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678 [ d H < < � 35/6-�AzZ�mz?e�l9_�K�&�[~-�L?�zR�v?Q+d5?Vr!tj/<	e^f�~
��
!�!�^!Rz�JeM:/L*�t�Æ��xz (0,1) ��3�Hf�me�5
�k/hL*!`Xe
�k/ (� logistic
�k/) �2s6B!3<<t(���Q�uW~m�tT��<=G'���ts6�uu~ (0,1) ���s�h
k/!e2L(P)*uje�^!R�2TCe���Ms�hm�JL*��_uu#�zV�9�Hf<=e�5
�k/�2mz�
�dU=U|�_���
�s6e%C��9�Hf Beta 
�k/{�^!Rz�JeM:/L*�2�k�
�r7�O'�_��tT%C�<J�W~F^�
e�=�6�L*�2L Beta 
�k/>�2LfT%^k/Q Beta 
�k/e�T�[?Tm�^!R>M:/�JL*e6�L*�
�{mM>k/e2LQ�2Le4z6�~m
	�vezU���)* Zhu et al[1] 
Wn%^2<�1L*��~Y U��&~ E *!8f MCMC ��=zU
	�v�|Hf P- G
{�2L-��2���O~a^2LQ�2Le4z�
Cook m 1977 wQ 1986 w�X^GT
�k/e�%b��
�� [2] Q%-b��
� [3], Azmz�z!9%HeP&����%b��
�8\T%I&$L*l{
��
eb�
%-b��
�>~l$�sk9��fkmQ�ILa`eb�oe��
℄Os�^e9T�s��O7$L*!e�b�l��E�"2we����P$mz�z��Mp<�'$k/� Wing g [4] {�2LfT%^k/emz�z�2TB!
 Zhu[1] Q Zhu, Lee[5] �$B!T�1L*k/Q<U�5fTk/eb��

�M�)'U [6] {�2L<U�5fT%^k/�2Tb��



Ferrarig [7] B!T Beta 
�k/2LepTQ�4z�&(GT Cook .AQ<U!���P&�zmzR
 Espinheira g [8] OsE�{g [9] �$B!T Beta 
�k/eb��z�_���kmD�Q�IL�
Hf Q ILQ EM U��&f P- G
���2LIL{6�L*�2L Beta 
�k/�2�
�kmD�t�{LQ�ILe
	�v�2mz�zQb��
�&a^�^e�zmzR�9XhEK&6J�
�6T�
^G��e625Qj%5�
2 )��o>D� Beta`\v�d{YePO
2.1 +��q�F� Beta b^x��,j i &FBWtj j Ne77� yij 6mWn%^ ui e
	dvz�






pyij|ui
(yij |ui, β, f, φ)

=
Γ(φ)

Γ(µijφ)Γ((1 − µij)φ)
yij

µijφ−1(1 − yij)
(1−µij)φ−1, yij ∈ (0, 1),

ui ∼ N
(
0,Σ(γ)

)
,

ηij = g(µij) = xT
ijβ + f(tij) + zT

ijui,

(1)�! Γ(·)z GammaIL
g(·)>M�eWnM:IL�g−1(·)> g(·)e�IL�~^f



4� �yYf�5�H(�/H Beta a>i-b_��� 679!h<Æ g z logistic 19�t g(x) = log{x/(1−x)}; yij ~(p ui �e
	�vQ
	�9z E(yij |ui) = µij , Var (yij |ui) = µij(1−µij)/(1+φ), i = 1, 2, · · · ,m, j = 1, 2, · · · , ni� m∑
i=1

ni = n, φ>&#v2L
uiz q&Wn%^1��, ui uKj�)��O Σ(γ), γ> p2 × 1 {|��9A�2L�(1KÆ5�6, Σ(γ) = σ2
uIq, M3 γ = σ2

u; f(·) >|�eW!RIL
 xij = (xij1, · · · , xijp1 )
T ∈ Rp1 Q zij = (zij1, · · · , zijq)

T ∈ Rq, yij Q tij>M��Wn,zlU�Ms� yi = (yi1, · · · , yini
)T , xi = (xi1, · · · , xini

), ti, ui, zi >QpU��
?k/ (1) z6�L*�2L Beta 
�k/�6�L*�2L Beta 
�k/j/<	^f�Xn�{mMk/emz�z�__|��_���
+`B!Mk/eb��
�_�zM���)k/!�2Le P-G
4z�
2.2 RF�_�L P- ��Zf{m|�W!RIL f(·), ��.f P- G
4z�h [10] ���,

f(tij) = δ0 + δ1tij + · · · + δlt
l
ij +

K∑

r=1

δl+r(tij − κr)
l
+, (2)�! {κr}

K
r=1 z K &G
�l� l ≥ 1 �z�L� Yu, Ruppert[10] �
B!T�le;Æ���{m8[IL�h<	;���
Æs6!Reg�}lz�l�KÆÆ�l&L 5 ∼ 10 &�,G
�Lz δ = (δ0, δ1, · · · , δl+K)T , G
kz

B(tij) =
(
1, tij, · · · , t

l
ij , (tij − κ1)

l
+, · · · , (tij − κK)l

+

)T
, (3)�IL f(·) eG
IL4zz f̂(tij) = BT (tij)δ.X B(ti) = (B(ti1), · · · , B(tini

)), �
6
'G�R�T(A'�e19� X =

(x1, · · · , xm)T , t = (t1, · · · , tm)T , y = (yT
1 , · · · , y

T
m)T , Z = diag (z1, · · · , zm), u =

(uT
1 , · · · , u

T
m)T , B(t) = (B(t1), · · · , B(tm))T Q f(t) = B(t)δ, �6
k/ (1) !ej 39(A��'�19�

η = g(µ) = Xβ +B(t)δ + Zu, (4)X Yo #:76L*q��6�L*�2L Beta 
�k/6m ϕ eD�{LQ�ILz�
PLo(β, δ, φ, γ|Yo) = Lo(β, δ, φ, γ|Yo) −

1

2
λ

∫
(f̈(t))2 dt, λ > 0, (5)

Lo(β, δ, φ, γ|Yo) =

m∑

i=1

log
{ ni∏

j=1

pyij |ui
(yij |ui, β, δ, φ) · γ−q/2 exp

(
−

1

2γ
uT

i ui

)
dui

}
,

(6)�! λ > 0 >8[2L�h [10] �� ∫
(f̈(t))2 dt 6O#:z δTGδ, �! G >q�l t j6e'���FÆ
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G z{�'����Æ9X K &{�tRe�z 1, �Zz 0, WM9 (5) k6#:z�

PLo(β, δ, φ, γ|Yo) = Lo(β, δ, φ, γ|Yo) −
1

2
λδTGδ, (7)j68[2L6hE GCV ��;Æ�~+`zU3�f$1l��ga9ge λ �

2.3 x�LZfhm9 (6)zU�Z�{�KÆ	;�pOa^�:#R9�>Qm [1] Q [6], �
6Hf Q ILQ EM U�{6�L*�2L Beta 
�k/!e2LQ�2L�24z�~�92L γ e4z6.f>Qm [11] ! REML(residual maximum likelihood) 4z���+`e:�>
Wn%^ ui 2<�1L* Ym, O Yc = {Yo, Ym} #:t�L*� ϕ = (βT , δT , φ)T z p× 1 (p = p1 + p2 + l +K) {j,�2L��t�L*eD�{LQ�ILz�
PLc(ϕ|Yc) =

m∑

i=1

{ ni∑

j=1

[
log Γ(φ) − log Γ(φµij) − log Γ(φ(1 − µij))

+ (φµij − 1) log yij + (φ(1 − µij) − 1) log(1 − yij)
]
−
q

2
log γ −

1

2γ
uT

i ui

}

−
1

2
λδTGδ, (8))* [1], �
6Hf EM U� [12] 
�9 (8), ".e EM U��G E *Q M *�(pF� ϕ(r) �
E − step : Qϕ(ϕ|ϕ(r)) = E

{
PLc(ϕ|Yc)|Yo, ϕ

(r)
}
,

M − step : ϕ(r+1) = maxQϕ(ϕ|ϕ(r)),
(9)�! (r) zoVNL�~KÆe��
	��oV�U {ϕ(r)}rDN^epTQ�4z ϕ̂[13]. h'6��`NoVzU ϕ epTQ�4z�Cz�

Q̇ϕ(ϕ|ϕ(r)) = E
[∂PLc(ϕ|Yc)

∂ϕ

∣∣∣Yo, ϕ
(r)
]

= 0, (10)��4z�C (10) !*s^XE�vezU�zT�e�{eo�zU��
.f Metropolis U� [14] a^
	�) u|y eWnG�����(8H ui e+`�)��X|Hf Monte Carlo ���QzU
	�v�X ui >�KNO
	�) ui|yi !eEG�fV;�) (�FÆz N(0, γ(r)Iq)) %)-A ui !j k &tR u∗ik ��p u∗i = (ui1, · · · , uik−1, u
∗
ik, uik+1, · · · , uiq), O (0,1) !WnEÆK&L rand, ! Ak(ui, u

∗
i ) < rand, ��F u∗i , ���
�Y ui, �F Ak(ui, u

∗
i )



4� �yYf�5�H(�/H Beta a>i-b_��� 681z�F u∗i e�℄��℄�Xz�
Ak(ui, u

∗
i ) = min

(
1,

ni∏
j=1

pyij |ui
(yij |u

∗
i , β, δ, φ)

ni∏
j=1

pyij |ui
(yij |ui, β, δ, φ)

)
, (11)km4z�C (10), za^ ϕ eD�pTQ�4z��
6.f>Qm Beta 
�k/!2L4ze New-RaphsonoVU��zM��zU PLc(ϕ|Yc)6m ϕe���[L�

∂PLc(ϕ|Yc)

∂β
= φXTT (y∗ − µ∗),

∂PLc(ϕ|Yc)

∂δ
= φB(t)T T (y∗ − µ∗) − λGδ,

∂PLc(ϕ|Yc)

∂β
= a, −

∂2PLc(ϕ|Yc)

∂β∂βT
= φXTWX, −

∂2PLc(ϕ|Yc)

∂β∂δT
= φXTWB(t),

−
∂2PLc(ϕ|Yc)

∂β∂φ
= φXTTc, −

∂2PLc(ϕ|Yc)

∂δ∂δT
= φB(t)TWB(t) + λG,

−
∂2PLc(ϕ|Yc)

∂β∂φ
= B(t)TTc, −

∂2PLc(ϕ|Yc)

∂2φ
= tr (D),�!

y∗ij = log{yij/(1 − yij}, y∗i = (y∗i1, · · · , y
∗
ini

)T ,

µ∗
ij = ψ(φµij) − ψ(φ(1 − µij)), µ∗

i = (µ∗
i1, · · · , µ

∗
ini

)T ,

ψ(z) = dΓ(z)/dz, T = diag (T1, · · · , Tm), Ti = (1/ġ(µi1), · · · , 1/ġ(µini
)),

W = diag (w1, · · · , wm), wi = (wi1, · · · , wim),

wij = φ{ψ̇(µijφ) + ψ̇((1 − µij)φ)}/ġ2(µij),

ci = (ci1, · · · , cini
), cij = φ{ψ̇(µijφ)µij − ψ̇((1 − µij)φ)(1 − µij)}, c = (c1, · · · , cm)T ,

di = (di1, · · · , dini
), dij = φ{ψ̇(µijφ)µ2

ij − ψ̇((1 − µij)φ)(1 − µij)
2 − ˙(ψ)},

D = diag {d1, · · · , dm},

a =

m∑

i=1

ni∑

j=1

aij , aij = µij(y
∗
ij − µ∗

ij) + log(1 − yij) − ψ((1 − µij)φ) + ψ(φ).h'6ak/!,�2L ϕ e New-Raphson oV.9�



β̂(r+1)

δ̂(r+1)

φ̂(r+1)



 =




β̂(r)

δ̂(r)

φ̂(r)



+

(
E




φXTWX φXTWB(t) XTTc

φB(t)TWX φB(t)TWB(t) + λG B(t)TTc

cTTX cTTB(t) tr (D)




∣∣∣∣Yo

)−1

×

(
E




φXTT (y∗ − µ∗)

φB(t)TT (y∗ − µ∗)

a




∣∣∣∣Yo

) ∣∣∣∣
ϕ̂(r)

.

3 
$�o�GJ!�UÆ
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3.1 X��Hx�L#�W�~��!��
5%m\^kmL*lQL*7%Ieb��
�*HB!℄pelu&�℄$>lK&L*l{mmz�
eb��L*%Ik/><feb��
���K�hm��Y\^e>km6�L*�e�2L Beta 
�k/�WM�
{k/\^&`%IQ7%IP$	1�&�$B!T2LQ�2L-�eb��
�~��!��>Uj�" “[i]”h “[ij]”eR#:
u=L*!j i 7L*hj i 7!j j &L*oO%I�~b��
e\^!�)* [1], �
pUe Q ILzO�19�

Q(ϕ|ϕ̂) = E
{
PLc(ϕ|Yc)|Yo, ϕ̂

}
, (12)�! ϕ̂ z ϕ eD�pTQ�4z�, PLc(ϕ|Yc[ij])>%ITk/!j i7j j &76�XYa^et�L*eD�{LQ�IL��^e Q ILz Q[ij](ϕ|ϕ̂) = E{PLc(ϕ|Yc[ij])|Yo, ϕ̂}, ��p ϕ̂ Q ϕ̂[ij] �$> Q(ϕ|ϕ̂) Q Q[ij](ϕ|ϕ̂) R^9T�3eÆ���C ϕ̂ Q ϕ̂[ij] �9UT���
�zj i 7j j &76�z�b�l�6|zU!��C{m`K&H�2oVzU��zUR�<T�WM�
)* [14], .f ϕ̂[ij] eK*�Q ϕ̂1

[ij] =�(zUR�
ϕ̂1

[ij] = ϕ̂+ {−Q̈(ϕ̂|ϕ̂)}−1Q̇[ij](ϕ̂|ϕ̂), (13)�!
Q̇[ij](ϕ̂|ϕ̂) = ∂Q̇[ij](ϕ|ϕ̂)/∂ϕ|

ϕ=ϕ̂
, Q̈(ϕ̂|ϕ̂) = ∂2Q̇(ϕ|ϕ̂)/∂ϕ∂ϕT |

ϕ=ϕ̂
.h'K���
�K*6a�

Q̈
{
(ϕ̂|ϕ̂)

}
= −E

(


φXTWX φXTWB(t) XTTc

φB(t)TWX φB(t)TWB(t) + λG B(t)TTc

cTTX cTTB(t) tr (D)




∣∣∣∣Yo

) ∣∣∣∣
ϕ̂

,

(14)

Q̈[ij]

{
(ϕ̂|ϕ̂)

}
= −E

(


φxijTij(y

∗
ij − µ∗

ij)

φB(tij)Tij(y
−
ij ∗ µ

∗
ij)

aij




∣∣∣∣Yo

) ∣∣∣∣
ϕ̂

. (15)hm ϕ̂[ij] − ϕ̂ >&�R�(rpRh#Rb�eT"�WM��

	�5k/�e
Cook .A�km Q IL/���e<U Cook .A�

GDij(ϕ) = (ϕ̂[ij] − ϕ̂)T
{
− Q̈(ϕ̂|ϕ̂)

}
(ϕ̂[ij] − ϕ̂), (16)h9 (13), 6a�K*�Q.9�

GD1
ij(ϕ) = Q̇[ij](ϕ̂|ϕ̂)T

{
− Q̈(ϕ̂|ϕ̂)

}−1
Q̇[ij](ϕ̂|ϕ̂) (17)zT�K*�
�A�b�leuW��
h<�$B!2LQ�2L{k/eb��
��f�(G2L-�e<U Cook .A�

GDij(ϕ1) = (ϕ̂1[ij] − ϕ̂1)
T
{
− Q̈(ϕ̂|ϕ̂)

}
(ϕ̂1[ij] − ϕ̂1), (18)



4� �yYf�5�H(�/H Beta a>i-b_��� 683�! ϕT
1 = (βT , φ), Q̈(ϕ̂|ϕ̂) = ∂2Q̇(ϕ|ϕ̂)/∂ϕ1∂ϕ

T
1 |ϕ=ϕ̂

.{m�2L-� f , jG6O/��2Le<U Cook .A�X>hmG
tTe5 ��
+���m.f%IK&76le��={�2L�2b��
�)* [15],Os�2Le
�5 ��
a^O�.9=:�2L-�eb��
�
DFITij = |dc(f̂[ij] − f̂)|/sij , (19)�! dc z n {�j c =

i−1∑
k=1

nk + j &tRz 1 �ntRz 0 e�R� sij z'�
B(t){−Q̈δ(ϕ̂|ϕ̂)}−1BT (t) !j c &{�tR� Q̈δ(ϕ̂|ϕ̂) = ∂2Q̇(ϕ|ϕ̂)/∂δ∂δT . �T (13), 6O�$a^2L-�<U Cook .AQ�2L-� DFIT eK*�Q.9z�

GD1
ij(ϕ1) = Q̇[ij](ϕ̂|ϕ̂)T {−Q̈(ϕ̂|ϕ̂)}−1AT

1 A1{−Q̈(ϕ̂|ϕ̂)}AT
1 A1{−Q̈(ϕ̂|ϕ̂)}Q̇[ij](ϕ̂|ϕ̂),

(20)

DFIT1
ij = |{−Q̈(ϕ̂|ϕ̂)}Q̇[ij](ϕ̂|ϕ̂)|/sij , (21)�!
A1 =




Ip1 0 0

0 0(l+K) 0

0 0 1



 , A2 = (0(l+K)×p1
I(l+K)×(l+K) 0(l+K)×1).

3.2 ,�Hx�L#�W�'f�
km%I&`<T�z�
�X~6�L*!�hm=3jK7e76��[
e'!R>�je�WMUj�HB!%IK7eb��z�Z77Ln n!T3�W&L*l{�`eb��{!"�~K7L*{�`eb��{h��Banerjee,

Frees[15] QWing g [4] �G�
{k/eg 5�
�f��?T�~X
{k/eV<l�
�f+jf�{m7%Ik/��
jG6Op[GK*�Q.9�
ϕ̂1

[i] = ϕ̂+
{
− Q̈(ϕ̂|ϕ̂)

}−1
Q̇[i](ϕ̂|ϕ̂), (22)�!

Q̇[i](ϕ̂|ϕ̂) = ∂Q̇[i](ϕ|ϕ̂)/∂ϕ|
ϕ̂

=

ni∑

j=1

∂Q̇[ij](ϕ|ϕ̂)/∂ϕ|
ϕ̂

= −E









φxiTi(y
∗
i − µ∗

i )

φB(ti)Ti(y
∗
i − µ∗

i )
ni∑

j=1

aij





∣∣∣∣Yo



 .j'��
jO�2L-�<U.AeK*�Q4z�
GD1

i (ϕ1) = Q̇T
[i](ϕ̂|ϕ̂){−Q̈(ϕ̂|ϕ̂)}−1AT

1 A1{−Q̈(ϕ̂|ϕ̂)}AT
1 A1{−Q̈(ϕ̂|ϕ̂)}Q̇[i](ϕ̂|ϕ̂). (23)hm%Ij i 7!j ni &L*��
8H{� ni &l�$zU DFIT, O~a^
� feb�vR��&�ZmzU B(ti)δ̂ q B(ti)δ̂[i] ��e Cook .A�

GDi(f) = (B(ti)δ̂ − B(ti)δ̂[i])
T (B(ti){−Q̈δ(ϕ̂|ϕ̂)}−1BT (ti))

−1(B(ti)δ̂ −B(ti)δ̂[i]).
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GD1

i (f) =Q̇T
[i](ϕ̂|ϕ̂){−Q̈(ϕ̂|ϕ̂)}−1AT

2 B
T (ti)(B(ti){−Q̈δ(ϕ̂|ϕ̂)}−1BT (ti))

−1

·B(ti)A2{−Q̈(ϕ̂|ϕ̂)}Q̇[i](ϕ̂|ϕ̂). (24)

4 mB!�UÆ
4.1 nC#�W�jl%-b��
>K$<Ueb��
���~Oue�5k/!��
�{k/
M �2w"e�sa^�sk/M(ω), �XhEB!b�
℄Qb�o�9X6Oa^8aQ�.A:-9T%-!℄e����&��>b��
!9�a�
6*emzR�Ms�b�o� Cook .A^-T+|e6m�s{mk/b�e+��~��!��
�Tt�D�{LQ�ILQ'�!pUe Q IL�B!�2L Beta 
�k/e%-b��
�&p[G�6e�zmzR�, ω = (ω1, · · · , ωk)>K&pU~ Ω ⊂ Rk 'e k {�R�#:{k/e�sWR�X PLc(ϕ, ω|Yc)z�sk/et�D�{LQ�IL��pQ~ ω0 8a PLc(ϕ, ω0|Yc) =

PLc(ϕ|Yc) Q PLo(ϕ, ω0|Yo) = PLo(ϕ|Yo) {Yj ϕ tAK�, ϕ̂ Q ϕ̂(ω) �$8a Q IL Q(ϕ|ϕ̂) = E{PLc(ϕ, ω0|Yc)|Yo, ϕ̂} Q Q(ϕ, ω|ϕ̂(ω)) = E{PLc(ϕ, ω0|Yc)|Yo, ϕ̂(ω)} R^9T��)* [6], �
/��2L Beta 
�k/�e Q .AIL�
fQ(ω) = 2

{
Q(ϕ̂|ϕ̂) −Q(ϕ̂(ω)|ϕ̂)

}
, (25)�! Q(ϕ̂|ϕ̂) = Q(ϕ̂, ω0|ϕ̂). jG��
3[b�o η(ω) = (ωT , fQ(ω))T , ��b�
℄z�

CfQ,h = −2hT Q̈ω0h = −2hT ∆T
ω0
{Q̈ϕ(ϕ̂)}−1∆ω0h, (26)�!

Q̈ω0 =
∂2Q(ϕ̂(ω)|ϕ̂)

∂ω∂ωT

∣∣∣
ω0

= ∆T
ω0
{Q̈ϕ(ϕ̂)}−1∆ω0 , ∆ω0 =

∂2Q(ϕ, ω|ϕ̂)

∂φ∂ω
.X hmax z Q̈ω0 e9T℄��Y{^e9T℄��R�� hmax tz CfQ,h e9Tb�
℄�O (hmax)i, i = 1, · · · , k z�"�e#lor1UJe�
k/e�s	;�~�f��

�$B!P$�s	1�7q���s�7����s��^!R�sQ#v2L�s�&
G�^eb�'��

4.2 ,yh|}M~(3[L*�/e	;���
��m~Yj76L*!���b�l�<fe��">(`&L*���X ω = (ω11, · · · , ω1n1 , ω21, · · · , ωmnm)T z n {�s�R�Z
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ω0 = 1n×1 3�k/z��sk/��7q���sk/eQ�IL6#:z�
PLc(ϕ|Yc) =

m∑

i=1

{ ni∑

j=1

ωij

[
log Γ(φ) − log Γ(φµij) − log Γ(φ(1 − µij))

+ (φµij − 1) log yij + (φ(1 − µij) − 1) log(1 − yij)
]

−
q

2
log γ −

1

2γ
uT

i ui

}
−

1

2
λδTGδ, (27)hE{'9
[�
j�

∆ωij
= E

(∂2PLc(ϕ, ω|Yc)

∂ωij∂βT
,
∂2PLc(ϕ, ω|Yc)

∂ωij∂δT
,
∂2PLc(ϕ, ω|Yc)

∂ωij∂ϕ

)T

,�!
∂2PLc(ϕ, ω|Yc)

∂ωij∂βT
= φxijTij(y

∗
ij − µ∗

ij),

∂2PLc(ϕ, ω|Yc)

∂ωij∂δT
= φxijTij(y

∗
ij − µ∗

ij),
∂2PLc(ϕ, ω|Yc)

∂ωij∂ϕ
= aij .hM6a ∆ω = (∆ω11 , · · · ,∆ωmnm

).

4.3 ,ih|}M7���k/h<f=���b�L*7hV<L*7�X ω = (ω1, · · · , ωm)T z
m {�s�R�Z ω0 = (1, · · · , 1)T 3�k/z��sk/��7q���sk/eQ�IL6#:z�
PLc(ϕ|Yc) =

m∑

i=1

ωi

{ ni∑

j=1

[
log Γ(φ) − log Γ(φµij) − log Γ(φ(1 − µij))

+ (φµij − 1) log yij + (φ(1 − µij) − 1) log(1 − yij)
]
−
q

2
log γ −

1

2γ
uT

i ui

}

−
1

2
λδTGδ, (28)hE{'9
[�
j�

∆ωi
= E

(∂2PLc(ϕ, ω|Yc)

∂ωi∂βT
,
∂2PLc(ϕ, ω|Yc)

∂ωi∂δT
,
∂2PLc(ϕ, ω|Yc)

∂ωi∂ϕ

)T

,�!
∂2PLc(ϕ, ω|Yc)

∂ωij∂β
= φxijTij(y

∗
ij − µ∗

ij),

∂2PLc(ϕ, ω|Yc)

∂ωij∂δ
= φxijTij(y

∗
ij − µ∗

ij),
∂2PLc(ϕ, ω|Yc)

∂ωij∂ϕ
=

ni∑

j=1

aij .hM6a ∆ω = (∆ω1 , · · · ,∆ωm
).
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4.4 � Au}MX ω = (ω11, · · · , ω1n1 , ω21, · · · , ωmnm

)T z n {�s�R���^!R�sk/eQ�IL6#:z�
PLc(ϕ|Yc) =

m∑

i=1

{ ni∑

j=1

[
log Γ(φ) − log Γ(φµij) − log Γ(φ(1 − µij))

+ (φµij − 1) log(yij + ωij) + (φ(1 − µij) − 1) log(1 − (yij + ωij))
]

−
q

2
log γ −

1

2γ
uT

i ui

}
−

1

2
λδTGδ, (29)Z ω0 = 0n×1 3�k/z��sk/�hE{'9
[�
j�

∆ωij
= E

(∂2PLc(ϕ, ω|Yc)

∂ωij∂βT
,
∂2PLc(ϕ, ω|Yc)

∂ωij∂δT
,
∂2PLc(ϕ, ω|Yc)

∂ωij∂ϕ

)T

,�!
∂2PLc(ϕ, ω|Yc)

∂ωij∂βT
= φxijTijsij ,

∂2PLc(ϕ, ω|Yc)

∂ωij∂δT
= φxijTijsij ,

∂2PLc(ϕ, ω|Yc)

∂ωij∂ϕ
= −(yij − µij)sij .hM6a ∆ω = (∆ω11 , · · · ,∆ωmnm

).

4.5 ~NF� φ }M�f�
1�p#v2L φ z<L�~6|	;#v2L6rdW/76le(j~!℄�t#v2L φ �-�s�X ω = (ω11, · · · , ω1n1 , ω21, · · · , ωmnm
)T z n {�s�R�, φij(ω) = ωij · φ, Z ω0 = 0n×1 3�k/z��sk/�j'�
6a�

∆ωij
= E

(∂2PLc(ϕ, ω|Yc)

∂ωij∂βT
,
∂2PLc(ϕ, ω|Yc)

∂ωij∂δT
,
∂2PLc(ϕ, ω|Yc)

∂ωij∂ϕ

)T

,�!
∂2PLc(ϕ, ω|Yc)

∂ωij∂βT
= φxijTij(y

∗
ij − µ∗

ij − cij),
∂2PLc(ϕ, ω|Yc)

∂ωij∂δT
= φxijTij(y

∗
ij − µ∗

ij − cij),

∂2PLc(ϕ, ω|Yc)

∂ωij∂ϕ
= aij − φdij .hM6a ∆ω = (∆ω11 , · · · ,∆ωmnm

).

5 �tUÆzT}�QNh��Y^Ge�zmzRej%5���hEP&L�6J=�2�
B!�
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5.1 Q&xz�q,p β = −0.5, φ = 3, γ = 0.25, hzUnWnkt:- 80 &L*�
ηij = xijβ + f(tij) + ui, i = 1, · · · , 20, j = 1, · · · , 4,�! xij ∼ U(−1, 1), f(tij) = 4tij(1 − tij), tij ∼ U(0, 1), ui ∼ N(0, γ).h ηij �^-A µij = g−1(ηij) = exp(ηij)/(1 + exp(ηij)) �h µij Q φ, -A 80 &�^!RL* yij ∼ β(µijφ, (1 − µij)φ), MJ m = 20, n1 = n2 = · · · = nm = 4.�f�
E�Hf��^Ge4z��{�

kt6�L*�2�
�aD�pTQ�4zz� β̂ = −0.4207(0.1872), φ̂ = 3.2062(0.4351), γ̂ = 0.2108(0.0925)(<K!eLz".9), 8[2L λ = 0.0029 ��2LILeG
4z	;�o 1(d), 4z
�q
6
��<���z�E�
Y^Geb��
��ej%5��

�^!Rej 4 KQj 27 Klt�' 0.2, t;�,pj 4 KQ 27 KL*l>V<l�{7�XeL*�2D�pTQ�4za� β̂ = −0.3882(0.1928), φ̂ = 2.6819(0.3827), �L*%Ik/�zmzRe#lo�o 1(a),(b),(c) �
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17 7L*7>�b�7�Xj 17 7e`K&L*l&(>b��+e�o 2(a), (b), (c), (d) �$>k/~7q�s��^!R�s�7��sQ#v2L�s	1�e#lo�
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� 2 ��J)
$,`���Oo!2G�j 27 Kl�j 4 K{"$�s	1t��g �Xho 2(c) 2G�P&lY~e7&(>�b�7��~j 17 7Qj 197>b�9�eP&7�o 2 Y�
e+�qo 1 �
e	;jU|>Q�J�XIj(jeh��OO'�
6��{6�L*k/�2b��
3�KpHj33[L*lQL*7{k/eb�	;���l&L*l (L*7) eb�+�6r�~��
5.2 g	�
�S�q (Household food expenditure data)�e4�!�L*=3 Griffiths g [16]. ML*>OaBel&T�A!WnEÆ
38 &�e~a^e�ML*!jP&3!R x1 Q x2 �$#:l&�e!e�LQ��eeD M|��^!R>#:l&�e4�!��G��&�eD e�J�{ML* ,�e>4�!��G�Jq�e�:QD M|e6��hmML*!�^
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�k/�2�
�%CU9� Ferrari g [7] �Hf Beta 
�k/{ML*�2�
�a^tTe1��9z 0.0053��F�
Hf�2L Beta 
�k/{ML*�2|N�
�ONh��Ya^e�zmzRej%5�
yi = β(µiφ, (1 − µi)φ), i = 1, · · · , 38,�FÆ K = 5 &�l� l = 1.

ηi = log
µi

(1 − µi)
= xi1β + δ0 + δ1xi2 +

K∑

r=1

δr+1(xi2 − κr)
l
+� CzUe2LeD�pTQ�4z β̂ = 0.1049(0.0325), φ̂ = 49.2187(11.2013),(<K!eLz".9), 8[2L λ = 0.2848, 1��9z 0.0040. �2Le4z	;�o 3.

20 30 40 50 60 70 80 90
−2

−1.5

−1

−0.5

x
2

f(x
2
)

� 3 }d �J)
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�t��
T�v?'}$�p\q9"4�!�!℄e6���CfKPe2Le
Beta 
�k/ [7] �2tT�a(^4�!��/4e!℄=\�&�tTe1��9���T��f�
3[~"$�sk/����s��^!R�sQ#v2L�s	1�e9Tb�
℄����o 4(b)–(d), o 4(a) >4ze49o�
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Influence Analysis for Semi-parametric Beta Regression

Model with Longitudinal Data
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Abstract This paper present several case-deletion as well as local influence measures for

assessing the influence of an observation for Semi-parametric Beta Regression Model with

Longitudinal Data. The essential idea is to treat the latent random effects in the model

as missing data and get the estimate algorithm by adding penalized spline to estimate

the non-parameters. We generate generalized Cook distance and generalized DFIT for the

parametric and nonparametric part respectively based case-deletion model by Q-function.

Four different perturbation schemes are discussed. Two numeric examples are presented to

illustrate the results.

Key words Beta regression; longitudinal data; semi-parametric; influence analysis;

P-spline; EM algorithm.
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