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−[φ(u(n−1)(t))]′ = f(t, u(t)), a.e. t ∈ [a, b][!NM�,*�

u(i)(a) = Ai, i = 0, 1, · · · , n − 3, u(n−1)(a) = A, u(n−1)(b) = BE��=&��)E/�O�	G φ : R → R = (−∞, +∞)�K�E-k�f : [a, b]×R →

R � L1-Carathéodory ��� A, B, Ai, Bi ∈ R, i = 0, 1, · · · , n − 3. �_Iq
xb�3�{EE;PS8g_�C�Q����=&��)E/�O'��.2% ��=&� p-Laplace L���;PS8g_���)
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�2k�GÆ�\r"2k�GÆ�!e(9D<%�-\xp:OR7f^[3r"�Æ<%D�Æ(5?P!2DeX��9 [3aB5 p-Laplace K��D n "iFN�2kf%
−[φ(u(n−1)(t))]′ = f(t, u(t)), a.e. t ∈ [a, b] (1.1)Z ML�+)�

u(i)(a) = Ai, i = 0, 1, · · · , n − 3, u(n−1)(a) = A, u(n−1)(b) = B (1.2)D�Æ<%�Æ(D.�N��F φ : R → R = (−∞, +∞)�J�D,j�f : [a, b]×R → R� L1-Carathéodory���\ A, B, Ai, Bi ∈ R, i = 0, 1, · · · , n − 3.�9F�?^!�pD�^�a�W���CZHkw�Æ<% (1.1),(1.2) D2k�GÆ�JaJa�2ÆzD�z�Hp"e�aT�B(D:OR7f^�B?�Æ<%
(1.1), (1.2) �Æ(D.�N�
2 +0&OM:6PHp:OR7f^B?5a7 p-Laplace K��D n "ML�Æ<% (1.1),(1.2)D�Æ(D.�N��%[3p�f%

−[φ(u(n−1)(t))]′ + Mu(t) = σ(t), a.e. t ∈ I = [a, b] (Lσ)k�Z �+)� (1.2) ��
u(i)(a) = Ai, i = 0, 1, · · · , n − 2, u(n−1)(b) = B (2.1)��

{

u(i)(a) = Ai, i = 0, 1, · · · , n − 3,

u(n−1)(a) = A, u(n−2)(b) = Bn−2

(2.2)D�Æ<%(D.�5aN�e�HkDa�2ÆzD�o� σ ∈ L1(I), M < 0 6���6S�f�q��?^�
(H1) φ : R → R �awJ�D,j�
B φ(0) = 0 �s φ−1 Z 6� Lipschitz )���Zw℄aw-u� J = [c, d], u K = K(J) > 0, 
BZw!uD u, v ∈ [c, d] u

|φ−1(u) − φ−1(v)| ≤ K|u − v|.

(H∗
1) φ : R → R �awJ�D,j�
B φ(0) = 0 �s φ−1 �aw K-Lipschitz ����.� K > 0, 
BZw!uD u, v ∈ R u

|φ−1(u) − φ−1(v)| ≤ K|u − v|.
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M∗ := −

n!

2K(b − a)n
, M∗∗ := −

n!

K(n2 − 3n + 2)(b − a)n
. (2.3)�C#Y�Æ<% (Lσ), (1.2); (Lσ),(2.1) � (Lσ), (2.2) D(D.�5aN�K9 2.1 ��)� (H∗

1) $J�� M ∈ (M∗, 0), �Zw℄aw σ ∈ L1(I), �Æ<%
(Lσ), (1.2) u5a(�
 ?^kM�?0$�jDD�a�H 1 �� �Æ<% (Lσ), (1.2) �
$�VL<%�6+�V w(t) = φ(u(n−1)(t)), ��Æ<% (Lσ), (1.2) G�wB_DMwU(<%

{

u(n−1)(t) = φ−1(w(t)), t ∈ I,

u(i)(a) = Ai, i = 0, 1, · · · , n − 3
(2.4)y

{

−w′(t) + Mu(t) = σ(t), a.e. t ∈ I,

w(a) = φ(A), w(b) = φ(B).
(2.5)f
<% (2.4) D(6

u(t) =

n−3
∑

i=0

Ai

i!
(t − a)i +

u(n−2)(a)

(n − 2)!
(t − a)n−2 +

1

(n − 2)!

∫ t

a

(t − s)n−2φ−1(w(s)) ds.
 u(t) D�1Æ7�<% (2.5) �Df%�B
w′(t) =M

n−3
∑

i=0

Ai

i!
(t − a)i + M

u(n−2)(a)

(n − 2)!
(t − a)n−2

+
M

(n − 2)!

∫ t

a

(t − s)n−2φ−1(w(s))ds − σ(t). (2.6) �ÆDM�� [a, b] �Æk��
DB
φ(B) − φ(A) =M

n−3
∑

i=0

(b − a)i+1

(i + 1)!
Ai +

M(b − a)n−1

(n − 1)!
u(n−2)(a)

+
M

(n − 1)!

∫ b

a

(b − s)n−1φ−1(w(s)) ds −

∫ b

a

σ(s) ds,-\
u(n−2)(a) =

(n − 1)!

M(b − a)n−1

[

φ(B) − φ(A) − M

n−3
∑

i=0

(b − a)i+1

(i + 1)!
Ai

−
M

(n − 1)!

∫ b

a

(b − s)n−1φ−1(w(s)) ds +

∫ b

a

σ(s) ds
]

.
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θw :=

(n − 1)!

M(b − a)n−1

[

φ(B) − φ(A) − M

n−3
∑

i=0

(b − a)i+1

(i + 1)!
Ai

−
M

(n − 1)!

∫ b

a

(b − s)n−1φ−1(w(s)) ds +

∫ b

a

σ(s) ds
]

, (2.7)� u ��Æ<% (Lσ), (1.2) D(>s.>
u(t) =

n−3
∑

i=0

Ai

i!
(t − a)i +

θw

(n − 2)!
(t − a)n−2 +

1

(n − 2)!

∫ t

a

(t − s)n−2φ−1(w(s)) ds.�
 (2.6) DMY� [a, t] �Æk�B
w(t) =φ(A) + M

n−3
∑

i=0

Ai

(i + 1)!
(t − a)i+1 + Mθw

(t − a)n−1

(n − 1)!

+
M

(n − 1)!

∫ t

a

(t − s)n−1φ−1(w(s)) ds −

∫ t

a

σ(s) ds.�Uho� Tσ : C(I) → C(I) ~B� ∀w ∈ C(I),

Tσ(w(t)) =φ(A) + M

n−3
∑

i=0

Ai

(i + 1)!
(t − a)i+1 + Mθw

(t − a)n−1

(n − 1)!

+
M

(n − 1)!

∫ t

a

(t − s)n−1φ−1(w(s)) ds −

∫ t

a

σ(s) ds,��Æ<% (Lσ), (1.2) u5a(D(^)���� Tσ u5a�VL�H 2 �� Tσ Zw M ∈ (M∗, 0) e�℄aw σ ∈ L1(I) �Z D�����{v
w1, w2 ∈ C(I), θwi

(i = 1, 2) t (2.7) xU�Zw℄aw t ∈ I u
Tσ(w1(t)) − Tσ(w2(t)) =M(θw1

− θw2
)
(t − a)n−1

(n − 1)!

+
M

(n − 1)!

∫ t

a

(t − s)n−1
[

φ−1(w1(s)) − φ−1(w2(s))
]

ds

= −
M(t − a)n−1

(b − a)n−1(n − 1)!

∫ b

a

(b − s)n−1
[

φ−1(w1(s)) − φ−1(w2(s))
]

ds

+
M

(n − 1)!

∫ t

a

(t − s)n−1
[

φ−1(w1(s)) − φ−1(w2(s))
]

ds.w�t (H∗
1) � (2.1), u

|Tσ(w1(t)) − Tσ(w2(t))| ≤
∣

∣

∣
−

M(t − a)n−1

(b − a)n−1(n − 1)!
K‖w1 − w2‖∞

∫ b

a

(b − s)n−1 ds
∣

∣

∣

+
∣

∣

∣

MK

(n − 1)!
‖w1 − w2‖∞

∫ t

a

(t − s)n−1 ds
∣

∣

∣
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≤−

2K(b − a)n

n!
M‖w1 − w2‖∞

=:α‖w1 − w2‖∞,-\
‖Tσ(w1) − Tσ(w2)‖∞ ≤ α‖w1 − w2‖∞, 0 < α < 1.w�tZ o�zD
� Tσ u5a�VL���Æ<% (Lσ), (1.2) u5a(�K9 2.2 ��)� (H∗

1) $J�� M ∈ (M∗, 0), �Zw℄aw σ ∈ L1(I), �Æ<%
(Lσ), (2.1) u5a(�
 yjD 2.1 D�aB���Æ<% (Lσ), (2.1) D( u Z �

u(t) =

n−2
∑

i=0

Ai

i!
(t − a)i +

1

(n − 2)!

∫ t

a

(t − s)n−2φ−1(v(s)) ds, (2.8)o� v ��� T1,σ : C(I) → C(I) D�VL�\ T1,σ Uh~B�
T1,σ(v(t)) =φ(B) − M

n−2
∑

i=0

Ai

(i + 1)!
[(b − a)i+1 − (t − a)i+1]

+

∫ b

t

σ(s) ds +

∫ b

a

G1(t, s)φ
−1(v(s)) ds, (2.9)o�

G1(t, s) = −
M

(n − 1)!

{

(b − s)n−1, a ≤ t ≤ s ≤ b,

(b − s)n−1 − (t − s)n−1, a ≤ s ≤ t ≤ b.i+��Æ<% (Lσ), (2.1) u5a(>s.>�� T1,σ u5a�VL�B�wjD 2.1 D�a�f� T1,σ Zw M ∈ (M∗, 0) e�℄aw σ ∈ L1(I) �Z D�-\tZ o�zD
� T1,σ u5a�VL���Æ<% (Lσ), (2.1) u5a(�K9 2.3 ��)� (H∗
1) $J�� M ∈ (M∗∗, 0), �Zw℄aw σ ∈ L1(I), �Æ<%

(Lσ), (2.2) u5a(�
 V v(t) = φ(u(n−1)(t)), ��Æ<% (Lσ), (1.2) G�wB_MwU(<%
{

u(n−1)(t) = φ−1(v(t)), t ∈ I,

u(i)(a) = Ai, i = 0, 1, · · · , n − 3, u(n−2)(b) = Bn−2

(2.10)y
{

−v′(t) + Mu(t) = σ(t), a.e. t ∈ I,

v(a) = φ(A).
(2.11)� G2(t, s) ��Æ<%

{

−u(n−1)(t) = 0, t ∈ I,

u(i)(a) = 0, i = 0, 1, · · · , n − 3, u(n−2)(b) = 0
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G2(t, s) =















(−1)n−3 (b − t)n−2

(n − 2)!
+

n−1
∑

i=3

(−1)i−1 (b − a)i−1(t − a)n−1−i

(i − 1)!(n − 1 − i)!
, a ≤ s ≤ t ≤ b,

(b − s)
(t − a)n−3

(n − 3)!
, a ≤ t ≤ s ≤ b.w��Æ<% (2.10) D( u(t) 6

u(t) =

n−3
∑

i=0

Ai

i!
(t − a)i +

Bn−2

(n − 2)!
(t − a)n−2 −

∫ b

a

G2(t, s)φ
−1(v(s)) ds.
 u(t) D�1Æ7�)Æ<% (2.11) �Df%�B

v′(t) = M

n−3
∑

i=0

Ai

i!
(t − a)i + M

Bn−2

(n − 2)!
(t − a)n−2 − M

∫ b

a

G2(t, s)φ
−1(v(s)) ds − σ(t). �Æ� [a, t] ⊂ [a, b] �ÆkB

v(t) =φ(A) + M

n−3
∑

i=0

Ai

(i + 1)!
(t − a)i+1 + M

Bn−2

(n − 1)!
(t − a)n−1

− M

∫ t

a

∫ b

a

G2(τ, s)φ
−1(v(s)) ds dτ −

∫ t

a

σ(τ) dτ.V
T2,σ(v(t)) =φ(A) + M

n−3
∑

i=0

Ai

(i + 1)!
(t − a)i+1 + M

Bn−2

(n − 1)!
(t − a)n−1

− M

∫ t

a

∫ b

a

G2(τ, s)φ
−1(v(s)) ds dτ −

∫ t

a

σ(τ) dτ, (2.12)��Æ<% (Lσ), (2.2) u5a(>s.>�� T2,σ u5a�VL�B_�a T2,σ Zw M ∈ (M∗, 0) e�℄aw σ ∈ L1(I) �Z D����� ∀ v1, v2 ∈

C(I) e� ∀ t ∈ I u
T2,σ(v1(t)) − T2,σ(v2(t)) = −M

∫ t

a

∫ b

a

G2(τ, s)
[

φ−1(v1(s)) − φ−1(v2(s))
]

ds dτ.\
∫ b

a

∫ b

a

G2(t, s) ds dt

=

∫ b

a

∫ t

a

[

(−1)n−3 (b − t)n−2

(n − 2)!
+

n−1
∑

i=3

(−1)i−1 (b − a)i−1(t − a)n−1−i

(i − 1)!(n − 1 − i)!

]

ds dt

+

∫ b

a

∫ b

t

(b − s)
(t − a)n−3

(n − 3)!
ds dt
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=

∫ b

a

[

−
(t − a)(t − b)n−2

(n − 2)!
+

n−1
∑

i=3

(a − b)i−1(t − a)n−i

(i − 1)!(n − 1 − i)!

]

dt +

∫ b

a

(b − t)2(t − a)n−3

2(n − 3)!
dt

=

∫ b

a

[

−
(t − a)n−1

(n − 2)!
+

(b − a)(t − a)n−2

(n − 3)!
+

(b − t)2(t − a)n−3

2(n − 3)!

]

dt

= −
(b − a)n

n(n − 2)!
+

(b − a)n

(n − 1)(n − 3)!
+

(b − a)n

2n(n − 3)!
−

(b − a)n

(n − 1)(n − 3)!
+

(b − a)n

2(n − 2)!

=
n2 − 3n + 2

n!
(b − a)n,!e

|T2,σ(v1(t)) − T2,σ(v2(t))| ≤ − M

∫ b

a

∫ b

a

G2(τ, s)
∣

∣φ−1(v1(s)) − φ−1(v2(s))
∣

∣ ds dτ

≤− MK
n2 − 3n + 2

n!
(b − a)n‖v1 − v2‖∞

= : α‖v1 − v2‖∞,-\
‖T2,σ(v1) − T2,σ(v2)‖∞ ≤ α‖v1 − v2‖∞, α ∈ (0, 1).w�tZ o�zD
� T2,σ u5a�VL�{�Æ<% (Lσ), (2.2) u5a(�B_Zr_��?D�Æ<%x*aJa�2ÆzD�K9 2.4 ��)� (H∗

1) $J�s M ∈ (M∗, 0). v� u1, u2 ∈ Cn−1(I) Z 
φ(u

(n−1)
1 ), φ(u

(n−1)
2 ) ∈ AC(I) e�

− [φ(u
(n−1)
1 (t))]′ + Mu1(t) ≥ −[φ(u

(n−1)
2 (t))]′ + Mu2(t), a.e. t ∈ I,

u
(i)
1 (a) ≥ u

(i)
2 (a), i = 0, 1, · · · , n − 2, u

(n−1)
1 (b) ≥ u

(n−1)
2 (b),�

u
(i)
1 (t) ≥ u

(i)
2 (t), t ∈ I, i = 0, 1, · · · , n − 1.
 V

σi(t) = −[φ(u
(n−1)
i (t))]′ + Mui(t), i = 1, 2,� σ1, σ2 ∈ L1(I) s σ1(t) ≥ σ2(t), a.e. t ∈ I. �

A1i = u
(i)
1 (a), i = 0, 1, · · · , n − 2, B1 = u

(n−1)
1 (b),

A2i = u
(i)
2 (a), i = 0, 1, · · · , n − 2, B2 = u

(n−1)
2 (b),� u1 � u2 k��f% (Lσ1

) � (Lσ2
) D(��sZ �+)�

u
(i)
1 (a) = A1i ≥ A2i = u

(i)
2 (a), i = 0, 1, · · · , n − 2,

u
(n−1)
1 (b) = B1 ≥ B2 = u

(n−1)
2 (b).
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(n−1)
1 (t)) e� w2(t) = φ(u

(n−1)
2 (t)), �tjD 2.2, w1,w2 k��t (2.9) !UhD�� T1,σi

, i = 1, 2 D5a�VL��V
ξ0(t) :=

∫ b

t

σ1(s) ds ≥

∫ b

t

σ2(s) ds =: ζ0(t), t ∈ I,�Hp�V~d^�e�a
ξn+1 := T1,σ1

(ξn) ≥ T1,σ2
(ζn) =: ζn+1, n = 0, 1, · · · .i6�� T1,σi

(i = 1, 2)�Z D�!eMwTR {ξn} � {ζn}k��Lw w1 � w2, �s
w1(t) ≥ w2(t), t ∈ I, � φ(u

(n−1)
1 (t)) ≥ φ(u

(n−1)
2 (t)), t ∈ I, -\ u

(n−1)
1 (t) ≥ u

(n−1)
2 (t), t ∈

I. \ u
(i)
1 (a) − u

(i)
2 (a) ≥ 0, i = 0, 1, · · · , n − 2, !e

u
(i)
1 (t) ≥ u

(i)
2 (t), i = 0, 1, · · · , n − 2, t ∈ I.K9 2.5 ��)� (H∗

1) $J�s M ∈ (M∗∗, 0). v� u1, u2 ∈ Cn−1(I) Z 
φ(u

(n−1)
1 ), φ(u

(n−1)
2 ) ∈ AC(I), e�

− [φ(u
(n−1)
1 (t))]′ + Mu1(t) ≥ −[φ(u

(n−1)
2 (t))]′ + Mu2(t), a.e. t ∈ I,

u
(i)
1 (a) ≥ u

(i)
2 (a), i = 0, 1, · · · , n − 3,

u
(n−1)
1 (a) ≤ u

(n−1)
2 (a), u

(n−2)
1 (b) ≥ u

(n−2)
2 (b),�

u
(i)
1 (t) ≥ u

(i)
2 (t), i = 0, 1, · · · , n − 3, u

(n−1)
1 (t) ≤ u

(n−1)
2 (t), t ∈ I.
 V

σi(t) = −[φ(u
(n−1)
i (t))]′ + Mui(t), i = 1, 2,� σ1, σ2 ∈ L1(I) s σ1(t) ≥ σ2(t), a.e. t ∈ I. �

A1i = u
(i)
1 (a), i = 0, 1, · · · , n − 3, A1 = u

(n−1)
1 (a), B1,n−2 = u

(n−2)
1 (b),

A2i = u
(i)
2 (a), i = 0, 1, · · · , n − 3, A2 = u

(n−1)
2 (a), B2,n−2 = u

(n−2)
2 (b),� u1, u2 k�6f% (Lσ1

) � (Lσ2
) DZ �+)�

u
(i)
1 (a) = A1i ≥ A2i = u

(i)
2 (a), i = 0, 1, · · · , n − 3,

u
(n−1)
1 (a) = A1 ≤ A2 = u

(n−1)
2 (a), u

(n−2)
1 (b) = B1,n−2 ≥ B2,n−2 = u

(n−2)
2 (b)D(�V v1(t) = φ(u

(n−1)
1 (t)), v2(t) = φ(u

(n−1)
2 (t)), �tjD 2.3, v1, v2 k��� (2.12)�!UhD�� T2,σ1

� T2,σ2
D5a�VL��V

ξ0(t) := −

∫ t

a

σ1(s) ds ≤ −

∫ t

a

σ2(s) ds =: ζ0(t), t ∈ I,
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ξn+1 = T2,σ1

(ξn) ≤ T2,σ2
(ζn) = ζn+1, n = 0, 1, · · · .i6�� T2,σi

(i = 1, 2) �Z D�!eMwTR {ξn} � {ζn} k��Lw v1 � v2, �s
v1(t) ≤ v2(t), t ∈ I,� φ(u

(n−1)
1 (t)) ≤ φ(u

(n−1)
2 (t)), t ∈ I,-\ u

(n−1)
1 (t) ≤ u

(n−1)
2 (t), t ∈ I.\ u

(n−2)
1 (b)− u

(n−2)
2 (b) ≥ 0, !e u

(n−2)
1 (t)− u

(n−2)
2 (t) ≥ 0, t ∈ I. v u

(i)
1 (a) ≥ u

(i)
2 (a), i =

0, 1, · · · , n − 3, t ∈ I, !e
u

(i)
1 (t) ≥ u

(i)
2 (t), i = 0, 1, · · · , n − 3, t ∈ I.K9 2.6 ��)� (H∗

1) $J�s M ∈ (M∗∗, 0). v� u1, u2 ∈ Cn−1(I) Z 
φ(u

(n−1)
1 ), φ(u

(n−1)
2 ) ∈ AC(I), e�

− [φ(u
(n−1)
1 (t))]′ + Mu1(t) ≥ −[φ(u

(n−1)
2 (t))]′ + Mu2(t), a.e. t ∈ I,

u
(i)
1 (a) = u

(i)
2 (a), i = 0, 1, · · · , n − 3, (2.13)

u
(n−1)
1 (a) ≤ u

(n−1)
2 (a), u

(n−1)
1 (b) ≥ u

(n−1)
2 (b), (2.14)�

u
(i)
1 (t) ≤ u

(i)
2 (t), t ∈ I, i = 0, 1, · · · , n − 3.
 C� u

(n−3)
1 (t) ≤ u

(n−3)
2 (t), t ∈ I. n��.� t0 ∈ (a, b] 
B

u
(n−3)
1 (t0) > u

(n−3)
2 (t0). (2.15)B_kM�t>/M#Y�<E 1 u

(n−2)
1 (a) ≥ u

(n−2)
2 (a). +
tjD 2.4 u

u
(i)
1 (t) ≥ u

(i)
2 (t), t ∈ I, i = 0, 1, · · · , n − 3.tw

−[φ(u
(n−1)
1 (t))]′ + Mu1(t) ≥ −[φ(u

(n−1)
2 (t))]′ + Mu2(t), a.e. t ∈ I,!e

∫ b

a

{

− [φ(u
(n−1)
1 (s))]′ + [φ(u

(n−1)
2 (s))]′

}

ds ≥

∫ b

a

M [u2(s) − u1(s)] ds.w�t (2.14), u
0 ≥− φ(u

(n−1)
1 (b)) + φ(u

(n−1)
2 (b)) + φ(u

(n−1)
1 (a)) − φ(u

(n−1)
2 (a))

≥M

∫ b

a

[u2(s) − u1(s)] ds ≥ 0,-\ u1(t) = u2(t), t ∈ I, /\ u
(n−3)
1 (t) = u

(n−3)
2 (t), t ∈ I, �y (2.15) \[�
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(n−2)
1 (a) < u

(n−2)
2 (a). +
t (2.15) � (2.13), .� t1 ∈ (a, t0] 
B

u
(n−3)
1 (t1) = u

(n−3)
2 (t1), u

(n−3)
1 (t) < u

(n−3)
2 (t), t ∈ (a, t1), u

(n−2)
1 (t1) ≥ u

(n−2)
2 (t1).w��t (2.13) u

u
(i)
1 (t1) ≤ u

(i)
2 (t1), i = 0, 1, · · · , n − 3.� [a, t1] �kpjD 2.5 u

u
(i)
1 (t) ≥ u

(i)
2 (t), t ∈ [a, t1], i = 0, 1, · · · , n − 3,-\t (2.13) u u

(n−2)
1 (a) ≥ u

(n−2)
2 (a), \[���� u

(n−3)
1 (t) ≤ u

(n−3)
2 (t), t ∈ I. �t (2.14) u

u
(i)
1 (t) ≤ u

(i)
2 (t), t ∈ I, i = 0, 1, · · · , n − 3.

3 SH4/�% �fT�xUaZ�B(��B(2w�(r$B�HpH℄%!B?Da�2ÆzD�
:OR7f^.}?�Æ<% (1.1), (1.2) �w�6+�Cx*�Æ<% (1.1),

(1.2) DB(y�(DUh�*J 3.1 ��� α ∈ Cn−1(I) 
B φ(α(n−1)) ∈ AC(I). " α ��Æ<% (1.1), (1.2)DB(�~� α Z 
− [φ(α(n−1)(t))]′ ≤ f(t, α(t)), a.e. t ∈ I,

α(i)(a) = Ai, i = 0, 1, · · · , n − 3, α(n−1)(a) ≥ A, α(n−1)(b) ≤ B.*J 3.2 ��� β ∈ Cn−1(I) 
B φ(β(n−1)) ∈ AC(I). " β ��Æ<% (1.1),(1.2)D�(�~� β Z 
− [φ(β(n−1)(t))]′ ≥ f(t, β(t)), a.e. t ∈ I,

β(i)(a) = Ai, i = 0, 1, · · · , n − 3, β(n−1)(a) ≤ A, β(n−1)(b) ≥ B.6P.}:OR7f^�?^� f Z B_D:� Lipschitz )��
(H2) .� M < 0, 
BZw a.e. t ∈ I, f(t, x) + Mx |w x � [β(t), α(t)] �i��E�?^�

[β, α] =
{

v ∈ Cn−1(I) : β(t) ≤ v(t) ≤ α(t), t ∈ I
}

.tw f � L1-Carathéodory���!eZ R = max {‖α‖∞, ‖β‖∞}, .� hR ∈ L1(I), 
B> |x| ≤ R 
�Zw a.e. t ∈ I, u
|f(t, x)| ≤ hR(t).
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L = max















|A|, |B|, |φ(A) − ‖hR‖1|, |φ(B) + ‖hR‖1|,

|φ−1(φ(A) + ‖hR‖1)|, |φ−1(φ(B) + ‖hR‖1)|,

|φ−1(φ(A) − ‖hR‖1)|, |φ−1(φ(B) − ‖hR‖1)|















. (3.1)V K := K(α, β) �)� (H1) �D φ �u� [−R, R] �D Lipschitz ���Uh φ(x) DQ��� Φ(x) ~B�
Φ(x) =















φ(L) + K(x − L), x > L;

φ(x), |x| ≤ L;

φ(−L) + K(x + L), x < −L,

(3.2)�Dz Φ ZwxUDA� K Z )� (H∗
1).B_�?^x*��a�Æ<% (1.1), (1.2) D�Æ(D.�N�*9 3.1 ��)� (H1) $J�)� (H2) Zw M ∈ (M∗∗, 0) `$J�o� M∗∗ < 0� (2.3) �dxU�\ K > 0 y (3.2) �DH,���Æ<% (1.1), (1.2) .�awB( α�aw�( β 
B α(i)(t) ≥ β(i)(t), t ∈ I, i = 0, 1, · · · , n − 3. �� [β, α] �.�i�TR

{αk} �i�TR {βk} 	 Cn−3[a, b] �D
�k��Lw�Æ<% (1.1), (1.2) D( umax� umin, �s
β(i)(t) ≤ u

(i)
min(t) ≤ u(i)

max(t) ≤ α(i)(t), t ∈ I, i = 0, 1, · · · , n − 3,�F� umax � umin ��Æ<% (1.1),(1.2) D�Æ(���Æ<% (1.1), (1.2) D{go"( u ∈ [β, α] WZ 
u

(i)
min(t) ≤ u(i)(t) ≤ u(i)

max(t), t ∈ I, i = 0, 1, · · · , n − 3.
 k 3 �?0$�UDD�a�H 2 ��z�Mw:OR7TR {αk} � {βk}. 6+�{v γ ∈ [β, α], �;Xf%
−[Φ(u(n−1)(t))]′ + Mu(t) = f(t, γ(t)) + Mγ(t), a.e. t ∈ I. (Eγ)i6 Φ Zw�� K Z (H∗

1), !et (2.3) �jD 2.1 
��Æ<% (Eγ), (1.2) u5a(
u0. w�t (H2) � (3.1) u

−[Φ(u
(n−1)
0 (t))]′ + Mu0(t) ≥ f(t, α(t)) + Mα(t). (3.3)tw

−[φ(α(n−1)(t))]′ ≤ f(t, α(t)), a.e. t ∈ I, (3.4)!e+�Æk (3.4) �eB?
|α(n−1)(t)| ≤ max

{

|φ−1(φ(A) − ‖hR‖1)|, |φ
−1(φ(B) + ‖hR‖1)|

}

≤ L.



2n `I:�lb��bC6 p-Laplace L��Es#NM��=&E��) 367w�t (3.2), Φ(α(n−1)(t)) = φ(α(n−1)(t)), t ∈ I, -\t (3.4), u
−[Φ(α(n−1)(t))]′ ≤ f(t, α(t)), a.e. t ∈ I.{t (3.3) u

−[Φ(u
(n−1)
0 (t))]′ + Mu0(t) ≥ −[Φ(α(n−1)(t))]′ + Mα(t), a.e. t ∈ I.�t�+)�B

u
(i)
0 (a) = Ai = α(i)(a), i = 0, 1, · · · , n − 3,

u
(n−1)
0 (a) = A ≤ α(n−1)(a), u

(n−1)
0 (b) = B ≥ α(n−1)(b).w�tjD 2.6 u

u
(i)
0 (t) ≤ α(i)(t), t ∈ I, i = 0, 1, · · · , n − 3.,D<�� β(i)(t) ≤ u
(i)
0 (t), t ∈ I, i = 0, 1, · · · , n − 3. {u

β(i)(t) ≤ u
(i)
0 (t) ≤ α(i)(t), t ∈ I, i = 0, 1, · · · , n − 3.B_��{v γ1, γ2 ∈ [β, α], Z 

γ
(i)
1 (t) ≤ γ

(i)
2 (t), t ∈ I, i = 0, 1, · · · , n − 3.� u1, u2 k���Æ<% (Eγ1

), (1.2) � (Eγ2
), (1.2) D5a(��t (H2) u

−[Φ(u
(n−1)
1 (t))]′ + Mu1(t) ≥ −[Φ(u

(n−1)
2 (t))]′ + Mu2(t), a.e. t ∈ I.w�tjD 2.6 u

u
(i)
1 (t) ≤ u

(i)
2 (t), t ∈ I, i = 0, 1, · · · , n − 3.t��M)N��<Bi�TR {αk} �i�TR {βk}, o� α0 = α, αk ��Æ<%

(Eαk−1
), (1.2) D5a(� β0 = β, βk ��Æ<% (Eβk−1

), (1.2) D5a(�H 2 ���a {αk} � {βk} 	 Cn−3[a, b] �D
�k��LwQ��Æ<%
−[Φ(u(n−1)(t))]′ = f(t, u(t)), a.e. t ∈ I, (3.5)K,�+)� (1.2) D�2(��I(�t αk DUhu

−[Φ(α
(n−1)
k (t))]′ + Mαk(t) = f(t, αk−1(t)) + Mαk−1(t), a.e. t ∈ I. (3.6)+�Æk�Æ��eB?

Φ−1(K1) ≤ α
(n−1)
k (t) ≤ Φ−1(K2), ∀ t ∈ I,



368 l q � W W � 358o� K1 = Φ(A) − ‖hR‖1 + M‖α − β‖1, K2 = Φ(B) + ‖hR‖1 − M‖α − β‖1, -\
|α

(n−1)
k (t)| ≤ max {|Φ−1(K1)|, |Φ

−1(K2)|}, ∀ t ∈ I.w� {α
(i)
k (t)} (i = 0, 1, · · · , n−2)� I �a�u+�GXKU�,D {β

(i)
k (t)} (i = 0, 1, · · · , n−

2) � I �a�u+�GXKU�{t Arzela-AscoliUD
�.� umax, umin ∈ Cn−2(I), 
B� I ��Z℄aw i = 0, 1, · · · , n − 3, u
α

(i)
k (t) ⇉ u(i)

max(t)(k → ∞), β
(i)
k (t) ⇉ u

(i)
min(t)(k → ∞),e�.� {α

(n−2)
kj

} ⊂ {α
(n−2)
k } � {β

(n−2)
kj

} ⊂ {β
(n−2)
k }, 
B� I �u

α
(n−2)
kj

(t) ⇉ u(n−2)
max (t)(j → ∞), β

(n−2)
kj

(t) ⇉ u
(n−2)
min (t)(j → ∞).o,�a umax� umin��Æ<% (3.5),(1.2)D(�� (3.6)��V uk(t) = Φ(α

(n−1)
k (t)),� α

(n−1)
k (t) = Φ−1(uk(t)). w��Æ<% (3.6), (1.2) 5G�wB_DMwU(<%

{

α
(n−1)
k (t) = Φ−1(uk(t)), t ∈ I,

α
(i)
k (a) = Ai, i = 0, 1, · · · , n − 3

(3.7)y
{

−u′
k(t) + Mαk(t) = f(t, αk−1(t)) + Mαk−1(t), a.e. t ∈ I,

uk(a) = Φ(A), uk(b) = Φ(B).
(3.8)t (3.8) u

uk(t) = Φ(A) +

∫ t

a

[

− f(τ, αk−1(τ)) + M(αk(τ) − αk−1(τ))
]

dτ, t ∈ I,-\tA�v=��LUDu
lim

k→∞
uk(t) = Φ(A) −

∫ t

a

f(τ, umax(τ)) dτ, t ∈ I.� uk(t) → u∗(t) (k → ∞), t ∈ I, �u
u∗(t) = Φ(A) −

∫ t

a

f(τ, umax(τ)) dτ, t ∈ I,-\
{

−u∗′(t) = f(t, umax(t)), a.e. t ∈ I,

u∗(a) = Φ(A), u∗(b) = Φ(B).
(3.9)t (3.7) <B

αk(t) =

n−3
∑

i=0

Ai

i!
(t − a)i +

α
(n−2)
k (a)

(n − 2)!
(t − a)n−2

+
1

(n − 2)!

∫ t

a

(t − s)n−2Φ−1(uk(s)) ds, t ∈ I.
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umax(t) =

n−3
∑

i=0

Ai

i!
(t − a)i +

u
(n−2)
max (a)

(n − 2)!
(t − a)n−2

+
1

(n − 2)!

∫ t

a

(t − s)n−2Φ−1(u∗(s)) ds, t ∈ I,�
{

u
(n−1)
max (t) = Φ−1(u∗(t)), t ∈ I,

u
(i)
max(a) = Ai, i = 0, 1, · · · , n − 3.

(3.10)t (3.9) � (3.10) <B














−[Φ(u
(n−1)
max (t))]′ = f(t, umax(t)), a.e. t ∈ I,

u
(i)
max(a) = Ai, i = 0, 1, · · · , n − 3,

u
(n−1)
max (a) = A, u

(n−1)
max (b) = B.{ umax ��Æ<% (3.5),(1.2) D(�,D<� umin `��Æ<% (3.5),(1.2) D(��o,�a umax � umin��Æ<% (3.5),(1.2)D�2(��I(�6+�� u ∈ [β, α]��Æ<% (3.5), (1.2) D{gaw(��

β0(t) ≤ u(t) ≤ α0(t), t ∈ I.B�Z℄aw k = 0, 1, · · · , u
β

(i)
k (t) ≤ u(i)(t) ≤ α

(i)
k (t), t ∈ I, i = 0, 1, · · · , n − 3.C�� u(i)(t) ≤ α

(i)
0 (t), t ∈ I, i = 1, 2, · · · , n − 3. ����tw















−[Φ(α
(n−1)
0 (t))]′ ≤ f(t, α0(t)), a.e. t ∈ I,

α
(i)
0 (a) = Ai, i = 0, 1, · · · , n − 3,

α
(n−1)
0 (a) ≥ A, α

(n−1)
0 (b) ≤ B,!e

−[Φ(α
(n−1)
0 (t))]′ + Mα0(t) ≤ −[Φ(u(n−1)(t))]′ + Mu(t), a.e. t ∈ I,�s

{

α
(i)
0 (a) = Ai = u(i)(a), i = 0, 1, · · · , n − 3,

α
(n−1)
0 (a) ≥ A = u(n−1)(a), α

(n−1)
0 (b) ≤ B = u(n−1)(b).w�tjD 2.6 u

u(i)(t) ≤ α
(i)
0 (t), t ∈ I, i = 1, 2, · · · , n − 3.Hp�V~d^�e�a�Z℄aw k = 0, 1, · · · , u

u(i)(t) ≤ α
(i)
k (t), t ∈ I, i = 0, 1, · · · , n − 3.



370 l q � W W � 358,D<��Z℄aw k = 0, 1, · · · , u
β

(i)
k (t) ≤ u(i)(t), t ∈ I, i = 0, 1, · · · , n − 3.w�Z℄aw k = 0, 1, · · · , u

β
(i)
k (t) ≤ u(i)(t) ≤ α

(i)
k (t), t ∈ I, i = 0, 1, · · · , n − 3.{

u
(i)
min(t) ≤ u(i)(t) ≤ u(i)

max(t), t ∈ I, i = 0, 1, · · · , n − 3,� umax � umin k���Æ<% (3.5), (1.2) D�2(��I(�H 3 ���a u ∈ [β, α] 6�Æ<% (3.5),(1.2) D(>s.> u ∈ [β, α] 6�Æ<%
(1.1), (1.2) D(������ u(t) 6�Æ<% (3.5),(1.2) D(��

−[Φ(u(n−1)(t))]′ = f(t, u(t)), a.e. t ∈ I,-\
−

∫ t

a

[Φ(u(n−1)(τ))]′ dτ =

∫ t

a

f(τ, u(τ)) dτ, ∀ t ∈ I,/\
Φ(u(n−1)(t)) ≥ Φ(A) − ‖hR‖1 = φ(A) − ‖hR‖1, ∀ t ∈ I.w�

u(n−1)(t) ≥ Φ−1(φ(A) − ‖hR‖1) = φ−1(φ(A) − ‖hR‖1), ∀ t ∈ I.,D<�� u(n−1)(t) ≤ φ−1(φ(B) + ‖hR‖1), ∀ t ∈ I. w��
φ−1(φ(A) − ‖hR‖1) ≤ u(n−1)(t) ≤ φ−1(φ(B) + ‖hR‖1), ∀ t ∈ I.{t L DUh� |u(n−1)(t)| ≤ L, t ∈ I, -\ u(t) 6�Æ<% (1.1),(1.2) D(�,D<��� u(t) 6�Æ<% (1.1),(1.2) D(�� u(t) 6�Æ<% (3.5),(1.2) D(�"��?^paw!�D)��

(H∗
2) .� M < 0, 
BZw a.e. t ∈ I e� x ∈ [β(t), α(t)] u

f(t, β(t)) + Mβ(t) ≥ f(t, x) + Mx ≥ f(t, α(t)) + Mα(t)?7()� (H2), �Hp Leray-SchauderKUNUD?�a�Æ<% (1.1), (1.2) �fT�xUaZ�B(Dt>B��.�aw(�*9 3.2 ��)� (H1) $J�)� (H∗
2) Zw M ∈ (M∗∗, 0) $J�o� M∗∗ < 0 �

(2.10) �dxU�\ K > 0 y (3.2) �DH,���Æ<% (1.1), (1.2) .�B( α ��(
β, Z 

α(i)(t) ≥ β(i)(t), t ∈ I, i = 0, 1, · · · , n − 3,



2n `I:�lb��bC6 p-Laplace L��Es#NM��=&E��) 371��Æ<% (1.1),(1.2) � [β, α] ���uaw( u, Z 
β(i)(t) ≤ u(i)(t) ≤ α(i)(t), t ∈ I, i = 0, 1, · · · , n − 3.
 V
p(t, x) := max

{

β(t), min{x, α(t)}
}

, ∀ (t, x) ∈ I × R.Uh��
g(t, x) := f(t, p(t, x)) + Mp(t, x), ∀ (t, x) ∈ I × R,�> (t, x) ∈ D = I × R 
�

|g(t, x)| ≤|f(t, p(t, x))| + |Mp(t, x)|

≤hR(t) + |M | max
(t,x)∈D

|p(t, x)| =: H(t).w� g �aw L1-Carathéodory���;Xf%
−[Φ(u(n−1)(t))]′ + Mu(t) = g(t, u(t)), a.e. t ∈ I. (3.11)i6Zw��K, ΦZ )� (H∗

1),y7jD 2.1D�a�%<
�u��Æ<% (3.11),(1.2)D(>s.> Φ(u(n−1)) ��� T : C(I) → C(I) D�VL��F T DUh~B�
(Tw)(t) =Φ(A) + M

n−3
∑

i=0

Ai

(i + 1)!
(t − a)i+1 + Mτw

(t − a)n−1

(n − 1)!

+
M

(n − 1)!

∫ t

a

(t − s)n−1Φ−1(w(s)) ds −

∫ t

a

σw(s) ds,o�
τw =

(n − 1)!

M(b − a)n−1

[

Φ(B) − Φ(A) − M

n−3
∑

i=0

(b − a)i+1

(i + 1)!
Ai

−
M

(n − 1)!

∫ b

a

(b − s)n−1Φ−1(w(s)) ds +

∫ b

a

σw(s) ds
]

,

σw(t) =f(t, p(t, (Jw)(t))) + Mp(t, (Jw)(t)),

(Jw)(t) =
n−3
∑

i=0

Ai

i!
(t − a)i +

τw

(n − 2)!
(t − a)n−2 +

1

(n − 2)!

∫ t

a

(t − s)n−2Φ−1(w(s)) ds.tw β(t) ≤ p(t, (Jw)(t)) ≤ α(t), t ∈ I, !e
|p(t, (Jw)(t))| ≤ max{|β(t)|, |α(t)|} ≤ max{‖β‖∞, ‖α‖∞} =: R.w�
|σw(t)| ≤ |f(t, p(t, (Jw)(t)))| + |Mp(t, (Jw)(t))| ≤ hR(t) + |MR|.
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1), Z℄aw t ∈ I u

|(Tw)(t)| =
∣

∣

∣
Φ(A) + M

n−3
∑

i=0

(t − a)i+1

(i + 1)!
Ai + Mτw

(t − a)n−1

(n − 1)!

+
M

(n − 1)!

∫ t

a

(t − s)n−1Φ−1(w(s)) ds −

∫ t

a

σw(s) ds
∣

∣

∣

≤|Φ(A)| +
∣

∣

∣
M

n−3
∑

i=0

(t − a)i+1

(i + 1)!
Ai

∣

∣

∣

+
∣

∣

∣
M

(t − a)n−1

(n − 1)!

(n − 1)!

M(b − a)n−1

[

Φ(B) − Φ(A) − M

n−3
∑

i=0

(b − a)i+1

(i + 1)!
Ai

−
M

(n − 1)!

∫ b

a

(b − s)n−1Φ−1(w(s)) ds +

∫ b

a

σw(s) ds
]
∣

∣

∣

+
∣

∣

∣

M

(n − 1)!

∫ t

a

(t − s)n−1Φ−1(w(s)) ds
∣

∣

∣
+

∣

∣

∣

∫ t

a

σw(s) ds
∣

∣

∣

≤2|Φ(A)| + |Φ(B)| + 2|M |

n−3
∑

i=0

(b − a)i+1

(i + 1)!
|Ai|

+
2|M |(b − a)n

n!
K‖w‖∞ + 2‖hR‖1 + 2|MR|(b − a)

=:K1 +
2|M |(b − a)n

n!
K‖w‖∞.w�

‖Tw‖∞ ≤ K1 +
2|M |(b − a)n

n!
K‖w‖∞.\ 2K|M|(b−a)n

n! < 1, !ef% w = λTw, λ ∈ (0, 1) .��
�w λ ∈ (0, 1) DC℄+�i6
T �xKU���!et Leray-SchauderKUNUD��� T ��uaw�VL u = u(t),�s+�VL5��Æ<% (3.11),(1.2) D(�U/�t g DUh� (H∗

2), �Æ<% (3.11),(1.2) D℄aw( u = u(t) WZ 
−[Φ(u(n−1)(t))]′ + Mu(t) = g(t, u(t)) ≥ −[Φ(α(n−1)(t))]′ + Mα(t).w�tjD 2.6, u

u(i)(t) ≤ α(i)(t), t ∈ I, i = 0, 1, · · · , n − 3.,D<��
β(i)(t) ≤ u(i)(t), t ∈ I, i = 0, 1, · · · , n − 3.w� p(t, u(t)) = u(t), t ∈ I. {

−
[

Φ(u(n−1)(t))
]′

= f(t, u(t)), a.e. t ∈ I.vtUD 3.1 D�a�%
 |u(n−1)(t)| ≤ L, t ∈ I, {
−[φ(u(n−1)(t))]′ = f(t, u(t)), a.e. t ∈ I.
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Abstract In this paper, we will consider the existence of extremal solutions for a nth-order

differential equation with p-Laplacian-like operator

−[φ(u(n−1)(t))]′ = f(t, u(t)), a.e. t ∈ [a, b]

subject to the following two-point boundary conditions

u(i)(a) = Ai, i = 0, 1, · · · , n − 3, u(n−1)(a) = A, u(n−1)(b) = B,

where φ : R → R = (−∞, +∞) is an increasing homeomorphism, f : [a, b] × R → R is

L1-Carathéodory function, and A, B, Ai, Bi ∈ R, i = 0, 1, · · · , n− 3. The existence result of

extremal solutions for the problem is obtained via monotone iterative techniques which are

based on anti-maximum principles.

Key words boundary value problem; p-Laplacian-like operator;

monotone iterative technique; extremal solution
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