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 � 35j'rs+℄"8�7Ee℄O�℄�f�Q
u�$℄6
�Q.wV�F�saM�?'t�f*W�wh
':0�m℄z7[r<(G*℄�L [6,8,9]. [Y�P�	H℄[7��'r�GQ(℄�wR0y'�wF:%m(�℄R0ruz9R [4,10,11].F	6G9�r
(�b℄G*g�f℄M*�3�br,P℄Le[*W [10,11].':*W�kBbs+℄rN��7b℄7k$-
Tr�G*!>���6'�7br{_℄��5℄ [12,13]. !�Le[*WrunQ.J��5*W℄+:_�
�fM*℄o�;lX<dr$A':�_℄�K
��fZ�P�℄�Qr�
�7X���\	E
$>K~�9℄�5�E!>�o� SIS W;.UE!> (contact process); SIR WG*�n<f� (percolation) *W [14−16]. O_�oS�Qlm�=��(�7��u;=b℄g�!> [17,18]. 9$Y.��t℄yx�b℄HUr^l℄��=r�M*℄3D[�Qb
��69�9$o����7℄ �Y.�u'r�z7�℄
!�EN	-�℄�UE��
'r{(�}�9�m{.�℄�w
9$
!���{3�e��℄��"��Q&�℄
.0g�℄�7
�u9$*W9℄z7[w�
����	℄�"℄�-
���-G℄UE&o.��"-G℄�U
ÆJrR:℄[(Vo$v�VoJ��<(℄GQ'�pK�?ajGJrRn��u'~9$Y.'r�j%<℄
'k�9$ruY.���-G℄UEdr�{E4?��u':4?r/V5o����$=A�
M S Y I. 'k℄o��7bV5��7�Q�e}�
Xx���"�uJ�℄��4?
4?pK℄wgr�5℄�k�℄�`�℄�mdr,	�
�j�w(��?a;I}M1�{.
�J3D-b���uEz9�:A�℄���.�5$�℄I�!>
�S�f8IC��Xx℄	IjG.�!>y
Y+�Le[g�A 
�℄o/�9$[Y�'�y
℄�m
z�
P57e}�r
y
�m℄��r�RB℄X�

2 {
'~Ed�" N ��℄o�N��!���i�Coe��℄��"�— =�$℄m
um{z�� Nk .!�Ez9℄���� ρk = Nk

N , k = 1, 2, · · · , K =.m{.
��� 〈k〉 :=
K∑

i=1

iρi $ 〈k2〉 :=
K∑

i=1

i2ρi {'.m{.℄oV$vVg
Æh%B℄5v*W�!���	^:-�℄A�
v�% (S), �Q% (I), rB%
(R). '~Ee��oR��Q��sd$<�Q%
� Ti &o�� i ℄�Q;��	
Ti; i = 1, 2, · · · , N k��}M4�. 1 ℄1�{.
P)$<rB%
r
!��"��Æ=��"4?℄!>r��. λ/

K∑
m=1

mNm ℄,	!>
UX<o�"℄�G�\��!℄W
{'rv�%$�Q%��v�%Le[_$<�Q%
�!�Ez9��	v�%u�k℄���$A�
�u9$ruey�5!>
X [N ] = X

[N ]
t ; t ≥ 0,
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X
[N ]
t =:

((
X

[N ]
t (S1), X

[N ]
t (I1)

)
, · · · ,

(
X

[N ]
t (Si), X

[N ]
t (Ii)

)
, · · · ,

(
X

[N ]
t (SK), X

[N ]
t (IK)

))

(2.1). 2K /N�
 X
[N ]
t (Si) .jG t, Ez i 9v�W��℄�-�J� X

[N ]
t (Ii) r�Q%�-
�js t, r

e℄�"��u�� λ

K∑
l=1

lX
[N ]
t

(Il)

K∑
j=1

jNj

Æ�GQ[�℄�"3r

r�r

e℄m. i ℄v�%��Ou�� λi

K∑
l=1

lX
[N ]
t (Il)

K∑
j=1

jNj

��Q
r
 i = 1, 2, · · · , K, � e(i) .
(
(0, 0), (0, 0), · · · , (0, 1)︸ ︷︷ ︸

ith

, · · · , (0, 0)︸ ︷︷ ︸
Kth

)
. (2.2)� δ(i) .

(
(0, 0), (0, 0), · · · , (−1, 1)︸ ︷︷ ︸

ith

, · · · , (0, 0)︸ ︷︷ ︸
Kth

)
. (2.3)ru�>rzW$J�℄��ws+'�I��t!> X [N ]:






X
[N ]
t → X

[N ]
t − e(i) �� X

[N ]
t (Ii)

X
[N ]
t → X

[N ]
t + δ(i) �� λiX

[N ]
t (Si)

K∑
l=1

lX
[N ]
t (Il)

K∑
j=1

jNj

i = 1, 2, · · · , K.

(2.4)

U N → ∞, 9$3�Le[�0�K X
[N ]
0

N ≡ x̃0, k�
 N . 'k��m℄:Er&o.

ṽ0 :=

1

N

(
N1 − X

[N ]
0 (S1), · · · , Ni − X

[N ]
0 (Si), · · · , NK − X

[N ]
0 (SK)

)
. (2.5)=x'~�	�J�K K∑

i=1

Ii = 0 ℄A�.>y�

3 ��re��
�o}o[~^�l
fW9$wF�U N → ∞, X

[N ]
t /N y
YC�Le[6{y>℄,oY x̂t:

Xt = x̃0 −
K∑

i=1

e(i)

∫ t

0

Xs(Ii) ds +

K∑

j=1

δ(j)

∫ t

0

jλXs(Sj)

〈k〉

K∑

l=1

lXs(Il) ds. (3.1)
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 [19] 9aho"℄\C��e}�'~9$Q.|}
A
�w 3.1 d {βl : l ∈ Zd} roKey�. Rd ℄z�	Z#��C�J
∑

l

|l| sup
x∈Rd

βl(x) < +∞ (3.2)u; F (x) :=
∑
l

lβl(x) �J Lipschitz �K
d x0 ∈ Rd, X(t) r6{y>
X(t) = x0 +

∫ t

0

F (X(s)) ds (3.3)℄Y
A {Yl(t) : l = 1, 2, 3, · · ·} roKJ*k�℄,	!>�A Ỹl(t) = Yl(t) − t. ℄ d /N�tG�5!>`� Xn(t) : n = 1, 2, 3, · · · �J

Xn(t) = Xn(0) +

∑

l

ln−1Ỹl

(
n

∫ t

0

βl(Xn(s))ds
)

+

∫ t

0

F (Xn(s)) ds (3.4)C lim
n→+∞

Xn(0) = x0, �
lim

n→+∞
sup
s≤t

|Xn(s) − X(t)| = 0 a.s. (3.5)�w 3.2 β, F ℄ey�Aoe}�℄oKA�tG. Rd �!> Xn : n = 1, 2, 3, · · ·℄>r���J

q(n)(x, x + l) = nβl

(x

n

)
(3.6)C lim

n→+∞
n−1Xn(0) = x0, � n−1Xn ruT< (3.4) ℄Xn
i�Y9$℄*W� d = 2K, βl ey\C�X
 x ∈ R2K , i = 1, 2, 3, · · ·,

β−e(i)(x) = x(Ii), (3.7)

βδ(i)(x) =
iλx(Si)

〈k〉

K∑

l=1

lx(Il), (3.8)=� βl ey.�#�
/U�
'[vi*9$*W℄>r���b}Ge β C�Jb'��e}℄�K�
r[Y x̂t.9$[Y��
y
℄�B℄X�
zD�9$
A�o�\℄jGFGb� X
[N ]
t

No5y
Y x̂t ℄y
�m℄��
`w 3.1 rX
℄ T < ∞, N�9� K(T) l[U N → ∞,

P
[

sup
0≤t≤T

∥∥∥
X

[N ]
t

N
− x̂t

∥∥∥
1

> K(T )N−1/2 log N
]

= O(N−1/2), (3.9)
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‖x‖1 :=

K∑

i=1

[
|x(Ii)| + |x(Si)|

]
, (3.10)r
 x ∈ R2K , x̂t ry> (3.1) ℄,oY
�℄o/�9$��� X

[N ]
t

N u L1 y
Y x̂t ℄y
�m
`w 3.2 
e t < ∞, U N → ∞ j�
E

∥∥∥
X

[N ]
t

N
− x̂t

∥∥∥
1

= O(N−1/2). (3.11)

4 �z� [20] 9� Barbour $ Luczak h
�r�:Dt/℄�!>℄y
7����$℄*(9��7bro:�/I℄yx
=or��o��k���M<℄�!>��℄��wG
o�Le[A �=vrK�x��o�S&
3
':�/I℄�K�ao/9$�!�m!> XN
t , ��_�!> X̂N

t , =93�"k�℄��
':k�[l9$ru��k��5$�℄&m-^nI�� X̂N
t

N$Le[!> x̂t -G℄=7�av/rSo XN
t $ X̂N

t -G℄J�[
�!��o:S&�9$/�u6�$-G℄57 — 'kdkF�9$℄-℄
{.�69OPm
K r	I℄��u9$[Y℄X�m�B

4.1 s�gX X̂N

t : n�
��jaxy> (3.1) /�T<
Xt = x̃0 +

∫ t

0

F (Xs) ds, (4.1)'~ F : R2K → R2K �J
F (X)(Ii) = −X(Ii) +

iλX(Si)

〈k〉

K∑

l=1

lX(Sl),

F (X)(Si) = − iλX(Si)

〈k〉

K∑

l=1

lX(Sl),

i = 1, 2 · · · , K, X ∈ R2K .{.OPm K 	I�� (3.10)�ey℄* ‖ · ‖1 -C�[vi* F rf1 Lipschitz℄
�u� (3.1) 	,oY x̂t.U t → +∞, x̂t Æ9$℄G*!>℄Y.z9J�
zD�rXx t, x̂t 9℄�
rz�℄�{. dx̂t(Si)
dt = 0 U x̂t(Si) = 0, C dx̂t(Ii)

dt ≥ 0 U x̂t(Ii) = 0. =K��

d[x̂t(Si) + x̂t(Ii)]

dt
= −x̂t(Ii) ≤ 0, (4.2)
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 � 35jrXx i, x̂t(Si) + x̂t(Ii) bI
�u�U t → +∞, ‖x̂t‖1 bI
9$eyU℄*
‖X‖11 =

K∑

i=1

i2
(
|X(Ii)| + |X(Si)|

)
, (4.3)

X ∈ R2K , �U t → +∞ j� ‖x̂t‖11 mrbI℄
9$o�o�_�℄jGz>K℄�t!> X̂
[N ]
t , M X̂

[N ]
0 = X

[N ]
0 lm��"J*k�℄��
X̂

[N ]
t ℄�|[�

�jG t, r
o�
e℄v�% (S) ���	 i��"��Ou�� λi

K∑
l=1

lx̂t(Il)

〈k〉 ��Q�r
o��Q% (I), �Ou�� 1 �rB
�u�!> X̂
[N ]
t ℄>r��.





X̂
[N ]
t → X̂

[N ]
t − e(i) �� X̂

[N ]
t (Ii)

X̂
[N ]
t → X̂

[N ]
t + δ(i) �� λiX̂

[N ]
t (Si)

K∑
l=1

lx̂t(Il)

〈k〉
i = 1, 2, · · · , K.

(4.4)9$	\C℄e}
�w 4.1 rX
℄ t ∈ [0, +∞),

EX̂
[N ]
t

N
= x̂t. (4.5)# � [19] 9℄e} 6.4.1, X̂

[N ]
t rT.


X̂
[N ]
t =X

[N ]
0 −

K∑

i=1

e(i)Y2i

( ∫ t

0

X̂ [N ]
s (Ii) ds

)

+

K∑

i=1

δ(i)Y1i

( ∫ t

0

iλX̂
[N ]
s (Si)

K∑
l=1

x̂s(Il)

〈k〉 ds

)
, (4.6)Bu N , G;)�9$	

EX̂
[N ]
t

N
= x̃0 −

K∑

i=0

e(i)

∫ t

0

EX̂
[N ]
s (Ii)

N
ds +

K∑

i=1

δ(i)

∫ t

0

EX̂
[N ]
s (Si)

N

iλ
K∑

l=1

x̂s(Il)

〈k〉 ds. (4.7)�u EX̂
[N ]
t

N rC'6{y>℄Y
Yt = x̃0 −

K∑

i=0

e(i)

∫ t

0

Ys(Ii) ds +

K∑

i=1

δ(i)

∫ t

0

iλYs(Si)
K∑

l=1

x̂s(Il)

〈k〉 ds. (4.8)EP x̂t mr (4.8) ℄Y
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�u EX̂
[N ]
t = Nx̂t.�w 4.2 rX
℄ t ∈ [0, +∞),

E‖X̂ [N ]
t − Nx̂t‖1 ≤

√
π2

3
‖x̃0‖11N. (4.9)�℄o/�rX
 r > 1 $ N ≥ 16K2,

P
[
‖X̂ [N ]

t − Nx̂t‖1 > 2
(√

π2

3
‖x̃0‖11 + 3

)
rN1/2 log N

]
≤ (4K + 1)N−r. (4.10)# �|} 4.1, r
 i = 1, 2 · · · , K, 9$	

E|X̂ [N ]
t (Ii) − Nx̂t(Ii)| ≤

√
Var

(
X̂

[N ]
t (Ii)

)
. (4.11){. X̂

[N ]
t (Ii) rurk�o[�5$�$�
r

E|X̂ [N ]
t (Ii) − Nx̂t(Ii)| ≤

√
E

(
X̂

[N ]
t (Ii)

)
=

√
Nx̂t(Ii). (4.12)3
�k}�

E|X̂ [N ]
t (Si) − Nx̂t(Si)| ≤

√
Nx̂t(Si). (4.13)� Cauchy-schwartz-^n�

√
N

( K∑

i=1

√
x̂t(Ii) +

√
x̂t(Si)

)

=
√

N
( K∑

i=1

1

i
i
√

x̂t(Ii) +
1

i
i
√

x̂t(Si)
)
≤

√√√√N

K∑

i=1

1

i2

√√√√2

K∑

i=1

i2
(
x̂t(Ii) + x̂t(Si)

)

=

√√√√N

K∑

i=1

1

i2

√
2‖x̂t‖11 ≤

√
π2

3
‖x̃0‖11N. (4.14)�u

E‖X̂ [N ]
t − Nx̂t‖1 =

K∑

i=1

E|X̂ [N ]
t (Ii) − Nx̂t(Ii)| +

K∑

i=1

E|X̂ [N ]
t (Si) − Nx̂t(Si)|

≤
√

π2

3
‖x̃0‖11N. (4.15)F�9$/*(|} 4.2 ℄a 2 1{
� Chernoff -^n�℄ W rk�o[�5$�$�	k0 M , �rXx℄ δ > 0,

max
{
P [W > M(1 + δ)], P [W < M(1 − δ)]

}
≤ exp

[
− Mδ2/(2 + δ)

]
. (4.16)
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r�� (4.12) $ (4.16), rXx a ≥ 2 $ N ≥ 3, \� Nx̂t(Ii) ≥ 1, Nx̂t(Si) ≥ 1, 9$	
P

[
|X̂ [N ]

t (Ii) − Nx̂t(Ii)| > a
√

Nx̂t(Ii) log N
]
≤ 2N−a/2,

P
[
|X̂ [N ]

t (Si) − Nx̂t(Si)| > a
√

Nx̂t(Si) log N
]
≤ 2N−a/2.

(4.17)� AN (t) := {Ii : Nx̂t(Ii) ≥ 1} ∪ {Si : Nx̂t(Si) ≥ 1}, � |AN (t)| ≤ 2K.� BN (t) :=
⋂

l∈AN (t)

{
|X̂ [N ]

t (l) − Nx̂t(l)| ≤ a
√

Nx̂t(l) log N
}
, �

P [BC
N (t)] ≤ 4KN−a/2. (4.18)�pK BN (t) 9�

∑

l∈AN (t)

|X̂ [N ]
t (l) − Nx̂t(l)| ≤ a logN

∑

l∈AN (t)

√
Nx̂t(l)

≤a log N

√
π2

3
‖x̃0‖11N. (4.19)

∑
l 6∈AN (t)

X̂
[N ]
t (l) mrk�o[�5$�$
�
 ∑

l 6∈AN (t)

Nx̂t(l) ≤ 2K, � (4.16), U N ≥

16K2 j�
P

[ ∑

l 6∈AN (t)

X̂
[N ]
t (l) ≥

∑

l 6∈AN (t)

Nx̂t(l) + aN1/2
√

log N
]

≤ exp {−aN1/2
√

log N/2} ≤ N−a/2. (4.20)�u�� ∑
l 6∈AN (t)

Nx̂t(l) ≤ 2K, U N ≥ 16K2,

P
[ ∑

l 6∈AN (t)

|X̂ [N ]
t (l) − Nx̂t(l)| ≥ 3aN1/2

√
log N

]
≤ N−a/2. (4.21)� (4.19) $ (4.21),

P
[
‖X̂ [N ]

t − Nx̂t‖1 ≥
(√

π2

3
‖x̃0‖11 + 3

)
aN1/2 log N

]
≤ (4K + 1)N−a/2. (4.22)G a = 2r, *�
C'℄e}&(� X̂ [N ] �oo jGFG.℄#�rru�u6℄
� h := 1 ∧

〈k〉

K2λ‖x̃0‖1

.`w 4.1

P
[

sup
0≤s≤h/N

‖X̂ [N ]
t+s − X̂

[N ]
t ‖1 > 2a logN

]
≤ N−a/8, (4.23)rX
℄ a ≥ 2, N ≥ 3.



4: &C!�bQ|�'�a SIR VF)\Æ4L)
7Hd| 671# � R(t) &o�jGo [t, t + h/N) �$A�℄���
\�o����jG t�$A�� ‖X̂ [N ]
t+0 − X̂

[N ]
t ‖1 ≤ 2. 
r

P
[

sup
0≤s≤h/N

‖X̂ [N ]
t+s − X̂

[N ]
t ‖1 > 2a logN

]
≤ P

(
R(t) ≥ a log N

)
. (4.24)� X̂ [N ], r
o�s�Q℄����jGo [t, t + h/N ] 0�$A�℄�� e−h/N , �$A�℄�� 1 − e−h/N ≤ h

N ≤ 1
N . z�_�r
o�	 i ��"℄v�%����

[t, t + h/N ] �$A�℄��-.P

1 − exp

[
−

∫ t+h/N

t

iλ

〈k〉
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lx̂s(Il) ds
]
≤ hK2λ

N〈k〉 ‖x̃0‖1 ≤ 1

N
. (4.25){.H���R
 N , R(t) rk0. ER(t) ℄k�o[�5$�$�R
 1. 
r� (4.16), U a log N ≥ 2, P

[
R(t) ≥ a log N

]
≤ N−a/8. *�
C'℄X�So X̂
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t

N �Xx\FGo5y
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t − Nx̂t‖1 > rK1N
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]
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Ŷ2i

(∫ t

0

iλH
[1]
s (Si)

〈k〉

K∑

l=1

l
(
x̂s(Il) −

X
[N ]
s (Il)

N

)+

ds
)
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∣∣X
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∣∣
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Abstract Treating the instantaneous connecting of edges and the changing of individual

states as fundamental Poisson flow, we construct the stochastic model from microscopic level

for the SIR epidemic on networks. In thermodynamic limit, for any finite time t, we get the
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we build a reasonable microscopic foundation for the phenomenologically built dynamical

models in this field.
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