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6\ !L��I� Banach 2Æ��Y��~><�/pNe/AC*� 1121��+���?2{Dr=�0?9o+�� Zhao Y B[4] o 1997 W{Y�:<3�
Rn ���=�0�XaX�-��;B�[�A�+�����{ 1997 W 1999 W�oo�[�A��?2{Dr=�0?Q$'u\\g5�:� [4–8]. {;j=�0N�+�}�[�A�+��?2{DQ$���$!jk1WS�ku�+�}�[�A�+��2{��~Og=�0XH2{����0=;�?2{D�u
ku�+�}�[�A�+�?Og=�0�2{�~_+�?�XH2{�{Q$=�0r�?2{D+�?�z��o0BDD�{�+���[�A�Q$�?�U%j�oo0BDr=�0��?2{D��?Q$V+}R�� 2000W Isac G { [3] ��;�+��?2{DxyB0BD�8T�~�h��i(BT=�8H9 5.2 {Y�:<3� Rn ��wH℄oo>Gft f ?=�0aX��NB�+�}�(l0BD�}�2{=�0?|XD�F���j'� 5.1 =;B�+��?2{D����X�F�qB,d%? Hilbert 3���%�N;j=�00Z�N{XH��1�+�?0BD0Zxy�?2{D�2001 W�Isac G { [9] �!X�Q$B�+�?Of0BDr=�0��?o/�)6{,d% Hilbert 3� (H, 〈·〉)�-E�H9 6.1 ��u K ⊆ H $�? well-based D��� f : H → H $ fq�>Gft� f oo�| K $&7Fft�H9�NBku�+�(lOf0BD�~ft f �(l)�H℄ 4.2 D�?=�0�yj'H9 4.1 0=�+��?2{D��){ Banach3��N�[�A�+�?Of0BDr=�0��?o/!BBQ$��NT7Fft�U�NB�[�A�+�ku(lOf0BD~=�0�2{?�F�.Q=;B�[�A��?2{D�� [9] �oo�+�?9o�F!BB!X��q�
2 P&R=1Ki(�)�F?�[�A�+��
$ GVIP (F, K).u X $!T Banach 3�� K ⊆ X $X3���� F : X → 2X∗ $��ft�
GVIP (F, K) ��; x0 ∈ K � x∗

0 ∈ F (x0) |=
〈x∗

0, x − x0〉 ≥ 0, ∀x ∈ K.Z1�roo�| K �ft F ?X=��H℄�.M 2.1 u K ⊆ X $ Banach 3� X �?X3����~
K+ =

{

x∗ ∈ X∗ | 〈x∗, x〉 ≥ 0, ∀x ∈ K
}

,

barr (K) =
{

x∗ ∈ X∗| sup
x∈K

〈x∗, x〉 < +∞
}

,

NK(x0) =
{

x∗ ∈ K∗|〈x∗, x − x0〉 ≤ 0, ∀x ∈ K
}[�%$�| K ?������� K { x0 �XD?S��N4B�K+ ⊆ −barr(K).



1122 a h � I I  35)Dn F (K) ∩ int (−barrK) 6= ∅, ~%�[�A�+� GVIP (F, K) (lOf0BD�.M 2.2 u K ⊆ X $ Banach 3� X �?X3���� F : X → 2X∗ $��ft�nNoi[ x, y ∈ K � x∗ ∈ F (x), y∗ ∈ F (y), l
〈x∗, y − x〉 > 0 ⇒ 〈y∗, y − x〉 ≥ 0,~%ft F $�| K q?T7Fft�.M 2.3 u X $ Banach 3�� T : X → 2X∗ $��ft�nNi[+� V ⊆ X ,

{

x ∈ X | T (x) ⊆ V
} $+��~%ft T $ X q?q�>Gft�nNi[l��| K ⊆ X , T (K) = ∪

x∈K
T (x) $9N���~%ft T $ X q? fq�>Gft�.M 2.4 n��ft F : X → 2X∗ Ni[ x ∈ X 0��$ F (x) = x − T (x), ^�

T : X → 2X∗ $ fq�>Gft�~%ft F (l fq�>Gs�1K�rooq℄�dÆ�?X=��H℄�H9�0", [10]..M 2.5 u (X, ‖ · ‖) $ Banach 3�� X∗ $ X ?NZ3��nft J : X → X∗G"k1D�
J(x) = {x∗ ∈ X∗ : 〈x∗, x〉 = ‖x∗‖ · ‖x‖ = ‖x∗‖2 = ‖x‖2},^� ‖x∗‖ ��NZ3� X∗ ? X∗- V
� ‖x‖ ��t3� X �? X- V
�~%ft

J : X → X∗ $�rNZft�4h�9 X $!T Banach 3�z� J(x) = x �SG"q��rNZft?H℄�u (X, ‖ ·‖)$ Banach3��K ⊆ X $X3����-Ek1z
 V : K∗×K → R,

V (x∗, x) = ‖x∗‖2 − 2〈x∗, x〉 + ‖x‖2.4h�_$ V (x∗, x) ≥ (‖x∗‖ − ‖x‖)2, lz
 V : K∗ × K → R $X^z
�.M 2.6 u πk : X∗ → K, nNoiH x∗ ∈ X∗, �; x0 ∈ K |= V (x∗, x0) =

inf
x∈K

V (x∗, x) (l"X��~ πK(x∗) = x0 %$�| K q?q℄�dÆ��.: 2.7[10] u x∗ ∈ X∗, ~ πK(x∗) = x0 9`�9
〈x∗ − J(x0), x0 − x〉 ≥ 0, ∀x ∈ K.X 2.8 u x∗ ∈ X∗, ~ πK(x∗) = x0 9`�9 x∗ ∈ J(x0) + NK(x0). �{q�kH9 2.7 	 πK(x∗) = x0 9`�9Ni[ x ∈ K, l 〈x∗ − J(x0), x0 − x〉 ≥ 0, �

x∗ ∈ J(x0) + NK(x0)..: 2.9[10] u F : X → X∗, K ⊆ X $X3����α$i[mH�
�~ x0 ∈ K$�[�A�+�?�9`�9 x0 $ft
ΦK(x) = πK(J(x) − αF (x)), x ∈ X



6\ !L��I� Banach 2Æ��Y��~><�/pNe/AC*� 1123?�ID�� x0 = πK(J(x0) − αF (x0)).1K�r Leray-Schauder type H|H9�.: 2.10[11] u X $& �3�� ∂X ��^��� K ⊆ X $X3���`
0 ∈ int (K), f : K → 2X∗ $(lX3���?q�>Gft�nft f �(l�ID�~ f G"k1 Leray-Schauder ����2{ (λ∗, x∗) ∈ (0, 1) × ∂X |= x∗ ∈ λf(x∗).

3 WL5<1Ki(�)�F?=�0?H℄�.M 3.1 u (X, ‖ ·‖)$ Banach3��K ⊆ X $X3����ft F : X → 2X∗ oo�|K 0��$ F (x) = x−T (x),^� T : X → 2X∗ $��ft�nFC {xr}r>0 ⊂ KG"k1���
(i) 9 r → +∞ z ‖ xr ‖→ +∞,

(2) Ni[ r > 0, 2{ yr ∈ T (xr) �{
 µr > 1 |= µrxr ∈ K, yr − µrxr ∈

NK(µrxr) ` 〈µrxr − yr, µrxr − xr〉 = 0, ^� NK(µrxr) ���| K { µrxr )?S��~%FC {xr}r>0 ⊂ K $ooft F ?=�0�Z1H9;jq℄�dÆ�� Leray-Schauder type H|H9�NB�[�A��?2{Dr=�0��?o/�.: 3.2 u X $!T Banach 3��K ⊆ X $X3l����� F : X → 2X∗ (l fq�>Gs��0��$ F (x) = x− T (x), ^� T : X → 2X∗ $ fq�>Gft�~�[�A�+� GVIP (F, K) }�2{��℄~ft F 2{oo�| K ?=�0�\ e J(x) = x, α = 1 kH9 2.9 	�[�A�+�l�9`�9
ΦK(x) = πK(x − F (x)) = π(T (x)), x ∈ X(l�ID�`*{�| K ��Ni[ r > 0, H℄���

Dr = {x ∈ X : ‖x‖ ≤ r}_ 0 ∈ int (Dr), l Dr (lX3R �1K%oo�[�A�+� GVIP (F, K) �?2{D[5�F�
(I) n GVIP (F, K) 2{��~H9=��
(II) n GVIP (F, K) ��2{�1K�N=�0?2{D�n GVIP (F, K) ��2{�~ft ΦK(x) ooi[�| Dr *�2{�ID��{q�nft ΦK(x) {OX�| Dr q2{�ID�~kH9 2.9 	 GVIP (F, K) �2{�o�#wHO�_ T : X → 2X∗ $ fq�>Gft�` πK {i[l���qXÆ>G�l{�| Dr q?ft ΦK G"H9 2.10?���j' Leray-SchauderH|H90	�2{
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xr ∈ ∂Dr � λr ∈ (0, 1) |= xr = λrΦ(xr) = λrπ(T (xr)), � xr

λr

= Φ(xr) = π(T (xr)). k� 2.8 	� T (xr) ∈
xr

λr

+ NK(xr

λr

). Ni[ r > 0, u µr = 1
λr

, l
(i) Ni[ r > 0, ‖xr‖ = r � µr > 1, �`9 r → +∞ z ‖ xr ‖→ +∞,

(ii) Ni[ r > 0, µrxr ∈ K, T (xr)−µrxr ∈ NK(µrxr)� 〈µrxr −yr, µrxr −xr〉 = 0,_+ {xr}r>0 ⊂ K $ooft F ?=�0����1K�F�[�A�?Of0BDr=�0��?o/��3i( well-positioned�|?H℄�.M 3.3 u X $!T Banach3��K ⊆ X $X3���n2{ x ∈ X � g∗ ∈ X∗|= 〈g∗, x − x〉 ≥ ‖x − x‖, ∀x ∈ K, ~%�| K $ well-positioned ��.: 3.4 u X $!T Banach 3�� K ⊆ X $X3����`$ well-positioned��F : X → 2X∗ (l fq�>Gs��0��$ F (x) = x−T (x), ^� T : X → 2X∗$(l���? fq�>Gft�nft F oo�| K $T7Fft`�[�A�+� GVIP (F, K) (lOf0BD�~ft F �2{oo�| K ?=�0�\ �uft F 2{oo�| K ?=�0 {xr}r>0 ⊂ K |=
(i) 9 r → +∞ z ‖ xr ‖→ +∞,

(ii) Ni[ r > 0, 2{ yr ∈ T (xr) �{
 µr > 1 |= µrxr ∈ K, yr − µrxr ∈

NK(µrxr) ` 〈µrxr − yr, µrxr − xr〉 = 0, ^� NK(µrxr) ���| K { µrxr )?S��He x0 ∈ K, y0 ∈ T (x0) |= x0 − y0 ∈ F (x0) ∩ int (K+) ⊂ F (x0) ∩ int (−barrK).1K�NNoi[ r > r0 > 0 l 〈x0 − y0, xr − x0〉 ≥ 0._ K $ well-positioned ��~2{ x ∈ X � g∗ ∈ X∗ |=
〈g∗, x − x〉 ≥ ‖x − x‖, ∀x ∈ K.n_ X $!T Banach 3��l K $& ����_+�| D =

{

x ∈ K|〈g∗, x〉 = 1
}{ X qV$���n

〈x0 − y0, xr − x0〉 = 〈x0 − y0, xr − x + x − x0〉

=
〈

x0 − y0,
xr − x

〈g∗, xr − x〉

〉

〈g∗, xr − x〉 − 〈x0 − y0, x0 − x〉,` D $��� 〈x0 − y0, x〉 $>G?�` xr−x
〈g∗,xr−x〉 ∈ D, x0 − y0 ∈ intK+, ~

〈

x0 − y0,
xr − x

〈g∗, xr − x〉

〉

≥ ε > 0,^� ε = min
x∈D

〈x0 − y0, x〉 > 0. _+l
〈x0 − y0, xr − x0〉 ≥ ε〈g∗, xr − x〉 − 〈x0 − y0, x0 − x〉

≥ε‖xr − x‖ − 〈x0 − y0, x0 − x〉 > 0, ∀ r > r0,^� r0 > 0 |= ‖xr0
− x‖ >

〈x0−y0,x0−x〉
ε

, ykft F ?T7FD=Ni[ r > r0 �
xr ∈ K, yr ∈ T (xr) l

〈xr − yr, xr − x0〉 ≥ 0.



6\ !L��I� Banach 2Æ��Y��~><�/pNe/AC*� 11251K�NHO 〈xr − yr, xr − x0〉 < 0.k=�0H℄?�� (ii) 	� yr − µrxr ∈ NK(µrxr), �
〈yr − µrxr , x − µrxr〉 ≤ 0, ∀x ∈ K._ x0 ∈ K, ll

〈µrxr − yr, µrxr − x0〉 = µr
2‖xr‖

2 − µr〈xr, x0〉 − µr〈yr, xr〉 + 〈yr, x0〉, (1)�`
〈xr − yr, xr − x0〉 = ‖xr‖

2 − 〈xr, x0〉 − 〈yr, xr〉 + 〈yr, x0〉. (2)�q�?�mL9��k=�0H℄?�� (ii) =
µr

2‖xr‖
2 − µr〈xr , x0〉 − µr〈yr, xr〉 + 〈yr, x0〉 − ‖xr‖

2 − 〈xr , x0〉 − 〈yr, xr〉 + 〈yr, x0〉

=(µr
2 − 1)‖xr‖

2
+ (1 − µr)〈xr , x0〉 + (1 − µr)〈yr, xr〉

=(µr
2 − 1)‖xr‖

2
+ (1 − µr)〈xr , x0〉 + (1 − µr)〈yr, xr〉

=(1 − µr)‖xr‖
2 + (1 − µr)〈xr, x0〉 = (1 − µr)

[

〈xr, x0〉 − ‖xr‖
2]

. (3)k=�0H℄?�� (i) 0	9 r → +∞ z� ‖xr‖ → +∞, ~2{ r1 > 0 |=Ni[ r > r1 l ‖xr‖ > ‖x0‖. _+�Ni[ r > max{r0, r1}, 0=
〈xr , x0〉 − ‖xr‖

2 ≤ ‖xr‖ · ‖x0‖ − ‖xr‖
2

= ‖xr‖
[

‖x0‖ − ‖xr‖
]

< 0.� (1), (2) ?�$L9��`j' (3) �0=
〈µrxr − yr, µrxr − x0〉 − 〈xr − yr, xr − x0〉 = (1 − µr)

[

〈xr, x0〉 − ‖xr‖
2]

> 0.yk=�0H℄?�� (ii), yr − µrxr ∈ NK(µrxr) � x0 ∈ K, l 〈µrxr − yr, µrxr −

x0〉 ≤ 0, _+
〈xr − yr, xr − x0〉 < 〈µrxr − yr, µrxr − x0〉 ≤ 0.lNi[ r > max{r0, r1}, l 0 ≤ 〈xr − yr, xr − x0〉 < 0.q�HO�Nft F �2{=�0�X 3.5 kH9 3.4 0	�n�[�A�+� GVIP (F, K) 2{Of0BD~=�0�2{���kH9 3.3 	 GVIP (F, K) ?�2{�SF� {+Nvd���N�)�(?�s[�{�^k�?��b>�) 6 C E
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Abstract In this paper, we apply the exceptional families of elements to the study of fea-

sibility of general variational inequality problems with quasimonotone operator. This gen-

eralized the corresponding results from complementarity problems to variational inequality

problems. We also show that for a quasimonotone operator, the solvability of a general

variational inequality problem is equivalent to the property of the function to be without

the exceptional families of elements by using the generalized projection operator and the

Leray-Schauder type alternative.
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