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1 RM��i�<��o�+"&[Mg�
t (MPEC)

min f(x, y)

s.t. g(x, y) ≥ 0,

F (x, y) = w,

0 ≤ w ⊥ y ≥ 0,

(1)&� f : Rn+m → R, g : Rn+m → Rl, F : Rn+m → Rm _Jz0l~� 0 ≤ w ⊥ y ≥ 0 "M�� w, y ∈ Rm tF� g(x, y) ≥ 0 /�B,[� 0 ≤ w ⊥ y ≥ 0 /��,[+g�� 2010 " 10 f 17 :TF�2011 " 3 f 29 :TF,xz�
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tMl(\o.vg�[WwrR'
t�il(Q80JH?M MFCQ ;'>U0x�<^>#ZRMo�+R'je>�' yIMPW/P9r
t�COwr
ti�3D5�Z3N�\U��hMMP�H97[lM/Pke\UGq�:MCE�X#q�>#6o[ MPEC
tM/Pq7>#ke (? [1–5]/&�M+i��),CO(=i�℄C�PeM
t�<	$+�U}+�U}fWN�i [6] ��	�#�>T�NvP Fischer-Burmeister �`��)�X���7�>}Z MPEC 
tN;MR'�%�V>)q7>}/PN;�%M SQP je���v�jeM4_U}+���J>�>} l1 Y5a�`�^��wH�[Wa�`eqa�2kQEMa+`O�p�M�����a+`M21� 2002 # Fletcher � Leyffer i [7] �q7��y$��keO>��a+`e�p�keOz��H[�fW�`|�� �`|qeURn)Os�IW�>}$MRnQ��IW�E+UE[�fW�`|+� �`|����MM�`|��U4qM�E�X#q�SW�ke��M`|"� [7], [lMoÆdqd℄���vP [6] M��z�J>�2*�q7�>}/P MPEC 
tM� SQP je�Z [1,2] '{���q7MjeitÆB�v�EjeU��~H�E(TAQ0� MPEC 
tM (1) M>}Y5P�
2 T!W;6 MPEC 
tMl(.�

Σ =
{

z = (x, y) : g(z) ≥ 0, 0 ≤ F (z) ⊥ y ≥ 0
}

,+>6
X =

{

z : g(z) ≥ 0}, L1 = {1, · · · , l}, L2 = {1, · · · ,m}, I(z) = {j ∈ L1 : g(z) = 0}.[ ∀ z = (x, y), D} . L2 = {1, · · · ,m} qP����}"'�FM�.�
α(z) =

{

1 ≤ i ≤ m : Fi < yi

}

, β(z) =
{

1 ≤ i ≤ m : Fi = yi

}

, γ(z) =
{

1 ≤ i ≤ m : Fi > yi

}

,+i z QUE} . A(z) <�
A(z) =

{

(J,K) : J ⊇ α(z), K ⊇ γ(z), J ∪K = {1, · · · ,m}, J ∩K = ∅
}

.'Q 2.1 /Q z∗ = (x∗, y∗) ∈ Σ O MPEC 
t (1) M>} S- �UQ�<�
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∀ (J,K) ∈ A(z∗), =i KKT 1� ξ∗ ∈ Rl, η∗ ∈ Rm, π∗ ∈ Rm, JI
∇f(z∗) −∇g(z∗)ξ∗ −∇F (z∗)η∗ −

(

0n×m

Im×m

)

π∗ = 0,

Fi(z) = 0, 0 ≤ y∗i ⊥ π∗ ≥ 0, ∀ i ∈ J,

0 ≤ Fi(z
∗) ⊥ η∗ ≥ 0, y∗i = 0, ∀ i ∈ K,

0 ≤ gi(z
∗) ⊥ ξ∗ ≥ 0.

(2)

'Q 2.2 /
t MPEC (1) iQ z = (x, y) ∈ Rn+m 8���,o|'wA�<�
yi 6= Fi(z), ∀ i = 1, · · · ,m.��vP F-B �` φ(a, b) = a+ b −

√
a2 + b2 
t (1) �'���ZxXeM	$R'
t

min f(x, y)

s.t. g(x, y) ≥ 0,

F (x, y) − w = 0,

φε(y, w) = 0,

(3)&�
φ(y, w) = φε(y, w) + ψε(y, w), (4)

φ(y, w) =







φ(y1, w1)
...

φ(ym, wm)






, φε(y, w) =







φε(y1, w1)
...

φε(ym, wm)






, ψε(y, w) =







ψε(y1, w1)
...

ψε(ym, wm)






.+[W ε > 0 �} . E =

{

j ∈ L
∣

∣

√

y2
j + w2

j < ε
}

, UE
φε(yj , wj) =

{

φ(yj , wj), j ∈ L\E(z, ε),

2ε− yj

2ε
yj +

2ε− wj

2ε
wj −

ε

2
, j ∈ E(z, ε),

ψε(yj , wj) =







0, j ∈ L\E(z, ε),
(

√

y2
j + w2

j − ε
)2

2ε
, j ∈ E(z, ε),�8��` φε(y, w) 88z0l~�+

∇aφε(yj , wj) =











1 − yj
√

y2
j + w2

j

, j ∈ L\E(z, ε),

1 − yj

ε
, j ∈ E(z, ε),

∇bφε(yj , wj) =











1 − wj
√

y2
j + w2

j

, j ∈ L\E(z, ε),

1 − wj

ε
, j ∈ E(z, ε),
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φε(y, w) O>	$�`�;B8v [5]

∇aφ
2
ε(yj , wj) + ∇bφ

2
ε(yj , wj) ≥ 3 − 2

√
2 > 0, j = 1, · · · ,m.�8�<� s∗ = (x∗, y∗, w∗)O
t (3)MKKTQ�l=iKKT1��� (λg , λF , λφ) ∈

Rn+2m JI
(∇f(x∗, y∗)

0

)

−
(∇g(x∗, y∗)

0

)

λg +

(∇F (x∗, y∗)

−I

)

λF +

(

0

∇φ(x∗, y∗)

)

λφ = 0,

0 ≤ g(x∗, y∗) ⊥ λg ≥ 0, F (x∗, y∗) − w∗ = 0, φε(y
∗, w∗) = 0 (5)0x���Jt"� MPEC 
t (1) Z
t (2) MPx<My���jeq��tÆ?b�S6 2.1[6] :D�O MPEC 
t (1) iQ (x∗, y∗) ∈ F ���,o|'wA+

φ(y∗, w∗) = φε(y
∗, w∗), l<��NÆ�ON;M

(1) (x∗, y∗) O MPEC 
t (1) M>} S− �UQ

(2) (x∗, y∗, w∗) 
t (3) M>} KKT Q�&� w∗ = F (x∗, y∗).

3 9[ SQP �(�bJt 2.1, ��V�i�/P
t (3)

min f(x, y)

s.t. g(x, y) ≥ 0,

F (x, y) − w = 0,

φε(y, w) = 0.

H(z, w) =

(

F (x, y) − w

φε(y, w)

)

,l
t (3) �0<�&L
min f(x, y)

s.t. g(x, y) ≥ 0,

H(z, w) = 0.

(6)� SQP O/P
t (6) M>�U"Mke��9����J>���iQ
zl = (xl, yl), UE

f l := f(zl),

hl := h(zl, wl) := ‖g(zl)−‖ + |H(zl, wl)|,



1% n7��XtB�m�) $aYf��rJ<{�� SQP gb 53&� g(zl)− = min(0, g(zl)).'Q 3.1 `[ (fk, hk) m�	>`[ (f l, hl) E+UE fk ≤ f l � hk ≤ hl V0x�'Q 3.2 �O>�' �"m�M`[�<�>}Q'���M9�>Qm��lwQlA��IW�'Q 3.3 6 ̥k = {l|l < k + (fk, hk) iP k }�� }, Q s = (x, y, w) ��IWE+UE[kUM l ∈ ̥k U
h(s) ≤ βhl, β ∈ (0, 1), (7)

orf l − f(z) ≥ γh(s), γ ∈ (0, 1), (8)0x�i�ke��>}Q��IWE+UEl'�E(TAQ�E(��&lTAQm��<�Dl9>G�E���.{HD���#�w`[m�M`[���DE(TAQ� sk = (xk, yk, wk), lAz�/P�
t
min ∇f(xk, yk)T

(

dx

dy

)

+
1

2









dx

dy

dw









T

Bk









dx

dy

dw









s.t. g(xk, yk) + ∇g(xk, yk)T

(

dx

dy

)

≥ 0,

(

∇Fx(xk, yk)T ∇Fy(xk, yk)T −I
0 Dk

a Dk
b

)









dx

dy

dw









= −
(

0

φεk
(yk, wk),

)

∥

∥

∥

∥

∥

∥

∥

∥









dx

dy

dw









∥

∥

∥

∥

∥

∥

∥

∥

≤ ρk,

(9)

IGk� dk = (dxk, dyk, dwk),&�Dk
a = diag

(

∂yj
φε(y

k
j , w

k
j )
)

, Dk
b = diag

(

∂wj
φε(y

k
j , w

k
j )
)

.

△fk = f(zk) − f(zk + dzk) (10)"M�` f(zk) MqI�E��

△qk = −∇f(zk)Tdzk − 1

2
dkTBkd

k (11)"M�` f(zk) M^��E��l�` f(zk) M4q�EwA� σk = △fk

△qk ≥ σ, &�
△qk > 0, 0 < σ < 1.B* A)� 0 �7 s0, B0, ρ > ρ0 > 0, ε0 ≥ 0, 0 < γ < β < 1, 0 < σ < 1. 5K'�
(µ,−∞), � k := 0.
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t (9) IG dk /�MM KKT 1� λk = (λk
g , λ

k
F , λ

k
φ).)� 2 <� dk = 0, E(zk, εk) = ∅, ly
<� dk = 0, E(zk, εk) 6= ∅, 
 sk+1 :=

sk, Bk+1 := Bk, εk+1 := ε
2 , �)� 1.)� 3 <� sk + dk '�� ̥k ∪ (fk, hk) IW�
 ρ = ρ

2 , �)� 1.)� 4 <� sk + dk �� ̥k ∪ (fk, hk) IW�
(1) <� △qk > 0 + σk < σ, 
 ρ = ρ

2 , �)� 1.

(2) <� △qk > 0 + σk ≥ σ, 
 ρ = 2ρ, �)� 5.

(3) <� △qk ≤ 0, Dl9>���)� 5.)� 5 S BFGS �L�$ Bk, s
k+1 = sk + dk, k := k + 1, �)� 1.

4 =8K-Hp>K��D�7je A MU}+q�i9x(��<�:D�
A1 /� {sk}UQ�+[W9Cl(Q���� {∇gj(x, y), j ∈ I(x, y)}�+���
A2 =i.` 0 < a < b, JI[W9CM Bk, �� a‖dk‖2 ≤ dkTBkd

k ≤ b‖dk‖2.

A3 /� {sk} i-�Q s∗ 8���,o|'wA�
A4 /� {sk} i-�Q s∗ 8��`r (∇Fy(x, y))α∗α∗ Oo'FM�&� α∗ = {j :

w∗
j = Fj(x

∗, y∗) = 0}.reW [10] �MJt 3.3, ��NÆ0x�S6 4.1 :D (dk, λk)O�
t (9) M KKT [�<� dk = 0, l+o zk O
t (1)M>} S- �UQ�+o dk+1 6= 0.��a�jeOU"M���P���}Jta�je�,TAOU�)�~M�S6 4.2 �,TA)� 1- )� 2- )� 1 iU�)��~�S6 4.3 �,TA)� 1-)� 2-)� 3-)� 1iU�)��~�0TA) sk +dk��*��IW�l S Taylor mhLU
g(zk + dzk) = g(zk) + ∇g(zk)T dzk +

1

2
dzkT∇2g(θk)dzk ≥ −ρ2b,&� θk �zI zk Z zk + dzk kI�ZBM�>Q��=i M > 0 J�L0x

h(sk + dk) = ‖g(zk + dzk)‖ + ‖H(sk + dk)‖ ≤ ρ2M,kA�: ρ ≤
√

βhk

M
,\U h(sk +dk) ≤ βhk.Sje A/�MIWwA�TAQ sk +dk��*��IW�S6 4.4 �,TA)� 1- )� 2- )� 4- )� 1 iU�)��~�l vPfve�:DNÆ'q�lSje A w�=i�/� {k} ⊂ K (K ��-/�), JI ρk → 0 (k ∈ K, k → ∞) +0x

△fk

△qk
< σ, k = 1, 2, · · · . (12)
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|△fk −△qk| = o(‖dk‖2) = o(ρ2

k).V[W ∀α ∈ (0, 1), ∃N > 0 J
△qk = −∇f(zk)Tdzk − 1

2
dkTBkd

k

≥−∇f(zk)T −αρk∇f(zk)

‖∇f(zk)‖ − 1

2
α2∇f(zk)TBk∇f(zk)

ρ2
k

‖∇f(zk)‖2

≥αρk‖∇f(zk)‖ − 1

2
α2∇f(zk)TBk∇f(zk)

ρ2
k

‖∇f(zk)‖2

≥max
(

αρk‖∇f(zk)‖ − 1

2
α2ρ2

kN
)

≥1

2
‖∇f(zk)‖ min

{

ρK ,
‖∇f(zk)‖

N

}

.0x��U
|σk − 1| =

|△fk −△qk|
|△qk| −→ 0,0E ρk 4q H� σk ≥ σ >U0x�pZ (12) O�\M��NÆ0x�SBXJtlw�EjeU��~W zk H� zk � MPEC 
t (1) M S- �UQ���i�je-E�-/� {zk, k ∈ K} M>#+��ul+? [2].S6 4.5 :D {zk, k ∈ K} → z∗, k → ∞, l��NÆ0x�

(1) =i.` p > 0, JI
∥

∥

∥

∥

(∇yF (xk, yk)T −I
Dk

a Dk
b

)∥

∥

∥

∥

≤ p.

(2) /� {dk, k ∈ K}, {λk, k ∈ K} VUQ�
(3) =i>}ts` k1, E k > k1 H�JI εk = εk1

= ε 0x������:D ρk ≡ ρ, εk ≡ ε.E k 4q?H�SJt 4.5w φ(yk, wk) ≡ φε(y
k, wk)++ dk = 0, + dk 6= 0.�b:D A1, A2 /Jt 4.5, ��'l:D=i���. K, JI

xk → x∗, yk → y∗, wk → w∗, dk → d∗, λk → λ∗, k ∈ K.'6 4.1 <�:D A1–A4 0x�lje+U��~W MPEC 
t (1) M S- �UQ�+-E>��Q�+&9CaQVO MPEC 
t (1) M S- �UQ�l U-[P_�,n�7v��H��,TA;`OU�M�kA},TAO��M�S:D A1 w�UaQ z∗, 'lD lim
k∈K, k→+∞

zk = z∗, &� K O��.�VS [8,Jt 1]w�9�aQVOl(Q�:D z∗ 'O KKTQ�
 K1 = {k ∈ K | ∇f(zk)Tdzk >

− 1
2d

kTBkd
k} ⊂ K, Sjew*7�����,&�
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(1) K1 O>��.�<� lim

k∈K1, k→∞
‖dk‖ = 0, l;BI7 z∗ � KKT Q�pZ:DO�\M��=i ε > 0, JI ∀ k ∈ K1, U ‖dk‖ > ε.S hk → 0 w ∃ k0, ∀ k > k0 (k ∈ K1) U

h(sk) ≤ aǫ2

2M
≤ a‖dk‖2

2M
≤ dkTBkd

k

2M
. (13)VS (9) M KKT wAU

(∇f(xk, yk)

0

)

+Bkd
k −

(∇g(xk, yk)

0

)

λk
g +

(∇F (xk, yk)

−I

)

λk
F +







0

Dk
a

Dk
b






λk

φ = 0,

∇f(zk)Tdzk + dkTBkd
k + λk

F (∇F (zk)T dzk − dwk)

+ λkT
φ (Dk

ady
k +Dk

b dw
k) − λk

g∇g(zk)dzk = 0,

∇f(zk)Tdzk + dkTBkd
k − λkT

φ φε(y
k, wk) = −λk

g g(z
k) ≤ 0,

∇f(zk)Tdzk ≤ −dkTBkd
k + λkT

φ φε(y
k, wk),N� (13) U

∇f(zk)T dzk ≤ −dkTBkd
k +Mh(sk) ≤ −1

2
dkTBkd

k,pZB�M K1 MUEO�\M�
(2) K1 O>U�.�pC��E k 4q?HU ∇f(zk)Tdzk ≤ − 1

2d
kTBkd

k 0x�kA
△fk = −∇f(zk)Tdzk + o(‖dk‖2) ≥ 1

2
dkTBkd

k ≥ a

2
‖dk‖2,H� f U�Q���U

∞ >

∞
∑

k0+1

(f(zk) − f(zk + dzk)) ≥
∞
∑

k0+1

a

2
‖dk‖2.p��Z:D ‖dk‖ ≥ ε ��\��� (1) � (2) ��,&��� I7UtNÆ0x�

5 ?X<NiA�M`|R8��jwq�W [5], +`1� ε0 = 1, β = 0.98, γ = 0.02, ρ0 =

10, σ = 0.25, µ = max{1000h(s), 1000}, B0 1B�r I.7 1

min
1

2
x2 +

1

2
xy − 95x

s.t. 0 ≤ x ≤ 200,

0 ≤ (2y + 0.5x− 100) ⊥ y ≥ 0.
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min x2 − 150x+ y2 − 2000y

s.t. x+ 2y − 5000 ≤ 0,

x2 + y2 − 4000000 ≤ 0,

0 ≤ (x + y + 1075) ⊥ y ≥ 0." 1 h A K^{M�
NO. (x0

, y
0) NIT NG FV

1 (0, 0) 10 (93.3333333333334, 26.6666666666667) −3266.6666666666667

2 (30, 400) 12 (75, 1.01810053428891e − 013) −5625.0000000002&� NO. "M
tM��� (x0, y0) "M5KQ� NIT "MTAM;`� NG "M���RP� FV "M���R|�`|N�"���MjeOU"M�$ 4 F I
[1] Jiang H Y, Ralph D. Smooth SQP Method for Mathematical Programs with Nonlinear Complemen-

tarity Constraints. SIAM Journal of Optimization, 2000, 10: 779–808

[2] Fukushima M, Luo Z Q, Pang J S. A Global Convergent Sequential Quadratic Programming Algorithm

for Mathematical Programs with Linear Complementarity Constraints. Computational Optimization

and Application, 1998, 10: 5–34

[3] Ma C F, Liang G P. A New Successive Approxinmation Damped Newton Method for Nonlinear

Complementarity Problems. Journal of Mathematics Research and Exposition, 2003, 23: 1–6

[4] Jiang H Y, Fukushima M, Qi L Q, Sun D F. A Trust Region Method for Solving Generalized Com-

plementarity Problems. SIAM Journal of Optimization, 1998, 8: 140–157

[5] =S�� D�~[�� n�*!%bZ�%L=|
D):k'j�id� _^d`badd℄, 2007, 29: 15–27

(Jian J B, Qin Y,Liang Y M. A Generalized Strongly Sub-feasible Algorithm for Mathematical Pro-

grams with Nonlinear Complementarity Constraints. Numerical Mathematics A Journal of Chinese

Universities, 2007, 29: 15–27)

[6] Zhu Z B, Jian J B, Zhong C. An SQP Algorithm for Mathematical Programs with Nonlinear Com-

plementarity Constraints . Applied Mathematics and Mechanics, 2009, 30(5): 659–668

[7] Fletcher R, Leyffer S. Nonlinear Programming without a Penalty Function. Math. Programming,

2002, 91: 239–269

[8] Fletcher R, Leyffer S, Toint P L. On the Global Convergence of a Filter-SQP Algorithm. SIAM

Journal of Optimization, 2002, 13(1): 44–59

[9] m��YuC�g�� n�*!%bZ	sL=|3^T|L SQP id� efadd℄, 2009, 32(1):

37–49



58 K N \ 3 3 � 35d
(Tan L, Duan F J, Fan L. A Globally Convergent SQP Algorithm for Mathematical Programs with

Nonlinear Complementarity Constraints. Acta Mathematicae Applicatae Sinica, 2009, 32(1): 37–49)

[10] Zhu Z B, Zhang K C. A Super Linearly Convergent SQP Algorithm for Mathematical Programs with

Linear Complementarity Constraints. Applied Mathematics and Computation, 2006, 172: 222–244

A SQP-filter Algorithm for Mathematical Programs with

Nonlinear Complementarity Constraints
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Abstract In this paper, a new method of SQP-filter for mathematical programs with non-

linear complementarity constraints is proposed. By means of F-B function, the nonlinear

complementarity constraints condition is transformed into a nonsmooth equations, and then

the constrained optimization problem similar to the original problem is given by the use of

successive approximation and decomposition. The difficulty of choosing the penalty param-

eter associated with use of penalty functions can be avoided by introducing a new concept of

“filter”. Under suitable conditions, the global convergence is proved. The limited numerical

test shows its efficiency.
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