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1100 d h � N N � 350l4� (1.2), Whitham[1] #?2 Boussinesq 4�� KdV e/� Constantin � Ivanov[2]X94� (1.2) #?2EM[�SHe/�t Hunter-Satone/�Camassa-Holme/�AhC Camassa-Holm 4�K�}�e/HI$!\�~
MT/��t)� [3–8]. �+�WT/4� (1.1) HI$!�:k`QU?4�e^-O&&s2�H<!�Xs2x=$!�~b^$!�~ba^$!�%x=$!��dx$!H)Æ�:G���	k Mathematica v��-OUY}�!�9\U�E8LH�lJ�
2 C�>7z4� (1.1) HI$!mG�
 η(t, x) = η(ξ), w(t, x) = w(ξ), f
 ξ = x − ct, fF,Æ c ��$����O;u4� (1.1) 
!zn ξ �hEB

− cη + (1 + αη)w − β

6
wξξ = A, (2.1)

− cw +
α

2
w2 + η +

cβ

2
wξξ = B, (2.2)f
 A � B ��h,Æ�9 (2.2) �
!2 η, -Om

η = cw − α

2
w2 − cβ

2
wξξ + B. (2.3)vl (2.1) �E

(
− cβα

2
w +

c2β

2
− β

6

)
wξξ = A − w − (αw − c)

(
cw − α

2
w2 + B

)
, f(w). (2.4)H v = wξ, yQe/3A(

wξ = v, vξ =
f(w)

− cβα
2 w + c2β

2 − β
6

. (2.5)
( α � β Wm08_b�-O�Q�OW��,Æ�w c < 0, r^U�w��
(w, ξ, A, c) → (−w,−ξ,−A,−c) 54� (2.5)!Nml���℄-O�1K c > 0HjG�w

B =
1 − 18c2 + 45c4 − 54Ac3α

18c2α
, (2.6)x

f(w) =
(
− cβα

2
w +

c2β

2
− β

6

)
f̃(w),f


f̃(w) =
1

3c2αβ

(
− 3cα2w2 + (α + 6c2α)w − c + 15c3 − 18Ac2α

)
.5QhA�jG4T/4� (2.5): B M� (2.6) � B &M� (2.6).
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3 B 2Q (2.6)6��4� (2.5) �(
wξ = v, vξ = f̃(w). (3.1)�H
7�h(

H(w, v) =
v2

2
+

α

3cβ
w3 − 1 + 6c2

6c2β
w2 +

1 − 3c(5c − 6Aα)

3cαβ
w. (3.2)YnsQH0��:k (3.2) � [9] 
Hu��3℄EB4� (3.1) H+l!H)Æ�:G��8w-Os2x=$!��d$!H)Æ�:G��!i�1K

A <
1 + 216c4

216c3α
. (3.3)7n� f̃(w) mAq&�Ht w1 =

1+6c2−
√

1+216c3(c−Aα)

6cα � w2 =
1+6c2+

√
1+216c3(c−Aα)

6cα ,!i f̃ ′(w1) =

√
1+216c3(c−Aα)

3c2β > 0 � f̃ ′(w2) = −
√

1+216c3(c−Aα)

3c2β < 0. 
6�4� (3.1) mAq`�P (w1, 0) � (w2, 0). (w1, 0) �
P� (w2, 0) �
D�= w1 > 0 ��4� (3.1)H<!�! 1.

w
2

w1
w

v

: 1 < w1 > 0 ��3� (3.1) G; �%/ 3.7 (x=$!) z (3.3).=�B M� (2.6). k0� (w0, v0),f
 v0 ≥ 0, w1 <

w0, (w0, v0) M� H(w0, v0) = H(w1, 0), x4� (1.1) m[qx=$! (
η̃1(ξ), w̃1(ξ)

)T
, f
 ξ = x − ct, η̃1 l (2.3) s2�

w̃1(ξ) =

{
φ1(ξ), ξ ∈ (−∞, T1],

φ1(−ξ + 2T1), ξ ∈ (T1,∞),
(3.4)

φ1(ξ) = r0 −
(√

r0 − w1

− 2
√

r0 − w1(
√

r0 − w1 −
√

r0 − w0)e

√
2α
3cβ

√
r0−w1ξ

√
r0 − w0 +

√
r0 − w1 + (

√
r0 − w1 −

√
r0 − w0)e

√
2α
3cβ

√
r0−w1ξ

)2

, (3.5)

T1 =

√
3cβ

2α

1√
r0 − w1

ln
(√

r0 − w1 +
√

r0 − w0√
r0 − w1 −

√
r0 − w0

)
, r0 = −2w1 +

1 + 6c2

2cα
.

(3.6)



1102 d h � N N � 350X l H(w, v) = H(w1, 0) 3� v = ±
√

2α
3cβ (w − w1)

√
r0 − w. z v > 0, l4� (3.1)HO[qe/�-OEB

ξ =

∫ w

w0

du

v
=

√
3cβ

2α

∫ w

w0

1

(u − w1)
√

r0 − u
du

=

√
3cβ

2α

1√
r0 − w1

ln
(√

r0 − w1 −
√

r0 − w√
r0 − w1 +

√
r0 − w

√
r0 − w1 +

√
r0 − w0√

r0 − w1 −
√

r0 − w0

)
. (3.7)9 (3.7) �
!2℄ ξ (��CH w, vk φ1 �� w, �E (3.5). �_Bt�k −ξ ;�

ξ, −v ;� v, 4� (3.1) !&l��9\Q8E��O 3.1 k c = 2, α = 3, A = 0.6, β = 1 � w0 = 1. 7n (3.3) .=� B = −0.5954,

w1 = 0.1773, w2 = 1.2116, r0 = 1.7287 � v0 = 0.7023. w̃(ξ) H!G�! 2 (1).

-5 5
Ξ

0.5

1.0

1.5

wHΞL

-4 -2 2 4
Ξ

1.1

1.2

1.3

1.4

wHΞL

(1) (2): 2 3� (3.1) 	 w(ξ) G F� (1) w<# � (2) �
# �%/ 3.2 (�d$!) z (3.3) .=�B M� (2.6). k0� (w0, 0), w1 < w0 < w2,x4� (1.1) m[q�d$! (
η̃2(ξ), w̃2(ξ)

)T
, f
 ξ = x − ct, η̃2 l (2.3) s2�

w̃2(ξ) =

{
φ2(ξ − 2nT2), ξ ∈ (2nT2, (2n + 1)T2],

φ2(−ξ + 2nT2), ξ ∈ ((2n − 1)T2, 2nT2],
(3.8)

φ2(ξ) = w0 +
(r2 − w0)(w0 − r1)sn

2
(√

α
6cβ

√
r2 − r1ξ,

√
r2−w0

r2−r1

)

r2 − r1 − (r2 − w0)sn2
(√

α
6cβ

√
r2 − r1ξ,

√
r2−w0

r2−r1

) , (3.9)

T2 =

√
6cβ

α

1√
r2 − r1

F
(π

2
,

√
r2 − w0

r2 − r1

)
, (3.10)

n ��Æ� r1 � r2 �e/ H(w, 0) = H(w0, 0) HAq!� r1 < w0 < r2,

r1 =
1 + 6c2 − 2cαw0

4cα
− h1, r2 =

1 + 6c2 − 2cαw0

4cα
+ h1,

h1 =

√
1 + 276c4 + 4cαw0 + 24c3α(−12A + w0) − 4c2(1 + 3α2w2

0)

4cα
,

F �O[6$r�h�� F (φ, k) =
∫ φ

0
dα√

1−k2 sin2 α
.
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√

2α
3cβ

√
(w − r1)(w − w0)(r2 − w). :k4� (3.1)HO[qe/� [2] 
Hu��Y v > 0 -OEB

ξ =

∫ w

w0

du

v
=

√
3cβ

2α

∫ w

w0

1√
(w − r1)(w − w0)(r2 − w)

du

=

√
6cβ

α

1√
r2 − r1

F
(

arcsin

√
(r2 − r1)(w − w0)

(r2 − w0)(w − r1)
,

√
r2 − w0

r2 − r1

)
. (3.11)9 (3.11) �
!2℄ ξ (��CH w !k φ2 ;� w, �E (3.9). �_Bt�k −ξ ;� ξ, −v ;� v, 4� (3.1) !&l��9\Q8E��O 3.2 k c = 2, α = 3, A = 0.6, β = 1, w0 = 1 � v0 = 0. 7n (3.3) .=�

B = −0.5954, w1 = 0.1773, w2 = 1.2116, r1 = −0.3141 � r2 = 1.3974. w̃(ξ) H!G�! 2 (2).

4 B !1P (2.6)ln4� (2.5) m[�g�9 w = −1+3c2

3cα , �℄-O6��� dξ =
(
− cβα

2 w + c2β
2 −

β
6

)
dτ , 3Æ4� (2.5) �
(�x4�

wτ =
(
− cβα

2
w +

c2β

2
− β

6

)
v, vτ = f(w). (4.1)4� (4.1) � (2.5) m
7�h

H1(w, v) =v2 − 2

54c4α2β

(
− 18c3α3w3 + 3cα(3cα + 18c3α)w2

+ 6cα(−1 + 15c2 + 18Bc2α)w

+ 2
(
1 − 9c2(2 − 5c2 + 2Bα + 6Acα)

)
ln |1 − 3c2 + 3cαw|

)
, (4.2)f
 w 6= −1+3c2

3cα . 7n3Eg�9 w = −1+3c2

3cα &�4� (2.5) �4� (4.1) m<�H%a<!�,���3E f ′(w) = 3α2

2 w2 − 3cαw − 1 + c2 − Bα. 5Q-Ohx�jG4h14� (4.1): f ′(w) .�t� f ′(w) m'[�t� f ′(w) mAq�t�
4.1 f ′(w) =4(6jG�R B < − 2+c2

2α � f ′(w) > 0. �_B f(∞) = ∞ � f(−∞) = −∞. 
6�
f(w) �m[q�t w1, 9\4� (4.1) �m[q`�P (w1, 0). t�

1 − 18c2 + 45c4 − 54Ac3α

18c2α
< B < −2 + c2

2α
, (4.3)x

f
(−1 + 3c2

3cα

)
=

−1 + 9c2(2 − 5c2 + 2Bα + 6Acα)

54c3α
> 0
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3cα , y (w1, 0) �
P�t�
B < min

{1 − 18c2 + 45c4 − 54Ac3α

18c2α
,−2 + c2

2α

}
, (4.4)x

f
(−1 + 3c2

3cα

)
=

−1 + 9c2(2 − 5c2 + 2Bα + 6Acα)

54c3α
< 0i w1 > −1+3c2

3cα , y (w1, 0) �
D�4� (4.1) H<!�! 3.

1w
w

1w

c

c
w

3

31
2

)1(

w

c

c
w

3

31
2

)2(: 3 3� (4.1) G; �
(1) 1−18c

2+45c
4−54Ac

3
α

18c2α
< B < − 2+c

2

2α

(
 B = − 2+c
2

2α
, A > c

α
+ 1

54c3α
,
 A >

9c+
√

3(2+c
2+2Bα)3/2

9α
, B > max { 1−18c

2+45c
4−54Ac

3
α

18c2α
,− 2+c

2

2α
}).

(2) B < min{ 1−18c
2+45c

4−54Ac
3
α

18c2α
,− 2+c

2

2α
}

(
 B = − 2+c
2

2α
, A 6= c

α
, A < c

α
+ 1

54c3α
, 
 B = − 2+c

2

2α
, A = c

α
,
 B > − 2+c

2

2α
, B 6= 1−18c

2+45c
4−54Ac

3
α

18c2α
, A <

9c−
√

3(2+c
2+2Bα)3/2

9α
,
 A >

9c+
√

3(2+c
2+2Bα)3/2

9α
, − 2+c

2

2α
< B < 1−18c

2+45c
4−54Ac

3
α

18c2α

)
.%/ 4.1 (~b (a) ^$!) z (4.3) .=�k0� (w0, v0), w1 < w0 < −1+3c2

3cα ,

v0 > 0 (Æ v0 < 0), i (w0, v0) M� H(w0, v0) = H(w1, 0), x4� (1.1) m[q~b (a)^$! (η̃3(ξ), w̃3(ξ))
T , f
 ξ = x − ct, η̃3 l (2.3) s2�

w̃3(ξ) = φ3(ξ), ξ ∈ (−∞, T3)
(Æ ξ ∈ (−T3,∞)

)
, (4.5)

T3 =

∫ −1+3c2

3cα

w0

du√
H1(w1, 0) − H1(u, 0)

, (4.6)

φ3(ξ) � ξ =
∫ w

w0

du√
H1(w1,0)−H1(u,0)

(Æ ξ = −
∫ w

w0

du√
H1(w1,0)−H1(u,0)

) Ha�Æ�%/ 4.2 (%x=$!) z (4.3) .=�k0� (w0, 0), w1 < w0 < −1+3c2

3cα (Æ
w0 > −1+3c2

3cα ), x4� (1.1) m[q%x=$! (η̃4(ξ), w̃4(ξ))
T , f
 ξ = x − ct, η̃4 l
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(2.3) s2�
w̃4(ξ) =

{
φ4(ξ), ξ ∈ [0, T4)

(Æ ξ ∈ (T4, 0]
)
,

φ4(−ξ), ξ ∈ (−T4, 0)
(Æ ξ ∈ (0,−T4)

)
,

(4.7)

T4 =

∫ −1+3c2

3cα

w0

du√
H1(w1, 0) − H1(u, 0)

, (4.8)

φ4(ξ) � ξ =
∫ w

w0

du√
H1(w1,0)−H1(u,0)

(Æ ξ = −
∫ w

w0

du√
H1(w1,0)−H1(u,0)

) Ha�Æ�O k c = 2, α = 3, A = 1, β = 1, B = −2, w0 = 0.6, x (4.3) .=� w1 = 0.5575,
−1+3c2

3cα = 11
18 , v0 = ±0.2950. = v0 = 0.2950 (Æ v0 = −0.2950) �� w̃(ξ) H!G�! 4

(1) (Æ (2)). k (w0, v0) = (0.6, 0), x w̃(ξ) H!G�! 4 (3).

-1.4 -1.2 -1.0 -0.8 -0.6 -0.4 -0.2
Ξ

0.57

0.58

0.59

0.60

0.61

wHΞL

0.2 0.4 0.6 0.8 1.0 1.2 1.4
Ξ

0.57

0.58

0.59

0.60

0.61

wHΞL

-0.06 -0.04 -0.02 0.02 0.04 0.06
Ξ

0.602

0.604

0.606

0.608

0.610

wHΞL

-1.0 -0.5 0.5 1.0
Ξ

0.625

0.630

0.635

0.640

0.645

wHΞL

(1) (2)

(3) (4): 4 3� (1.1) 	 w(ξ) G F� (1) |a℄# � (2) |a`℄# � (3) $w<# � (4) �
# �%/ 4.3 (�d$!) �z (4.4) .=�k0� (w0, 0), −1+3c2

3cα < w0 < w1, x4�
(1.1) m[q�d$! (η̃5(ξ), w̃5(ξ))

T , f
 ξ = x − ct, η̃5 l (2.3) s2�
w̃5(ξ) =

{
φ5(ξ − 2nT5), ξ ∈ (2nT5, (2n + 1)T5],

φ5(−ξ + 2nT5), ξ ∈ ((2n − 1)T5, 2nT5],
(4.9)

T5 =

∫ ŵ0

w0

du√
H1(w0, 0) − H1(u, 0)

, (4.10)
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n ��Æ� φ5(ξ) � ξ =

∫ w

w0

du√
H1(w0,0)−H1(u,0)

Ha�Æ� ŵ0 �e/ H(w, 0) = H(w0, 0)H!i ŵ0 > w0.O 4.2 k c = 2, α = 3, A = 1, β = 1, B = −4, w0 = 0.62, v0 = 0, x (4.4) .=� w1 = 0.6297, −1+3c2

3cα = 11
18 . w̃(ξ) H!G�! 4 (4).

4.2 f ′(w) J;H4(^E B = − 2+c2

2α , f ′
(

c
α

)
= 0, f

(
c
α

)
= A− c

α , f
(
−1+3c2

3cα

)
= A− c

α − 1
54c3α , y f(w) �m[q�t w1.= A 6= c

α �� w1 6= c
α � f ′(w1) > 0. t� A > c

α + 1
54c3α , x w1 < −1+3c2

3cα , 4�
(4.1) �m[q`�P (w1, 0) i�
P�t� A < c

α + 1
54c3α i A 6= c

α , x w1 > −1+3c2

3cα ,4� (4.1) �m[q`�P (w1, 0) i�
D�4� (4.1) H<!�! 3.= A = c
α ��^E f(w) = (−c+αw)3

2α , f
(

c
α

)
= 0, f ′( c

α ) = 0. y4� (4.1) 3�
(
wτ =

(
− cβα

2
w +

c2β

2
− β

6

)
v, vτ =

(−c + αw)3

2α
. (4.11)H w̃ = w − w0, f
 w0 = c

α , x4� (4.11) �(
w̃τ = −β

6
(1 + 3cαw̃)v, ṽτ =

α2

2
w̃3. (4.12)l [10] 
 132 YHQ8 7.2, �4� (4.12) (Æ4� (4.1)) H`�P (0, 0) (Æ (w1, 0)) �
D�4� (4.1) H<!�! 3 (2). �V-O3℄EB~b (a) ^$!�%x=$!��d$!�

4.3 f ′(w) J0'4(7n B > − 2+c2

2α i f ′(w)H�t( w̃1 = 3c−
√

3
√

2+c2+2Bα
3α � w̃2 = 3c+

√
3
√

2+c2+2Bα
3α >

−1+3c2

3cα . t�
A =

9c −
√

3(2 + c2 + 2Bα)3/2

9α
, (4.13)x f(w̃1) = 0; t�

A <
9c −

√
3(2 + c2 + 2Bα)3/2

9α
, (4.14)x f(w̃1) < 0; t�

A >
9c −

√
3(2 + c2 + 2Bα)3/2

9α
, (4.15)x f(w̃1) > 0; t�

A =
9c +

√
3(2 + c2 + 2Bα)3/2

9α
, (4.16)x f(w̃2) = 0; t�

A >
9c +

√
3(2 + c2 + 2Bα)3/2

9α
, (4.17)
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A <

9c +
√

3(2 + c2 + 2Bα)3/2

9α
, (4.18)x f(w̃2) < 0. f H!G�! 5.

w

1

~w2

~w
)(wf

2w
11

~ww

)1(

w2

~w

)(wf

)2(

1
w

1

~w w

)(wf

1w
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w
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: 6 < B 6= 1−18c
2+45c

4−54Ac
3
α

18c2α
, B > − 2+c

2

2α
, A = −

−9c+
√

3(2+c
2+2Bα)3/2

9α
��3� (4.1) G; �

(1) − 2+c
2

2α
< B < 1

6c2α
− 2+c

2

2α
. (2) B > 1

6c2α
− 2+c

2

2α
.3B 1 A M� (4.13).

f H!G�! 5(1). f mAq�t w1 = w̃1 � w2. (w2, 0) �
D�
( B &M�
(2.6), 3E w1 6= −1+3c2

3cα . t�
B >

1

6c2α
− 2 + c2

2α
i B 6= 1 − 18c2 + 45c4 − 54Ac3α

18c2α
, (4.19)x w1 < −1+3c2

3cα ; t�
−2 + c2

2α
< B <

1

6c2α
− 2 + c2

2α
i B 6= 1 − 18c2 + 45c4 − 54Ac3α

18c2α
, (4.20)
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3cα . H w̃ = w − w1, 4� (4.1) 3
(
w̃τ =

β

6
v(−3cαw̃ − 1 + 3c2 − 3cαw1), vτ =

α

2
w̃2(αw̃ − 3c + 3αw1. (4.21)l [10] 
 132 YHQ8 7.3 ��`�P (0, 0) (Æ4� (4.1) H`�P (w1, 0)) ��P�4� (4.1) H<!�! 6.%/ 4.4 (�d$!) z (4.13)� (4.20) (Æ (4.19)).=�k0� (w0, 0), −1+3c2

3cα <

w0 < w2, w0 6= w1, x4� (1.1) m[q�d$! (η̃6(ξ), w̃6(ξ))
T , f
 ξ = x − ct, η̃6 l

(2.3) s2�
w̃6(ξ) =

{
φ6(ξ − 2nT6), ξ ∈ (2nT6, (2n + 1)T6],

φ6(−ξ + 2nT6), ξ ∈ ((2n − 1)T6, 2nT6],
(4.22)

T6 =

∫ ŵ0

w0

du√
H1(w0, 0) − H1(u, 0)

, (4.23)

n ��Æ� φ6(ξ) � ξ =
∫ w

w0

du√
H1(w0,0)−H1(u,0)

Ha�Æ� ŵ0 �e/ H(w, 0) = H(w0, 0)H!i ŵ0 > w0.
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# �%/ 4.5 (x=$!) z (4.13) � (4.20) .=�k0� (w0, v0), w1 < w0 < ŵ0, f
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 H(w0, v0) = H(w1, 0), x4� (1.1) m[qx=$! (η̃7(ξ), w̃7(ξ))
T , f
 ξ = x − ct,

η̃7 l (2.3) s2�
w̃7(ξ) =

{
φ7(ξ), ξ ∈ (−∞, T7],

φ7(−ξ + 2T7), ξ ∈ (T7,∞),
(4.24)

T7 =

∫ ŵ0

w0

du√
H1(w0, 0) − H1(u, 0)

, (4.25)

φ7(ξ) � ξ =
∫ w

w0

du√
H1(w1,0)−H1(u,0)

Ha�Æ� ŵ0 �e/ H(w, 0) = H(w1, 0) H!i
ŵ0 > w0.O 4.3 (1) k c = 2, α = 3, β = 1, B = −0.99,x A = 0.6657, (4.13)� (4.20).=�
w1 = 0.6195, w2 = 0.7609, −1+3c2

3cα = 11
18 . = (w0, v0) = (0.616, 0) (Æ (w0, v0) = (0.7, 0))�� w̃(ξ) H!G�! 7 (1)(Æ (2)). w w0 = 0.7, 9e/ H(w1, 0) = H(w0, v0) 
3!2

v0 = 0.0266. = (w0, v0) = (0.7, 0.0266) �� w̃(ξ) H!G�! 7(3).

(2) k c = 2, α = 3, β = 1, B = 1, x A = −2, (4.13) � (4.19) .=� w1 = 0,

w2 = 2, −1+3c2

3cα = 11
18 . = (w0, v0) = (1, 0) �� w̃(ξ) H!G�! 7 (4).3B 2 A M� (4.14).ln f(w̃1) < 0 (�! 5(2)), 3E4� (4.1) �m[q`�P (w1, 0) i�
D�f
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,−2 + c2
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P�t�
−2 + c2
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< B <
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f(w̃1) > 0, f(w̃2) < 0,

f(w) mxq�t w1 < w̃1 < w2 < w̃2 < w3. 4� (4.1) mxq`�P (w1, 0), (w2, 0) �
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Travelling Wave Solutions of a Variant of the Boussinesq System
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Abstract This paper considers a variant of the Boussinesq system

ηt +
(
(1 + αη)w

)
x
− β

6
wxxx = 0, wt + αwwx + ηx − β

2
wxxt = 0,

where α and β are positive constants. A lot of approximate models like the Boussinesq

system and the two-component Camassa-Holm system can be derived from this system.

We here study its travelling wave solutions and analyze its phase portraits by applying

the qualitative analysis methods of planar autonomous systems. We obtain its solitary

wave solutions, kink-like or antikink-like wave solutions, compacton-like wave solutions and

periodic wave solutions. Some numerical simulations of its solutions are also given.

Key words solitary wave solutions; kink-like or antikink-like wave solutions;

compacton-like wave solutions; periodic wave solutions
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