 ≤ j ≤ n − 1. (2)℄�LES.; s Jz`�i Gp
Vk =

n−1
∑

i=0

xiVi. (3)T` 2  ~�s Jxvz`�i Vk VS.;�6J n vz`�i V0, V1, · · · , Vn−1�� G8[�℄��� GJ{V�	E; 1, θ, θ2, · · · , θn−1 �� G θk J{V�4(j�+� t JO 0 vz`I s JO k vz`�wzS.,L; (3) Eo=8{V
x0, · · · , xn−1, ;℄GF θk, &�Q#T k J?
�:" 2 R 3�?u��n s ∈ Ω(f), V0, V1, · · · , Vn−1 p s J� n vpz`�i�W._zp��iJG^

M =











V0

V1
...

Vn−1









I(vS�G^�K s I Ω(f) oJ�?u��n�℄._J�J�n s p Fq 3J n %�?u��n� s J� n vu�S.�� G8 s Jx(vz`�$S.�� G8 F
n
q . S4

V0, V1, · · · , Vn−1 I�iV2 F
n
q J(���3℄��x��. V0, V1, · · · , Vn−1 p��iJG^�nE det(M) = det(M) 6= 0, M p R 3JS�G^�3RT` ~� s J� n vz`�iI R- � Rn J(���x�80G�- V I

t JO 0 vz`�i�r
(x0, · · · , xn−1) = V M−1,W> V = x0V0 +x1V1 + · · ·+xn−1Vn−1.-<S k ∈ NAG θk = x0 +x1θ+ · · ·+xn−1θ

n−1,W V I s JO k vz`�i� s � t �+L0�BIwz>+}T`�



4� Y	\�� \� Galois �1�=t��lH�*K/ 651�" 3 6 f(x) p R 3 n :�?u�\�E� θ I f(x) S S = R[x]/
(

f(x)
) o(y� s, t I Ω(f) ohv�?u��n�6 V p t JO 0 vz`�i� V0 , V1, · · · , Vn−1I s J� n vz`�i��w<S x0, x1, · · · , xn−1 ∈ R AG

V = x0V0 + x1V1 + · · · + xn−1Vn−1.�(%��n s E t �+L0J5h�$h5p<S k ∈ N, AG θk =
n−1
∑

i=0

xiθ
i.6 τ =

n−1
∑

i=0

xiθ
i,}}wzQs θk = τ S=w�X}>=.#+
�=�℄�CBS

Galois�3�=_/YV�<B f(x)I n:�?u�\�E�℄. θJ9p pe−1(qn−1),S6 0 ≤ k < pe−1(qn − 1).6 τ = θk h�� p > τ = θ
k
. <B θ p Fqn 3J�IG�b;>�F3�=_/YVJ
`S.�G(vaV

ke−1 = logθ τ, 0 ≤ ke−1 < qn − 1. (4)�& k = ke−1 (mod qn − 1). r
k = ke−1 + k′(qn − 1), (5)*/"
 k′ < pe−1, 6� p �lXOp

k′ = k0 + k1p + · · · + ke−2p
e−2, (6)}}x8�= k0, k1, · · · , ke−2 J
`�Qs τθ−ke−1 , (
}�< (4) Ed τθ−ke−1 = 1 (mod p), ℄.<S h1 ∈ S, AG

τθ−ke−1 = 1 + ph1. (7)�& h1 S.j�)Z τθ−ke−1 − 1 #e p GF�q(
}�
τθ−ke−1 = θkθ−ke−1 = (θqn

−1)k′

. (8)<B S∗ = Σ∗

S × ΠS , ℄. θ S. Gp
θ = θ0(1 + pθ1 + · · · + pe−1θe−1),�o θi ∈ ΣS . 
"M� θ0 ∈ Σ∗

S , �9p qn − 1 J(v3���
θqn

−1 = (1 + pθ1 + · · · + pe−1θe−1)
qn

−1.�& θqn
−1 = 1 (mod p), <S g1 ∈ S AG

(1 + pθ1 + · · · + pe−1θe−1)
qn

−1 = 1 + pg1, (9)
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qn

−1 = 1 + pg1 (mod p2), ;℄> g1 = −θ1 (mod p). �& g1 S.j�)Z θqn
−1 − 1, &�e p GF�; (7) E� (8) E# (9) E>

τθ−ke−1 = (1 + pg1)
k′

= 1 + ph1, (10)�o g1 � h1 VI,dJ�℄ k′ J>�E k0 + pk1 + · · ·+ pe−2ke−2. 4,Æl
 k′

i AG
k′

i = ki + pki+1 + · · · + pe−2−ike−2, 0 ≤ i ≤ e − 2,

k′

i v� k′

i = ki + pk′

i+1, � k′

0 EII[J k′.}}wz. (10) Ep�Q�):�8 k0, · · · , ke−2. yH [9] dC p > 2 � p = e = 2< θ1 6= 0; C p = 2 < e < θ1 6= 0, 1 (mod p). ℄.
g1 6=

{

0, (mod p) p > 2 or p = e = 2,

0, 1, (mod p) p = 2 < e.
(11)
 (10) Eh�� p2, >

(1 + pg1)
k′

0 = 1 + ph1 (mod p2), (12)XO#�3> k′

0g1 = h1 (mod p), $ k0g1 = h1 (mod p). -S� p 12}� h1 E g1 h�+(v Fq Jeo-V��$-VPB Fq, h1 E g1 P0 Fq 3 θ J:V ≤ n − 1 J\�E�+(v Fq Jeo-V��WS�G k0. +�$Ieo-V��W ~ s E t #e�+L0�6 e > 2. 6 (10) Eh�l<1. (1 + pg1)
−k0 >

(1 + pg1)
pk′

1 = (1 + ph1)(1 + pg1)
−k0 . (13)<B (1+pg1)

p = 1 (mod p2), ℄.<S g2 AG (1+pg1)
p = 1+p2g2. - p > 2,W g2 = g1

(mod p), - p = 2 < e, W g2 = g2
1 + g1 (mod p). <B
3 x2 + x = 1 S F2 3x=.#E (11), wz>

g2 6=

{

0, (mod p), p > 2,

0, 1 (mod p) p = 2.
(14)E� (13) S.p
p

(1 + p2g2)
k′

1 = (1 + ph1)(1 + pg1)
−k0 .3E?�I/B)ZJ��<�7n� p2 C 1. -$&�W ~ s E t I$�+L0J�-� p2 C 1, W<S h2 AG (1 + ph1)(1 + pg1)

−k0 = 1 + p2h2, $
(1 + p2g2)

k′

1 = 1 + p2h2. (15)3Eh�� p3 > 1 + p2g2k
′

1 = 1 + p2h2 (mod p3), $ k1g2 = h2 (mod p). <B g2 6= 0

(mod p), - g1 � h1 S� p J12}h�+(veo-V��W;oS.)Z8 k1. -� p $Ieo-V�J�{�W ~�n s � t $I�+L0J�



4� Y	\�� \� Galois �1�=t��lH�*K/ 653(ÆM�.6wz>
(1 + pi+1gi+1)

k′

i = 1 + pi+1hi+1, (16)�o kigi+1 = hi+1 (mod p), �
gi+1 6=

{

0, (mod p) p > 2,

0, 1, (mod p) p = 2 < e.
(17)

(10) Eh�13 (1 + pi+1gi+1)
−ki >

(1 + pi+1gi+1)
pk′

i+1 = (1 + pi+1hi+1)(1 + pi+1gi+1)
−ki . (18)<B (1 + pi+1gi+1)

p = 1 (mod pi+2), ℄.<S gi+2 ∈ S, AG
(1 + pi+1gi+1)

p = 1 + pi+2gi+2.- p > 2, W gi+2 = gi+1 (mod p), - p = 2 < e, W gi+2 = g2
i+1 + gi+1 (mod p). <B
3

x2 + x = 1 S F2 3x=.# (17) E�>
gi+2 6=

{

0, (mod p) p > 2

0, 1 (mod p) p = 2 < e.
(19)

(18) ES.p
p
(1 + pi+2gi+2)

k′

i+1 = (1 + pi+1hi+1)(1 + pi+1gi+1)
−ki .3E?�I*/)ZJ�_7n� pi+2 C 1, kW s E t $�+L0�-� pi+1 C 1,W<S hi+2 AG (1 + pi+1hi+1)(1 + pi+1gi+1)

−ki = 1 + pi+2hi+2, ;℄ (18) E�p
(1 + pi+2gi+2)

k′

i+1 = 1 + pi+2hi+2. (20)h�� pi+3 > 1 + ki+1p
i+2gi+2 = 1 + pi+2hi+2 (mod pi+3), $ ki+1gi+2 = hi+2 (mod p),�o gi+2 6= 0 (mod p). - gi+2 � hi+2 S� p J12}�+(veo-V��WS.�8 ki+1, -$Ieo-V��W ~ s E t #e�+L0�BIwz
 i 0
J��e:Fk i + 1 %0
�yHV���`S.P8�+��n s � t �+L0�WwzS.�=8 k0, k1, · · · , ke−2, ;℄�8�+L_

k = ke−1 + (qn − 1)(k0 + k1p + · · · + ke−2p
e−2). (21)-S�=�3o��B�( ki J���{x=�W ~ s � t $I�+L0J�
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5 �%�ux8k(pÆXhv�?u��nIk�+L0J
`�S.P8�SavÆT�3o�)ZmPW�?J(%IS Fqn 3�=_/YV�$#T ke−1 J%w��_J)ZVI*/J�℄.ÆT Galois �3hv�nIk�+L0J)ZmPWES>�F3�_/YVJmPW�C�8B℄vI3�S?+7;owzS.�U(vÆJJ Galois � S, AGS�;CF Fqn 3_/YVJ�=I*/J��+ qn �8
��\ qn [&?�B qn − 1 h>
JX3� [13].wze8J
`$?S.;BÆX�?u��nJ�+L0�%S.;BÆXhv(ÆJ$SKu��nIk�+L0��  1 3
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Abstract In this paper, we study the condition of shift equivalence of two maximal peri-

odic sequences which have the same characteristic polynomial over a Galois rings, and give

an algorithm to decide the shift distance between these two sequences when they are shift

equivalent.
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