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1 qn_8�08Q_�j�XtN��Dm(k-dG8��k�QC�?�,EfNk,I,j�T�G8�?>CN#���hA k,j�G8�x℄N���I*
N*C�vJX-G8�x℄ (defined benefit pension plan), �B DB x℄�sv��vx3Ukx3�x℄�SN*C�v��-G8�x℄ (defined contribution pension

plan), �B DC x℄�sv��v��V{���)�n9%fs<JX�a DC x℄5s�x36�S��rs<JX�x36k9n��kO
�x3��s<b�Y
mk��l5s�+�I\�lo DC x℄5s�I\Lbmks<���YR"O7� DC x℄kFjs<QC�>^�N7L�{��=*k,Y�j��v4�/�<�A L DC x℄ks<�j� Haberman N Vigna [1] �DL;'6�� DC x℄kFjs<k-�AgFj/#>^�heLFjs<8\� Thomson [2] SFY_ DCx℄5s�k�{(g�n!�KSAgF86�_mzfC℄���heLx3�Fjs<8\��U�Fj/#>^AÆgo�$ DC x℄ks<�j�" Devolder l
[3] SFY_ DC x℄5s�(~1#�{(gH�n!��DL�*(gJU�kFjs<k-�%.NL)p(gJU�kFjs<8\�Gerrard l [4,5] S1#`3V{F&_�n!�DLFjs<k-��#hem�6�N��6��.�kFjs<8\����*O��%SuO*6~z+Z��<=~*HH�uO*6~zk'zYNJXY%��Ug�v0JU�)sm(nF?k'z0sF?bQk6f��U�:^0 (CEV) k-CuO*6~zk?�vA�%s7F?��k'zh(0� Xiao l [6] N Gao [7] 2g CEV k-gO��<=k~*HH�heL DC x℄kFjs<8\k�
=��&��CSFY_(~1#k�U(g�n!�b2gk��C�w���U�CSFY_(~1#ke(gN�U(gJU�n!�b2gk��C_mzfC℄���F��Lakner [8,9], Rishel [10]r Bai, Guo[11] 2g Ornstein-UhlenbeckHH (�B
OUHH)+Z:zkX6JXY�F?6f���Hk<�F?&�Baev N Bondarev
[12] A L��4ZkFjs<�j�.N��4Z|='Yk8x� Liang l [13] 'VL��4Zk�C���ss<�j��FY_(~1#k�U(g�heLFjs<8\�l*O��*��<�F?&:z~*kX6JXYlF?6fk OUHHgO�ÆK�Y��7&:zJXsF?6fm8��kE��T�bgOk:~0����7��s<�*S/!F?�_m(nt�s<8\�;����Hk<�F?&'V DC x℄ks<�j��&}.s<�s<o���<= ("��) NN*��<= (":z), �&��<=kX6JXYl OU HH�z�SFY_(~1#ke(g�n!��3_m/#>^�oHÆ��^k HJB �HheLFjs<8\NFj�JUk�
=�Qm=o DC x℄s<k��hekFjs<8\%�/e�* (lifestyle) s<8\ [14], ss<���<=*k1#�C_6�kvP��+���



4~ 9O�?-���B	 Ornstein-Uhlenbeck j,Æ DC F7�v[iDhq96Z 717�Z#F?6fk OUHHU�
�aF?%H06f
�6�s<���<=*k1#�CE*1�B�aL;1#B7Y	F?6f)�6�s<���<=*k1#�Cs6��=����5"�
p 2 ��Dk-%Æ��heL�&k1I�^�p 3 �2gU�℄C�
L OU HH�Fjs<8\ka!�FU 1 �C��k�Pt�
2 _lT℄taV. (Ω,F , {Ft}0≤t≤T , P ) C�Uz�k'Y-���& Ft ">e6+ t ��bf+��N�6+ t k$8ko+�U Ft; T Cm�k�U�Z" DC x℄5s�x3�ks<6��}.�&bm_mHH%�R�U'Y-�*kD^HH�}.x℄5s�*s<o���<= ("��) NN*��<= (":z), �&���<=k~*HH
P0(t), t ∈ [0, T ] `B|��H

dP0(t) = rP0(t)dt, P0(0) = p0, (1)�& r > 0 C�U�">���AY�� Rishel [10] k�
���'V��<=kX6JXY�T OU HH�s��<=~*HH P (t), t ∈ [0, T ] `B|��H
dP (t) = P (t)

[

(µ + m(t))dt + σdB1(t)
]

, P (0) = p, (2)

dm(t) = αm(t) dt + βdB2(t), m(0) = m0, (3)�& µ > 0, σ > 0, α, β %��U� B1(t), B2(t) �N�!7*6~z�	 Cov (B1(t),

B2(t)) = ρt, ρ ∈ [−1, 1] ��=�U��f�'V DCx℄�s5s�x3�bvI�o<v��eG8k�x℄&�}.5s�bv2<J#� W , �5I�ok��C cW , c CN+�U��	��-����-U#N+<vk�Y�y5s�� t ∈ [0, T ] 6+k�YJ#� X(t) (�A ��	)3N�0��}v2< W � 1), � X(t) `B|��H
dX(t) = c dt, X(0) = x0, (4)�& x0 ">6+ 0 �Yqk���}v6+ t s<���<=*k�CC π(t), s<����<=*k�CC 1−π(t). �&}6_-s�[���8\ π �G8��� Xπ(t)kzfHH*">�

dXπ(t) =cdt + (1 − π(t))Xπ(t)
dP0(t)

P0(t)
+ π(t)Xπ(t)

dP (t)

P (t)

=
[

c + rXπ(t) + (µ + m(t) − r)π(t)Xπ(t)
]

dt + π(t)Xπ(t)σdB1(t). (5)B8\ π := {π(t) : t ∈ [0, T ]}CN+}68\�"F (π(t))t∈[0,T ] C (Ft)t∈[0,T ] =7*9k�	`B E
( ∫ ∞

0
π2(t) dt

)

< ∞ Sr (5) m}N���bm}68\CCkpPy� Π.



718 [ d Q 9 9 � 36#�f�>Fjs<8\ π∗, 8 DC x℄5s��x36G8���k�{(gFY�}.(gJUCq�kÆJU���U}68\ π ∈ Π, �vVTL;6+
t NL;6f (x, m) N
k�JU�

Vπ(t, x, m) = E
[

U(Xπ(T ))|Xπ(t) = x, m(t) = m
]

. (6)�f�4>ÆFj�JU
V (t, x, m) = sup

π∈Π
Vπ(t, x, m) (7)r�^kFj8\ π∗ , 8h Vπ∗(t, x, m) = V (t, x, m). ���Fj�JU`B"���l�

V (T, x, m) = U(x).}v2g CRRA (gJU
U(x) =

xγ

γ
, γ < 1, γ 6= 0,�& 1 − γ �����C��U�Ag_m/#>^ [15], �vbNj_�j (7) k

HJB �H�
sup
π∈Π

{AπV (t, x, m)} = 0, (8)�&
AπV (t, x, m) =

1

2
π2x2σ2Vxx + πx(µ + m − r)Vx + πxβσρVmx

+ Vt + Vx(rx + c) + αmVm +
1

2
β2VmmSr��l�

V (T, x, m) =
xγ

γ
, (9)�& Vt, Vx, Vm, Vxx, Vmm N Vmx �#� V (t, x, m) � t, x, m kN�r��ybU�N[ 1 (E�v>) "F W (t, x, m) ∈ C1,2,2 	`B�H (8) r��l� (9), �

W (t, x, m) ≥ V (t, x, m); $U�}68\ π∗, 8h ∀ t ∈ [0, T ] m
π∗(t) ∈ arg sup

π∈Π
AπW (t, x, m),� ∀ t ∈ [0, T ] m W (t, x, m) = V (t, x, m), 	 π∗ CFjs<8\�
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W (T, Xπ(T ), m(T )) =W (t, x, m) +

∫ T

t

AπW (s, Xπ(s), m(s)) ds

+

∫ T

t

π(s)Xπ(s)σVx(s, Xπ(s), m(s)) dB1(s)

+

∫ T

t

βVm(s, Xπ(s), m(s)) dB2(s).l (8) �
W (T, Xπ(T ), m(T )) ≤W (t, x, m) +

∫ T

t

π(s)Xπ(s)σVx(s, Xπ(s), m(s)) dB1(s)

+

∫ T

t

βVm(s, Xπ(s), m(s)) dB2(s).Y*=FUI#�{�*nI	�{�P�T�
E[W (T, Xπ(T ), m(T ))|Xπ(t) = x, m(t) = m] ≤ W (t, x, m).*=I~�obm}68\ π ∈ Π �*��*h

V (t, x, m) ≤ W (t, x, m).a π = π∗ 6�*f)l=��l=�s W (t, x, m) = V (t, x, m). T� π∗ Cj_�j (7)kFjs<8\����lv> 1 ��Æ�j_�j (7) *4_�Æ� HJB �H (8). �f5� HJB �H
(8) k��� Liang l [13] k�
���.�

V (t, x, m) = q(t, m)
(x − b(t))γ

γ
> 0 (10)	`B��l� b(T ) = 0, q(T, m) = 1. /! (10) =he�MybU


Vt =
(qt

γ
(x − b(t)) − qbt

)

(x − b(t))γ−1, Vx = q(x − b(t))γ−1,

Vm =
qm

γ
(x − b(t))γ , Vxx = q(γ − 1)(x − b(t))γ−2,

Vmm =
qmm

γ
(x − b(t))γ , Vmx = qm(x − b(t))γ−1,

(11)�& q = q(t, m), qt s qm �#C q(t, m)=o tN mkN�ybU�l (10)Th Vxx < 0.� (8) Y3Lqk===o π Æb�l Vxx < 0 rN�l���he (8) kF�s�
π∗ = − (µ + m − r)Vx + βσρVmx

xσ2Vxx

. (12)



720 [ d Q 9 9 � 36#	 (11) N (12) Z# (8), �>*h
(x − b(t))

[ 1

γ

(

qt + αmqm +
1

2
β2qmm

)

+ rq +
((µ + m − r)q + βσρqm)2

2σ2(1 − γ)q

]

+ (rb(t) + c − bt)q = 0. (13)�#T*=& x − b(t) k�Ur�U#�Phe�M|��H
bt − rb(t) − c = 0, b(T ) = 0, (14)

1

γ

(

qt + αmqm +
1

2
β2qmm

)

+ rq +
((µ + m − r)q + βσρqm)2

2σ2(1 − γ)q
= 0, q(T, m) = 1.

(15)Æ�N��0|��H (14) *h
b(t) = −c(1 − e−r(T−t))

r
. (16)��� (15) C��0y|��H�)!T��Æ���}v q(t, m) "m"�.=

q(t, m) = f(t)1−γe(1−γ)(g(t)m2+h(t)m), (17)	`B��l� f(T ) = 1, g(T ) = h(T ) = 0, �!The"�ybU
qt = (1 − γ)

(f ′(t)

f(t)
+ g′(t)m2 + h′(t)m

)

q,

qm = (1 − γ)(2g(t)m + h(t))q,

qmm = (1 − γ)[2g(t) + (1 − γ)(2g(t)m + h(t))2]q.	*OybUZ# (15) he
L1(t)m

2 + L2(t)m + L3(t) = 0, (18)�&
L1(t) =(1 − γ)g′(t) + 2α(1 − γ)g(t) + 2β2(1 − γ)2g(t)2 + 2γβ2ρ2(1 − γ)g(t)2

+
2γβρ

σ
g(t) +

γ

2σ2(1 − γ)
,

L2(t) =(1 − γ)h′(t) + α(1 − γ)h(t) + 2β2(1 − γ)2g(t)h(t) + 2γ(1 − γ)β2ρ2g(t)h(t)

+
2γ(µ − r)βρ

σ
g(t) +

γβρ

σ
h(t) +

γ(µ − r)

σ2(1 − γ)
,

L3(t) =(1 − γ)
f ′(t)

f(t)
+ rγ + β2(1 − γ)g(t) +

1

2
(1 − γ)2β2h(t)2 +

1

2
γ(1 − γ)β2ρ2h(t)2

+
γ(µ − r)βρ

σ
h(t) +

γ(µ − r)2

2σ2(1 − γ)
.



4~ 9O�?-���B	 Ornstein-Uhlenbeck j,Æ DC F7�v[iDhq96Z 721I8l= (18)RCD��5T=& m2, mk�Ur�U#R�P�s L1(t) = 0, L2(t) =

0, L3(t) = 0, _�*h
g′(t) + 2β2(1 − (1 − ρ2)γ)g2(t) + 2

(

α +
γβρ

σ(1 − γ)

)

g(t) +
γ

2σ2(1 − γ)2
= 0, (19)

h′(t) +
[

α + 2β2(1 − (1 − ρ2)γ)g(t) +
γβρ

σ(1 − γ)

]

h(t)

+
2γ(µ − r)βρ

σ(1 − γ)
g(t) +

γ(µ − r)

σ2(1 − γ)2
= 0, (20)

f ′(t)

f(t)
+ β2g(t) +

1

2
β2(1 − (1 − ρ2)γ)h2(t) +

γ(µ − r)βρ

σ(1 − γ)
h(t)

+
γ(µ − r)2

2σ2(1 − γ)2
+

γ

1 − γ
r = 0. (21)�
� (19) CN�k Riccati �H�T

∆ = 4
(

α2 +
2αγβρ

σ(1 − γ)
− β2

σ2(1 − γ)

)

,

k = −
(

α +
γβρ

σ(1 − γ)

)

, y1 =
2k +

√
∆

2
, y2 =

2k −
√

∆

2
.oH�;�JÆ� (19) *h

g(t) =
1

2(β2(1 − γ) + γβ2ρ2)
g(t), (22)�&

g(t) =



































e(y1−y2)(T−t) − 1

e(y1−y2)(T−t) − y2

y1

y2, ∆ > 0,
∣

∣

∣

y2

y1

∣

∣

∣
< 1, T <

ln y2

y1√
∆

,

y2
1(T − t)

y1(T − t) + 1
, ∆ = 0, T < α +

γβρ

σ(1 − γ)
,

k2 + ∆2

4

k +
√
−∆
2 cot (T−t)

√
−∆

2

, ∆ < 0, T <
2√
−∆

arctan
−2k√
−∆

.	 (22) Z# (20) &�Æ�*h h(t) k"V.=�
h(t) = e

∫

T

t
I1(s)ds

[

∫ T

t

I2(s)e
−

∫

T

s
I1(v)dv

ds
]

, (23)�&
I1(t) = α + 2β2(1 − γ)g(t) + 2γβ2ρ2g(t) +

γβρ

σ(1 − γ)
,

I2(t) =
2γ(µ − r)βρ

σ(1 − γ)
g(t) +

γ(µ − r)

σ2(1 − γ)2
.�N+�	 (22) N (23) Z# (21), *Æh f(t) k"V.=�

f(t) = e
( γ

1−γ
r+

γ(µ−r)2

2σ2(1−γ)2
)(T−t)+

∫

T

t
I3(s)ds

, (24)
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I3(t) = β2g(t) +

1

2
β2(1 − (1 − ρ2)γ)h2(t) +

γ(µ − r)βρ

σ(1 − γ)
h(t).��*fk�
HH��he"�Z>�r[ 1 y|��H (15) k�� q(t, m) = f(t)1−γe(1−γ)(g(t)m2+h(t)m), �& g(t), h(t),

f(t) �#l (22)–(24) .N�/! (11) NZ> 1, ��f
Vx

Vxx

= −x − b(t)

1 − γ
,

Vmx

Vxx

= −(2g(t)m + h(t))(x − b(t)).	*O==Z# (12), /!v> 1, �hej_�j (7) kFjs<8\
π∗(t) =

[µ + m(t) − r

1 − γ
+ βσρ(2g(t)m(t) + h(t))

]x − b(t)

xσ2
. R��heL��k1I�F�sj_�j (7) kFj�JUNFjs<8\k�
.=�N[ 2 �(gJU� U(x) = xγ

γ
k�.��j_�j (7) kFj�JU�

V (t, x, m) = f(t)1−γe(1−γ)(g(t)m2+h(t)m) (x − b(t))γ

γ
, (25)�^kFjs<8\�

π∗(t) =
[µ + m(t) − r

1 − γ
+ βσρ(2g(t)m(t) + h(t))

]x − b(t)

xσ2
, (26)�& b(t), f(t), g(t), h(t) �#l (16), (22)–(24) .N�z 1 a α = β = 0 6�m(t) ≡ 0, R6��<=k~*HHx_�!7uO*6~z�Fjs<8\� π∗(t) = µ−r

σ2(1−γ)
x−b(t)

x
. !T&N�_8 t k�Y� b(t) 0��Y�T� π∗(t) d0��&�s_86�kvP�DC x℄5s�s<���<=*k<��C0��+�z 2 }$� t = 0 6NS0��G8����	�4am�dk���#k�<=�s c = 0, �hej_�j (7) kFjs<8\

π∗(t) =
µ + m(t) − r

(1 − γ)σ2
+

βσρ(2g(t)m(t) + h(t))

σ2
,�& g(t), h(t) �#l (22), (23) ">�a α = β = 0 6�m(t) ≡ 0, T�Fjs<8\N

[3] k�F�p�YR��vAL [3] k�^�
3 wd\��1I�
��<=kX6_mJXY m(t) �Fjs<8\ka!��L�
�����g^ ∆ > 0 k�2��o ∆ < 0 s ∆ = 0 k�2*H:[g^�
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∂π∗(t)

∂m(t)
=

( 1

1 − γ
+ 2σβρg(t)

)x − b(t)

xσ2
,T (22)!T&N g(t) < 0,�a βρ < 0ga βρ > 0	 1+ 1

2σβρg(t) < γ < 16�∂π∗(t)
∂m(t) > 0,Yis<���<=*k1#�C_8 m(t) k�Y��Y���>L�F?6f%H0
�6�s<�d�Y��<=*ks<�C�a βρ > 0 	 γ < 1 + 1

2σβρg(t) 6�
∂π∗(t)
∂m(t) < 0, Yi�R�.��s<���<=*ks<�C_8 m(t) k�Y��&�S*�
Yi m(t) �s<�Cka!�)�s βρ m=�	N����C��U 1 − γk��m=�h#�a ρ = 0 6�

∂π∗(t)

∂m(t)
=

1

1 − γ

x − b(t)

xσ2
> 0. (27)
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(a) γ � π∗ j` (b) σ � π∗ j` h 1 ` ρ = 0, t = 5 5�4S γ q��:<j&yX σ �Eir:7[ π∗ j` ��4�S ρ = 0 �C�"k�
 m(t) �s<8\a!H|k�_�$��dhNYi�,5Uk��� r = 0.03, µ = 0.12, σ = 0.21, γ = 0.5, x = 1, T = 20. l (27)��a m(t) �Y6s<�	�Ys<���<=*k1#�C�	�{kH|s����C��U 1− γ ���<=k'zY σ, L;1#N6���md�=��"u 1 b>�γ zYs<���<=*k1#�CzY��_8 σ k�Y�+s<�C�u 1(a)Yi��C�H|mks<�xUs<Æ�k1#���<=*�u 1(b) �>Fjs<8\���wk'zQh(�s��pkF?6f��a σ 
/Q&k'z6�s<8\GLQYkt��u 2 CL;1# x = 1 N x = 100 k�.���6+ t = 5, 10, 186�m(t) �Fjs<�Cka!�Tu 2&
�aF?%H06f
� (s m(t)�Y)6�s<���<=*k1#�CE*1�B�aL;1#�Æ&6�Tu 2(a)*S
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Abstract This paper studies an optimal portfolio strategy under Ornstein-Uhlenbeck

model for an investor whose target is to maximize CRRA utility of the terminal wealth

in a defined contribution (DC) pension plan. The investor is allowed to invest in a risk-free

asset and a risky asset. The instantaneous return rate of the risky asset is driven by Ornstein-

Uhlenbeck process, which can reflect the states of the market. By applying stochastic control

theory, the corresponding Hamilton-Jacobi-Bellman equation and verification theorem are

provided, and the explicit expressions of the optimal investment strategy and the optimal

value function are obtained. Moreover, the impact of the instantaneous return rate of the

risky asset on the optimal investment strategy is analyzed. In particular, we find that the

proportion invested in the risky asset increases when the state of the market becomes better

and that at the same market state, the optimal investment proportion is almost independent

of time when the initial wealth is big enough.
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