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1 qo- H(U) vJ,z/< U WHmH$bf6rg� Dirichlet # Dp(U) ;!v
Dp(U) :=

{

f ∈ H(U) : ‖f‖p
Dp

=

∫

U

|f ′|p dv ≤ 1, 1 ≤ p < ∞
}

,�F dv v U W[E6 Lebesgue �>�
Hardy �| Hp(U) a*j+H$bf f S"C0R

||f ||Hp := sup
0<ρ<1

(

∫

T

|f(ρw)|p dσ(w)
)

1

p

< ∞,�F dσ v,z/H T = ∂U W[E6 Lebesgue �>��> [1,2]

Dp ⊂ Hp.�M f ∈ H(U) <'5 Taylor 8�
f(z) =

∞
∑

j=0

ajz
j, aj =

f j(0)

j!
, z ∈ U.Æ{ 2012 9 7 2 12 Pb1�2013 9 3 2 6 Pb1ÆKM�
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Fejér iP�+ {σk(f)}∞k=0 ;!v

σ0(f)(z) = 0,

σk(f)(z) :=

k−1
∑

j=0

(

1 −
j

k

)

ajz
j, k ∈ N.X U v Hp(U) Pr�w

Fk(U , Hp) := sup
f∈D

{

||f − σk(f)||Hp

}

, Ek(U , Hp) := sup
f∈D

{Ek(f)Hp},�F
Ek(f)Hp := inf

{

||f − P ||Hp : P ∈ P‖−∞

}

,

Pk v%fBBv k ∈ N 6*fB	_rg�H>bf6 Fejér iP�
�+��%\ [3], 5,z/<WH$bf�
�+iB�℄ [4−7].
 � Savchuk n4 Dirichlet bf#o^ Fejér iP6�J�
�Zf A[2] X 1 ≤ p < ∞, 1
p

+ 1
q

= 1, 6
(a) �M k ∈ N,

1
2 min(p, q)

(( q
2 )(k − 1) + 1)

1

q

≤ Ek(Dp, H
p) ≤ Fk(Dp, H

p) ≤
1

(( q
2 )(k − 1) + 1)

1

q

;

(b) �M f ∈ Dp,

||f − σk(f)||Hp = o(k− 1

q ), k −→ ∞.-�,BJ�H$bfD�6�vJ3�- H(Bn) �` Bn WH$bfHm��> [8]: T f ∈ H(Bn), 6 f(z) +A%8�
f(z) =

∞
∑

j=0

fj(z), (1)�F fj(z) v j %A%B	_�
f 6�
/f;!v

Rf(z) :=

n
∑

j=1

zj

∂f

∂zj

(z) =

∞
∑

j=0

jfj(z).G_�
/f Rs (s ≥ 0) ;!v
Rsf(z) =

∞
∑

j=0

jsfj(z) =

∞
∑

j=1

jsfj(z).
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Hardy �| Hp := Hp(Bn) 
`HmH$bf f C0R
||f ||pHp := sup

0<r<1

∫

S

|f(rζ)|p dσ(ζ) < ∞,�F dσ(ζ) v Shilov �� S = ∂Bn W[E6 Lebesgue �>� H∞ v+�H$bf�|��5v
||f ||H∞ := sup

z∈Bn

|f(z)|.- dv(z) v Bn W[E6 Lebesgue �>�}2p��;! Dirichlet # Dp = Dp(Bn)v
Dp :=

{

f ∈ H(Bn) : ||f ||pDp
:=

∫

Bn

|Rf(z)|p dv(z) ≤ 1, 1 ≤ p < ∞
}

.����=�. Hardy �|6Y��
Dp(Bn) ⊂ Hp(Bn), 1 ≤ p < ∞.f Dp �����.,�#H$bf

H1
p :=

{

f : f ∈ H(Bn), ||Rf ||Hp ≤ 1
}

, 1 ≤ p < ∞,��Lv Dp 6Pr��: f(z) ∈ H(Bn) 6A%8��}2#S Fejér iP�+ {σk(f)}∞k=0:

σ0(f)(z) = 0,

σk(f)(z) :=

k−1
∑

j=0

(

1 −
j

k

)

fj(z), k ∈ N.}2O�.>)�
Fk(Dp, H

p) := sup
f∈Dp

{||f − σk(f)||Hp}, Ek(Dp, H
p) := sup

f∈Dp

{Ek(f)Hp}.�|6I�76a�� Dirichlet# Dp W6 FejériP σk 6�

D� �� FejériPfSx�
B	_�: Hardy �|>)�
6+�
�tv;$ A 6s8frZ�p[��,�#H$bf H1
p ��kl��,<bf f f g, T'5<6�f C 0R C−1g ≤ f ≤ Cg, 6wv f ≃ g.

2 T^℄mv=4
`Y� Dp ⊂ Hp, �#SZ!lg5�| [9] 7L:��O<6'�bf ϕ(r) 5 [0, 1) W!v<[6�T'5 0 < a < b, 0 ≤ r0 < 1 0R
(i) ϕ(r)

(1−r)a 5 [r0, 1) W,:9~C lim
r→1−

ϕ(r)
(1−r)a = 0;
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(ii) ϕ(r)

(1−r)b 5 [r0, 1) W,:97C lim
r→1−

ϕ(r)
(1−r)b = ∞.�O5 [0,1)W<6'�bf Φ(r), T'5 s ≥ 0 0R (1− r2)sΦ(r) a<[6�6!

Φ(r) vZ!<[bf�Z!lg5�| Hp,q(Φ) (0 < p, q ≤ ∞) ;!v
Hp,q(Φ) :=

{

f ∈ H(Bn) : ||f ||p
Hp,q(Φ) =

∫ 1

0

(1 − r)ps−1Φp(r)Mp
q (r,Rsf) dr < ∞

}

,�F s ≥ 0, (1 − r)sΦ(r) a<[6�rf 2.1[9] T 0 < p ≤ 2 ≤ q < ∞, 6
(i) Hp,p(1) ⊂ Hp(Bn) ⊂ H2,p(1);

(ii) H2,q(1) ⊂ Hq(Bn) ⊂ Hq,q(1).Zf 2.2 T 1 ≤ p < ∞, 6
Dp(Bn) ⊂ Hp(Bn).� *lg5�| Hp,q(Φ) 
D [10−12], ?��4

Hp,q((1 − r)a) ⊂ Hp,q((1 − r)b), a ≤ b (2)fT p ≥ 2 sM ε > 0,

Hp,q((1 − r)a) ⊂ H2,q((1 − r)a+ε), a ∈ R, (3);�F℄)* Hölder �7_�4*#$ 2.1, �4
(i) . 1 ≤ p ≤ 2 [�

Dp(Bn) ⊂ Hp,p((1 − r)
1

p
−1) ⊂ Hp,p(1) ⊂ Hp(Bn).

(ii) . 2 < p < ∞ [��M ε 0R 0 < ε < 1
2 , +

Dp(Bn) ⊂ Hp,p((1 − r)
1

p
−1) ⊂ H2,p((1 − r)

1

p
−1+ε) ⊂ H2,p(1) ⊂ Hp(Bn).

3 FejérhwUa�P#H
�
Qk,ρ(f)(z) :=

k−1
∑

j=0

(

1 −
j

k
ρ2(k−j)

)

fj(z), z ∈ Bn. (4)

Poisson d
P (reit, eiθ) =

1 − r2

|1 − rei(θ−t)|2
.
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"5 Fejér hO�� 273- fζ(λ) = f(λζ),�F z = λζ, λ ∈ U , ζ ∈ S. �>T f(z) ∈ H(Bn),6 fζ(λ) ∈ H(U).& (4) _�4
Qk,ρ(fζ)(λ) := Qk,ρ(f)(λζ) =

k−1
∑

j=0

(

1 −
j

k
ρ2(k−j)

)

fj(ζ)λj .rf 3.1 X fζ ∈ H(U), 6�M θ ∈ [0, 2π], ρ ∈ [0, 1), k ∈ N, +
fζ(ρ

2eiθ) − f(0) =
eiθ

π

∫ ρ

0

∫ 2π

0

f ′
ζ(re

it)

1 − rei(θ−t)
dt r dr, (5)

Qk,ρ(fζ)(ρ
2eiθ) − f(0) =

eiθ

π

∫ ρ

0

∫ 2π

0

f ′
ζ(re

it)

k−2
∑

j=0

(1 − r2(k−j−1))rjeij(θ−t) dt r dr.

(6)� 
=4 (6) _�"v (5) _=4#g�YBR},�* (1) _�>
fζ(λ) =

∞
∑

j=0

fj(ζ)λj .V
f ′

ζ(λ) =

∞
∑

j=1

jfj(ζ)λj−1,6
f ′

ζ(re
it) =

∞
∑

j=1

jfj(ζ)rj−1eit(j−1).Q�U�bfpG<�
�4
eiθ

π

∫ ρ

0

∫ 2π

0

f ′
ζ(re

it)

k−2
∑

j=0

(1 − r2(k−j−1))rjeij(θ−t) dt r dr

=
eiθ

π

∫ ρ

0

∫ 2π

0

f ′
ζ(re

it)

k−1
∑

j=1

(1 − r2(k−j))rj−1e−i(j−1)tei(j−1)θ dt r dr

=
k−1
∑

j=1

∫ ρ

0

2jfj(ζ)r2j−1(1 − r2(k−j))eijθ dr

=

k−1
∑

j=1

(

1 −
j

k
ρ2(k−j)

)

fj(ζ)ρ2jeijθ

=Qk,ρ(fζ)(ρ
2eiθ) − f(0).rf 3.2 X fζ ∈ H(U), 6�M θ ∈ [0, 2π], ρ ∈ [0, 1), k ∈ N, +

fζ(ρ
2eiθ) − Qk,ρ(fζ)(ρ

2eiθ) =
eikθ

π

∫ ρ

0

rk

∫ 2π

0

f ′
ζ(re

it)e−i(k−1)tP (reit, eiθ) dt dr. (7)
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k−2
∑

j=0

(1 − r2(k−j−1))rjeij(θ−t)

=

k−2
∑

j=0

rjeij(θ−t) − rkei(k−2)(θ−t)
k−2
∑

j=0

rje−ij(θ−t)

=
1 − rk−1ei(k−1)(θ−t)

1 − rei(θ−t)
− rkei(k−2)(θ−t) 1 − rk−1e−i(k−1)(θ−t)

1 − re−i(θ−t)

=
1

1 − rei(θ−t)
−

rk−1ei(k−1)(θ−t)

1 − rei(θ−t)
−

rkei(k−2)(θ−t)

1 − re−i(θ−t)
+

r2k−1e−i(θ−t)

1 − re−i(θ−t)

=
1

1 − rei(θ−t)
− rk−1ei(k−1)(θ−t)P (reit, eiθ) +

r2k−1e−i(θ−t)

1 − re−i(θ−t)
.5 (6) _F)jn4�(_��nk��&) (5) _fY�_

∫ 2π

0

f ′
ζ(re

it)
e−i(θ−t)

1 − re−i(θ−t)
dt = 0,}2�4 (7) _�rf 3.3[8,13] Xbf f ;!5 S WC
�!�) z1, · · · , zk, �F 1 ≤ k < n. 6 f�Nv;!5 Bk WCC

∫

S

f dσ =

(

n − 1

k

)
∫

Bk

(1 − |w|2)n−k−1f(w) dvk(w),�F Bk v Ck W6�,zF� dvk v Bk W[E6mp�>�p[����
/F6�;Y��rf 3.4[14] X X v�+Ef || · ||X 6IE�
�|� Y v X F�P�|�
f ∈ X\Y, 6

E(f,Y) := inf
g∈Y

||f − g||X = sup
λ∈Y, ‖λ‖=1

λ(f),�F Y⊥ :=
{

λ ∈ X ∗ : λ(g) = 0, ∀ g ∈ Y
}

.G
h(z) =

zk
1

k

( Γ(kp
2 + n + 1)

Γ(kp
2 + 1)Γ(n + 1)

)
1

p

.*#$ 3.3, �4
||zk

1 ||Dp
=k

(

2n

∫ 1

0

r2n−1+kp dr

∫

S

|ζ1|
kp dσ(ζ)

)
1

p

=k
( 2n

2n + kp

∫

S

|ζ1|
kp dσ(ζ)

)
1

p

=k
( 2n

2n + kp
(n − 1)

∫

U

|w|kp(1 − |w|2)n−2 dv(w)
)

1

p
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=k
(Γ(kp

2 + 1)Γ(n + 1)

Γ(kp
2 + n + 1)

)
1

p

.*, ||h(z)||Dp
= 1, V h(z) ∈ Dp(Bn). ��&) h(z)  P# Ek(Dp, H

p) 6�O�J���Zf 3.5 X 1 ≤ p < ∞, 1
p

+ 1
q

= 1, 6
(a) �M k ∈ N 0R k > 2n

p
, +

k− 1

q ≃
Γ(k)

n
1

p Γ(k + n)
·
(Γ(kq

2 + n)

Γ(kq
2 + 1)

)
1

q

·
(Γ(kp

2 + n + 1)

Γ(kp
2 + 1)

)
1

p

≤Ek(Dp, H
p) ≤ Fk(Dp, H

p) ≤
(( q

2 )(k − 2n) + n)−
1

q

n
1

p

≃ k− 1

q ;

(b) �M f ∈ Dp, +
||f − σk(f)||Hp = o(k− 1

q ), k −→ ∞.� � =4 (a).*�;Y� (t#$ 3.4) >
Ek(h, Hp) = sup

{

|〈h, g〉| : g ∈ Lq,k(S), ‖g‖Lq(S) = 1
}

,�F
〈h, g〉 :=

∫

S

hḡ dσ,

Lq,k(S) :=
{

g ∈ Lq(S) : 〈g, ζm〉 = 0, |m| = 0, 1, · · · , k − 1
}

.G
g(ζ) = ζk

1 ·
( Γ(kq

2 + n)

Γ(nq
2 + 1)Γ(n)

)
1

q

.K 2 [6]

∫

S

ζmζ̄l dσ(ζ) =

{

0, m 6= l,

(n − 1)!m!

(n − 1 + |m|)!
, m = l,�F m = (m1, m2, · · · , mn), l = (l1, l2, · · · , ln) vBG��� |m| = m1 + m2 + · · · + mn.�> g ∈ Lq,k(S) s ||g||Lq

= 1.V
Ek(Dp, H

p) ≥Ek(h, Hp) ≥
∣

∣〈h, g〉
∣

∣

=
Γ(k)

n
1

p Γ(k + n)
·
(Γ(kq

2 + n)

Γ(kq
2 + 1)

)
1

q

·
(Γ(kp

2 + n + 1)

Γ(kp
2 + 1)

)
1

p

≃k− 1

q .
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Γ(k + a)

Γ(k + b)
≃ ka−b, a, b ∈ R.�P# Fk(Dp, H

p) 6�O�JW���M f ∈ Dp, *#$ 3.2 f Hölder �7_�+
|fζ(ρ

2eiθ) − Qk,p(fζ)(ρ
2eiθ)|p

≤
( 1

π

∫ ρ

0

∫ 2π

0

|f ′
ζ(re

it)|rkP (reit, eiθ) dt dr
)p

≤
( 1

π

∫ ρ

0

∫ 2π

0

|f ′
ζ(re

it)|pP (reit, eiθ) dt r2n−1+p dr
)

×
( 1

π

∫ ρ

0

∫ 2π

0

r(k−2n+1−p)qP (reit, eiθ) dt r2n−1+p dr
)

p

q

≤
1

π

∫ ρ

0

∫ 2π

0

|f ′
ζ(re

it)|pP (reit, eiθ) dt r2n−1+p dr ·
(q

2
(k − 2n) + n

)− p

q

.WSj��&)*zX k > 2n
p

, ; xM kq − 2nq + 2n > 0.5 [0, 2π] W� θ pG�&) Fubini ;$��4
1

2π

∫ 2π

0

|fζ(ρ
2eiθ) − Qk,ρ(fζ)(ρ

2eiθ)|p dθ

≤
1

π

∫ ρ

0

∫ 2π

0

|f ′
ζ(re

it)|pdt r2n−1+p dr ·
(q

2
(k − 2n) + n

)− p

q

.5 S WpG�4%&) Fubini ;$��4
∫

S

|f(ρ2ζ) − Qk,ρ(f)(ρ2ζ)|p dσ(ζ)

=

∫

S

1

2π

∫ 2π

0

|fζ(ρ
2eiθ) − Qk,ρ(fζ)(ρ

2eiθ)|p dθ dσ(ζ)

≤

∫

S

1

π

∫ ρ

0

∫ 2π

0

|f ′
ζ(re

it)|p dt r2n−1+p dr ·
(q

2
(k − 2n) + n

)− p

q

dσ(ζ)

=

∫

S

1

π

∫ ρ

0

∫ 2π

0

|Rf(reitζ)|p dt r2n−1 dr dσ(ζ) ·
(q

2
(k − 2n) + n

)− p

q

=2

∫ 1

0

∫

S

|Rf(rζ)|p dσ(ζ)r2n−1 dr ·
(q

2
(k − 2n) + n

)− p

q

=
1

n
||f ||pDp

·
(q

2
(k − 2n) + n

)− p

q

.V� f ∈ Dp,

||f(ρ·) − Qk,ρ(f)(ρ·)||Lp(S) ≤
(( q

2 )(k − 2n) + n)−
1

q

n
1

p

, ∀ ρ ∈ [0, 1).
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Qk,ρ(f)(ρ·) −→ σk(f)(·),�&) Riesz ;$ [13]

||f(·) − f(ρ·)||Lp(S) −→ 0, ρ → 1−,Sj42
||f − σk(f)||Hp ≤

(( q
2 )(k − 2n) + n)−

1

q

n
1

p

."v f v Dp FMPbf�V
||Fk(Dp, H

p)|| ≤
(( q

2 )(k − 2n) + n)−
1

q

n
1

p

≃ k− 1

q .

(b) pW�- f v Dp FMPbf�*#$ 3.2, &)W3p�FD�4
∫

S

|f(ρ2ζ) − Qk,ρ(f)(ρ2ζ)|p dσ(ζ)

=

∫

S

1

2π

∫ 2π

0

|f(ρ2eiθζ) − Qk,ρ(f)(ρ2eiθζ)|p dθ dσ(ζ)

≤

∫

S

1

2π

∫ 2π

0

∣

∣

∣

1

π

∫ ρ

0

∫ 2π

0

|Rf(reitζ)|rk−1P (reit, eiθ) dt dr
∣

∣

∣

p

dθ dσ(ζ)

≤2

∫ 1

0

rk−1

∫

S

|Rf(rζ)|p dσ(ζ) dr ·
(2

k

)

p

q

, (8)�FW_Sj��* Hölder �7_42�V��)B3 (a) 6�p=4��4Uv
k

1

q ||f − σk(f)||Hp ≤ 2
{

∫ 1

0

rk−1

∫

S

|Rf(rζ)|p dσ(ζ) dr
}

1

p

. (9)Sj�#��MW;6 ε > 0 fj+ k ≥ 2n, <'5W;6 R, 0 < R < 1, 0R
∫ 1

R

rk−1

∫

S

|Rf(rζ)|p dσ(ζ) dr ≤ ε. (10)K 2
∫ R

0

rk−1

∫

S

|Rf(rζ)|p dσ(ζ) dr ≤ Rk−2n||f ||Dp
≤ Rk−2n. (11)V* (9)–(11), �4

k
1

q ||f − σk(f)||Hp ≤ 2(ε + Rk−2n)
1

p −→ 2ε
1

p , k −→ ∞.;$4=�
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 � � � 36�Zf 3.6 X 1 ≤ p < ∞, 1
p

+ 1
q

= 1, 6�M k ∈ N,

k−1 ≃
Γ(k)

Γ(k + n)
·
(Γ(kq

2 + n)

Γ(kq
2 + 1)

)
1

q

·
(Γ(kp

2 + n)

Γ(kp
2 + 1)

)
1

p

≤Ek(H1
p , Hp) ≤ Fk(H1

p , Hp) ≤
2

k
.� G

h(z) =
zk
1

k

( Γ(kp
2 + n)

Γ(kp
2 + 1)Γ(n)

)
1

pf
g(ζ) = ζk

1 ·
( Γ(kq

2 + n)

Γ(nq
2 + 1)Γ(n)

)
1

q

.Q�vi#� ||h(z)||H1
p

= 1, V
h(z) ∈ H1

p .#g;$ 3.5 F (a) 6=4��4
Ek(Dp, H

p) ≥Ek(h, Hp) ≥
∣

∣〈h, g〉
∣

∣

=
Γ(k)

Γ(k + n)
·
(Γ(kq

2 + n)

Γ(kq
2 + 1)

)
1

q

·
(Γ(kp

2 + n)

Γ(kp
2 + 1)

)
1

p

≃k−1.X f ∈ H1
p . *,

sup
0<r<1

∫

S

|Rf(rζ)|p dσ(ζ) ≤ 1,* (8) _�4 ∀ ρ ∈ [0, 1),

∫

S

|f(ρ2ζ) − Qk,ρ(f)(ρ2ζ)|p dσ(ζ) ≤2

∫ 1

0

rk−1

∫

S

|Rf(rζ)|p dσ(ζ) dr ·
(2

k

)

p

q

≤
2

k
·
(2

k

)

p

q

=
(2

k

)p

. (12)* (12) _��:;$ 3.5 F (a) 6=4�Gq� ρ → 1−, �4j��℄�v *;$ 3.6, }2K 2�. n = 1 [�t
1

k
≤ Ek(H1

p , Hp) = Fk(H1
p , Hp) ≤

2

k
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Abstract For Dirichlet class Dp in the unit ball Bn of Cn, we get the inclusion relation

between Dirichlet class and Hardy space, and then obtain the exact orders of best polynomial

approximations and of upper bounds for deviations of Fejér means in the metric of Hardy

space Hp.
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