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60 � % 9 � � � 35CU[`(T*e (plasmid-bearing and plasmid-free organisms) M%=FD Chemostat w��B�a��EH4D6>��^N�� [6] �>a9)�S�D Chemostat w��B�ajO4D^N��*:�W�Gla�S�T4D^N��*:�WD#t�>3�0%� [7] Gla>)�S�D�Om�jO6>H4,�^eWd8*&iD�O^U��W�>"�eDb.� Chemostat w�pA)o-�� [2]. [8] �>aA)^W"�eDdF9	��=Fw���E4D6>���4D�z�U�>dF9�Om�f S(x, t), R(x, t) �1>,L t "�eD�Q� u(x, t) �1>,L t T*eD�Q�M~b_l:��w�K'mb\ P"a+�1
St = d0Sxx −muf(S,R)

Rt = d1Rxx − nug(S,R),

ut = d2uxx + u(mf(S,R) + cng (S,R) − k),

0 < x < 1, t > 0 (1.1)�5K)W
Sx(0, t) = −1, Sx(1, t) + γ0S(1, t) = 0,

Rx(0, t) = −1, Rx(1, t) + γ1R(1, t) = 0, (1.2)

ux(0, t) = 0, ux(1, t) + γ2u(1, t) = 0.-/K)W
S(x, 0) = S0(x) ≥ 0, R(x, 0) = R0(x) ≥ 0, u(x, 0) = u0(x) ≥ 0, 6≡ 0, (1.3)�V

f(S,R) =
S

1 + aS + bR
, g(S,R) =

R

1 + aS + bR
.D3 Michaelis-Menten �<D�nPy� d0, d1, d2 f�3"�e S,R �T*e u DP"j<� k ≥ 0 3T*e u D�Si�

[9] ;'�O3U�%m4a[��f	UlGlajO (1.1)–(1.3) >P"j<rFÆ�jT*e�SiD�OmH��4D6>��B�ajOH46>D,fK)��\GlP"j<�rFÆT*eA)�SiD���� (1.1)–(1.3), DW�O|p�Gs8-"_I�>I 3  fGl (1.1)–(1.3)D��EjO�;'? f	NUGl�H4D6>��'�?f	UlJu�4D�?��I 4 fX'^N�UlGl�f	4D? ^N��
2 �g�zf C1[0, 1] �1M%D Banach M%��^<!W ‖ · ‖ .

C1
Bi

[0, 1] =
{
u ∈ C1[0, 1] : ux(0) = 0, ux(1) + γiu(1) = 0}, i = 0, 1, 2,

X = C1
B0

[0, 1] × C1
B1

[0, 1]× C1
B2

[0, 1].



1� RWB�+�,
e�=!�dCE8 Chemostat v~3C�T 61mr$8-�'�D�n�U�	x 2.1[10] f X,Y 3 Banach M%� U 3 R ×X D�nG^�� f ∈ C2(U, Y ).$(T+��D λ ∈ R, a+ f(λ, u) = 0 mb f(λ, 0) = 0. !
L0 = Duf(λ0, 0), L1 = DλDuf(λ0, 0). mbK))Z�

(i) N(L0) 3( u0 B)D�XM%�� N(L0) = span {u0};

(ii) R(L0) D,X3 1, � codimR(L0) = dim (Y/R(L0)) = 1;

(iii) L1u0 /∈ R(L0),�6>�nH%< δ ��n C1 �q (λ, ϕ) : (−δ, δ) → R×Z,.B λ(0) = λ0, ϕ(0) = 0,T
| s |< δ, ) f(λ(s), s(u0 +ϕ(s))) = 0, WÆ6> (λ0, 0) D�n/�.B f D��dL�C>�q%��CA)�0 (λ, 0). DV Z 3 X D�n�^��mb X = span {u0}

⊕
Z

(���D x ∈ X |V�D{) x = αu0 + z, α ∈ R, z ∈ Z).	x 2.2[10]  �U 2.1 VD$()Z�( X ⊂ Y, ��$' i : X → Y 3\�D�Æ 0 3 L0 D i- ;YHEO�T DHE�<W u0, �6>f�N�> λ0 � 0 Dx/%D�<
λ→ (γ(λ), ν(λ)), s→ (η(s), ω(s)),.B

(γ(λ0), ν(λ0)) = (0, u0) = (η(0), ω(0)),

ν(λ) − u0 ∈ Z, ω(s) − u0 ∈ Z,>D^n/%f�)
Duf(λ, 0)ν(λ) = γ(λ)ν(λ), Duf(λ(s), u(s))ω(s) = η(s)ω(s).�Æ γ′(λ0) 6= 0. < |s| ≪ 1 ,� η(s) 6= 0, �

lim
s→0

sλ′(s)γ′(λ0)

η(s)
= −1.(�U 2.2 KL�f	4 u(s) D^N�( η(s) Dg�DN�< η(s) < 0 ,f	4^N�< η(s) > 0 ,f	4�^N�W η(s) . sλ′(s)γ′(λ0) Dg�r\��3K�M~�S sλ′(s)γ′(λ0) Dg�Q�Sf	4D^N��f T : R×X → X 3�n8D\�KTA^�Æmb T (b, 0) = 0. $(

T (b, u) = K(b)u+R(b, u), (2.1)�V K(b)Wq�8A^��Æ Ru(b, 0) = 0.`q- bHff	!<Gla+ u = T (b, u)Df	4�



62 � % 9 � � � 35C$( x0 3A^ T D�ntZ�OL�N� T > x0 L1DP�W i(T, x0) = deg (I−

T,B, x0), DV B 3� x0 W�|D�n��Æ x0 3 T > B VDV��OL��| x03A^ T D�OL�Æ I − T ′(x0) K}�zo x0 3 T DtZ�OLÆ
i(T, x0) = deg (I − T,B, x0) = deg (I − T ′(x0), B̂, 0),�V B̂ 3� 0 W�|D�n�� >a+ (2.1) V x0 = 0, � Leray-Schauder Q deg

(I −K(b), B̂, 0) = (−1)p, �V p 3A^ K(b) VC)8+ 1 DHEOD:<Y<M��C� T DP<K�M~ A K(b) DHEOB��	x 2.3[11]  T+xn ε > 0, b0 mb< 0 <| b − b0 |< ε , I −K(b) K}�$�
i(T (b, ·), 0) > (b0 − ε, b0) � (b0, b0 + ε) %W%<�Æ< b0 − ε < b1 < b0 < b2 < b0 + ε ,
i(T (b1, ·), 0) 6= i(T (b2, ·), 0), �a+ u = T (b, u) > (b, u) �r{6>�n\MfK C, .BmrXCM�)Z�

(i) C \0L (b0, 0) � (̂b, 0), �V I −K (̂b) �K}

(ii) C 4L (b0, 0) .Y�> R×X V)wb��

3 �skj��1Glm8 (1.1)–(1.3) D��EjOH4D6>�
d0Sxx −muf(S,R) = 0,

d1Rxx − nug(S,R) = 0, 0 < x < 1,

d2uxx + u(mf(S,R) + cng(S,R) − k) = 0,

(3.1)�5K)W
Sx(0) = −1, Sx(1) + γ0S(1) = 0,

Rx(0) = −1, Rx(1) + γ1R(1) = 0,

ux(0) = 0, ux(1) + γ2u(1) = 0.

(3.2)< u = 0 ,� S(x), R(x) mb
Sxx = 0, Rxx = 0, 0 < x < 1,

Sx(0) = −1, Sx(1) + γ0S(1) = 0,

Rx(0) = −1, Rx(1) + γ1R(1) = 0,�L%8a+6>V�4 S∗(x) = 1+γ0

γ0

− x, R∗(x) = 1+γ1

γ1

− x, x ∈ [0, 1].(Q4�a+�O3U�Lm8�U�	x 3.1  a+ (3.1), (3.2))di4 (S(x), R(x), u(x)),Æ u(x) 6≡ 0,� 0 < S(x) <

S∗(x), 0 < R(x) < R∗(x), Æ k )5��6> M = mf(S∗(0), 0)+ cng (R∗(0), 0) > 0, .B
k < M .
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zxx = 0, 0 < x < 1,

zx(0) = −d0 − cd1,

zx(1) + γz(1) = 0,�V γ = min {γ0, γ1, γ2}, �L z(x) = (d0 + cd1)
(

1+γ
γ

− x
)
.	x 3.2  a+ (3.1), (3.2))di4 (S(x), R(x), u(x)), Æ u(x) 6≡ 0, � d0S(x)+

cd1R(x) + d2u(x) ≤ z(x), x ∈ [0, 1].� ( (3.1), (3.2) KB
− (d0S + cd1R + d2u)xx = −uk ≤ 0, 0 < x < 1,

(d0S + cd1R+ d2u)x(0) = −d0 − cd1,

(d0S + cd1R+ d2u)x(1) + γ(d0S + cd1R+ d2u)(1) ≤ 0,uX'Q4�a+�O3UKB2l)Z�f u0(x) = S∗(x)−S(x), u1(x) = R∗(x)−R(x), u2(x) = u(x), +3a+ (3.1), (3.2)K��W�m�0
− d0u0xx = mu2f(S∗ − u0, R

∗ − u1),

− d1u1xx = nu2g(S
∗ − u0, R

∗ − u1), 0 < x < 1,

− d2u2xx = u2(mf(S∗ − u0, R
∗ − u1) + cng (S∗ − u0, R

∗ − u1) − k),

(3.3)�5K)W
uix(0) = 0, uix(1) + γiui(1) = 0, i = 0, 1, 2, (3.4)�V
f(S∗ − u0, R

∗ − u1) =
S∗ − u0

1 + a(S∗ − u0) + b(R∗ − u1)
,

g(S∗ − u0, R
∗ − u1) =

R∗ − u1

1 + a(S∗ − u0) + b(R∗ − u1)
.��E_I (3.1), (3.2) H4D�U[�WGl (3.3), (3.4) DH4�T��vND m,n, c, - k fWf	!<�M~? f	��?f	UlQGl

(3.3), (3.4) H4D6>��f λ∗ 3HEO_I
d2ηxx + (mf(S∗, R∗) + cng (S∗, R∗))η = λη, 0 < x < 1,

ηx(0) = 0, ηx(1) + γ2η(1) = 0
(3.5)DZHEO�T DZHE�<W η1(x) > 0, Æ ‖ η1(x) ‖= 1.



64 � % 9 � � � 35Cf µ̂ 3m8HEO_IDZHEO
ηxx + µ

(
f(S∗, R∗) + g(S∗, R∗)

)
η = 0, 0 < x < 1,

ηx(0) = 0, ηx(1) + γ2η(1) = 0, min{m, cn} > µ̂d2, � λ∗ > 0.N�
T (k, u0, u1, u2)

=
(
mK0u2f(S∗ − u0, R

∗ − u1), nK1u2g(S
∗ − u0, R

∗ − u1),K2u2(mf(S∗ − u0, R
∗ − u1)

+ cng (S∗ − u0, R
∗ − u1) − k)

)
,�V Ki 3 −di

d2

dx2 > C1
Bi
D}A^� i = 0, 1, 2.! G(k, u0, u1, u2) = (u0, u1, u2) − T (k, u0, u1, u2), � G(k, u0, u1, u2) = 0 Ddi4T +a+ (3.3), (3.4) Ddi4��( G 3 C1 �<Æ G(k, 0, 0, 0) = 0.nx 3.3 ( min{m, cn} > µ̂d2, � (λ∗, 0, 0, 0)3a+ (3.3), (3.4) D�nf	L�Æ> (λ∗, 0, 0, 0) Dxn/{ka+6>H4�� f L(λ∗, 0, 0, 0) = D(u0,u1,u2)G(λ∗, 0, 0, 0), �( L(λ∗, 0, 0, 0)(ω, χ, η)T = 0 KL

d0ωxx +mf(S∗, R∗)η = 0,

d1χxx + ng(S∗, R∗)η = 0, 0 < x < 1,

d2ηxx + (mf(S∗, R∗) + cng (S∗, R∗) − λ∗)η = 0,

(3.6)�5K)
ωx(0) = 0, ωx(1) + γ0ω(1) = 0,

χx(0) = 0, χx(1) + γ1χ(1) = 0,

ηx(0) = 0, ηx(1) + γ2η(1) = 0.

(3.7)( (3.5) L η = η1, ω = ω1 = K0(mf(S∗, R∗)η1), χ = χ1 = K1(ng(S
∗, R∗)η1). �3

N(L(λ∗, 0, 0, 0)) = span {U0}, U0 = (ω1, χ1, η1)
T .

L(λ∗, 0, 0, 0) DBA^W L∗(λ∗, 0, 0, 0), �( L∗(λ∗, 0, 0, 0)(ω, χ, η)T = 0 B
N(L∗(λ∗, 0, 0, 0)) = span {U∗}, U∗ = (0, 0, η1)

T .( Fredholm �?qUKL
R(L(λ∗, 0, 0, 0)) =

{
(ω, χ, η)T ∈ X :

∫ 1

0

ηη1 dx = 0
}
.C�

codimR(L(λ∗, 0, 0, 0)) = dimN(L∗(λ∗, 0, 0, 0)) = 1.



1� RWB�+�,
e�=!�dCE8 Chemostat v~3C�T 65f L1(λ
∗, 0, 0, 0) = DkD(u0,u1,u2)G(λ∗, 0, 0, 0), �

L1(λ
∗, 0, 0, 0))(ω1, χ1, η1)

T = (0, 0,K2η1)
T .n� L1(λ

∗, 0, 0, 0)(ω1, χ1, η1)
T 6∈ R

(
L(λ∗, 0, 0, 0)

)
.(�U 2.1KL�6> δ > 0��n C1 �< (k(s), φ(s), ψ(s), θ(s)) : (−δ, δ) → R×X .mb k(0) = λ∗, φ(0) = 0, ψ(0) = 0, θ(0) = 0, Æ φ(s), ψ(s), θ(s) ∈ Z. �V X =

Z
⊕
N(L(λ∗, 0, 0, 0)),� (k(s), u0(s), u1(s), u2(s)) = (k(s), s(ω1 +φ(s)), s(χ1 +ψ(s)), s(η1 +

θ(s))) mb G(k(s), u0(s), u1(s), u2(s)) = 0. �3 (k(s), u0(s), u1(s), u2(s)) (0 < s < δ) 3
(3.3), (3.4) DH4�(NU 3.2 L�a+ (3.1), (3.2) )H4 (S(s), R(s), u(s)) (0 < s < δ), �V

S(s) = S∗ − s(ω1 + φ(s)), R(s) = R∗ − s(χ1 + ψ(s)), u(s) = s(η1 + θ(s)).	x 3.4 a+ (3.6) D4 (ω1, χ1, η1)
T > [0, 1] %3HD�� ( η1 DN�KL η1 > 0. �W ω1 mb

− d0ω1xx = mf(S∗, R∗)η1 > 0, 0 < x < 1,

ω1x(0) = 0, ω1x(1) + γ0ω1(1) = 0,(�O3UKB> [0,1] % ω1 > 0. NUKJu χ1 > 0, x ∈ [0, 1].f F (k) = D(u0,u1,u2)T (k, 0, 0, 0) = (F1, F2, F3)
T , �V

F1(ω, χ, η) = mK0(f(S∗, R∗)η),

F2(ω, χ, η) = nK1(g(S
∗, R∗)η),

F3(ω, χ, η) = K2

(
(mf(S∗, R∗) + cng (S∗, R∗) − k)η

)
.

(1) $( λ ≥ 1 3 F (k) DHEO�T DHE�<W (ω, χ, η), �
mK0(f(S∗, R∗)η) = λω,

nK1(g(S
∗, R∗)η) = λχ, 0 < x < 1,

K2((mf(S∗, R∗) + cng (S∗, R∗) − k)η) = λη.�5K)
ωx(0) = 0, ωx(1) + γ0ω(1) = 0,

χx(0) = 0, χx(1) + γ1χ(1) = 0,

ηx(0) = 0, ηx(1) + γ2η(1) = 0,�
d0λωxx +mf(S∗, R∗)η = 0,

d1λχxx + ng(S∗, R∗)η = 0, 0 < x < 1,

d2ληxx + (mf(S∗, R∗) + cng (S∗, R∗) − k)η = 0,

(3.8)



66 � % 9 � � � 35C��r D�5K)� η ≡ 0, �(a+�L ω ≡ 0, χ ≡ 0, D.HE�<N�nU��3 η 6≡ 0, ?uTxn λ, k = ki(λ) (i = 0, 1, 2, · · ·), �V ki(λ) w+ λ ≥ 1 J'WÆK��m��
k0(λ) > k1(λ) ≥ k2(λ) ≥ · · · ,H�G� k0(1) = λ∗.

(2)  λ ≥ 1, ÆTxn i = 0, 1, 2, · · · , k = ki(λ), � η 6≡ 0, ω = λ−1K0(mf(S∗, R∗)η),

χ = λ−1K1(ng(S
∗, R∗)η), D?u (ω, χ, η) 3 F (k) D�nHE�<�2� (1), (2)L λ ≥ 1 3 F (k)DHEO<Æ9<Txn i, k = ki(λ) (i = 0, 1, 2, · · ·).

(3) $( k > λ∗, � k > k0(1) ≥ ki(λ), λ ≥ 1, i = 0, 1, 2, · · · , ?u F (k) p)8+ 1DHEO�C� i(T (k, ·), 0) = 1.

(4) $( λ∗ − ε0 < k < λ∗, �V ε0 > 0 ,fx�zo k0(1) − ε0 < k < k0(1), (+
k0(λ) w+ λ J'�C��N6>V�D λ̂ > 1, .B k = k0(λ̂). �3 λ̂ 3 F (k) DHEO��L

N(λ̂I − F (k)) = span
{
(ω, χ, η)

}
, dimN(λ̂I − F (k)) = 1,�V η > 0 3HEO_I

d2λ̂ηxx + (mf(S∗, R∗) + cng (S∗, R∗))η = kη, 0 < x < 1,

ηx(0) = 0, ηx(1) + γ2η(1) = 0DZHE�<� ω = λ̂−1K0(mf(S∗, R∗)η), χ = λ̂−1K1(ng(S
∗, R∗)η).mr?u R(λ̂I − F (k)) ∩N(λ̂I − F (k)) = 0.$(%0�)Z��b( (ω, χ, η) ∈ R(λ̂I − F (k)), zo6> (ω, χ, η) ∈ X , .B

(λ̂I − F (k))(ω, χ, η) = (ω, χ, η), �
λ̂d2ηxx + (mf(S∗, R∗) + cng (S∗, R∗) − k)η = d2ηxx, 0 < x < 1,

ηx(0) = 0, ηx(1) + γ2η(1) = 0,-%0^�N*� η �> [0, 1] %�f�KB
d2

∫ 1

0

ηηxx dx =

∫ 1

0

(λ̂d2ηxx + (mf(S∗, R∗) + cng (S∗, R∗) − k)η)η dx

=

∫ 1

0

(λ̂d2ηxx + (mf(S∗, R∗) + cng (S∗, R∗) − k)η)η dx = 0.�W ∫ 1

0
ηηxx dx = −γ2η

2(1) −
∫ 1

0
(ηx)2 dx, C� γ2η

2(1) +
∫ 1

0
(ηx)2 dx = 0, 4B η(x) = 0,. η(x) 3ZHE�<nU�u R(λ̂I − F (k)) ∩N(λ̂I − F (k)) = 0, D?u λ̂ D:<Y<3 1, �< λ∗ − ε0 < k < λ∗ ,� i(T (k, ·), 0) = −1.(�U 2.3�2� (3), (4)L�> R+×X V�G(k, u0, u1, u2)6>~L (λ∗, 0, 0, 0)D\MfK C0, �Æ> (λ∗, 0, 0, 0) j: G(k, u0, u1, u2) = 0 DC)4P>f	�q% (�qD6>�(�U 2.1 o.).
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{
(k(s), s(ω1+φ(s)), s(χ1+ϕ(s)), s(η1+

θ(s)) : −δ < s < 0
}
, �>f	L (λ∗, 0, 0, 0)j: C1 ���q {(k(s), s(ω1 +φ(s)), s(χ1 +

ϕ(s)), s(η1 + θ(s)) : 0 < s < δ}. ! C = {(k, S∗ − u0, R
∗ − u1, u) : (u0, u1, u) ∈ C1}, n��

C ��aa+ (3.1), (3.2) Df	4�f P =
{
(u0, u1, u2) ∈ X : ui > 0, i = 0, 1, 2, x ∈ [0, 1]

}
, zo> (λ∗, S∗, R∗, 0)Dx/{) C − {(λ∗, S∗, R∗, 0)} ⊂ R+ × P .� m8NUV “k = 0 Dr” 3P k = 0, S(x) ≥ 0, R(x) ≥ 0, u(x) ≥ 0 D'�r


“u = 0 Dr” 3P u(x) = 0, S(x) ≥ 0, R(x) ≥ 0, k ≥ 0 D'�r�nx 3.5 \MfK C 4 k = 0 Dr2.H℄ R+ × P .� (�U 3.1 � 3.2 L�\MfK C −{(λ∗, S∗, R∗, 0)} mb 0 < S(x) < S∗(x), 0 <

R(x) < R∗(x), 0 ≤ u(x) ≤ z(x), x ∈ [0, 1] Æ 0 ≤ k < M, ( LP s � Sobolev �NUL ‖ S ‖C1 , ‖ R ‖C1 , ‖ u ‖C1≤ N, N 3. k bwD%<�C� C > R+ × P V�|)�b��u C 2.H℄ R+ × P .�L S(x) > 0, R(x) > 0.�| C4 u = 0Dr2.H℄R+×P,�6> (k̂, S∗, R∗, 0) ∈

{C − (λ∗, S∗, R∗, 0)} ∩ ∂(R+ × P ) ��6>�b {(kl, Sl, Rl, ul)} ⊂ C ∩ (R+ × P ), mb
(kl, Sl, Rl, ul) → (k̂, S∗, R∗, 0) (l → +∞). (+ (kl, Sl, Rl, ul) mb

− d2ulxx = ul(mf(Sl, Rl) + cng (Sl, Rl) − kl), 0 < x < 1,

ulx(0) = 0, ulx(1) + γ2ul(1) = 0.f Ul = ul

‖ul‖
, �(%8a+B�

− d2Ulxx = Ul(mf(Sl, Rl) + cng (Sl, Rl) − kl), 0 < x < 1,

Ulx(0) = 0, Ulx(1) + γ2Ul(1) = 0, (3.9)( LP s � Sobolev �NU� {Ul} 6>�n6℄^�b�!W {Ul}, .B Ul →

v, l → +∞ Æ v ≥ 0, v 6≡ 0.-a+ (3.8) ^�N,��p�KB
− d2vxx = v(mf(S∗, R∗) + cng (S∗, R∗) − k̂), 0 < x < 1,

vx(0) = 0, vx(1) + γ2v(1) = 0,(�O3UB v > 0, ∀x ∈ [0, 1]. �3� k̂ = λ∗, nU�u C Q|4 k = 0 Dr2.H℄
R+ × P .

4 �sk�m��1`q 'q�A^D�OUl�f	4D^N�UlQGlf	Lj:H4D^N��f X1 = (C2,α[0, 1])3 ∩X, Y = (Cα[0, 1])3, i : X → Y 3��$'�



68 � % 9 � � � 35C	x 4.1 0 3 L(λ∗, 0, 0, 0)D i− &;HEO��V L(λ∗, 0, 0, 0)(NU 3.3 DJuVo.�� ( L(λ∗, 0, 0, 0)(φ, ψ, η)T = 0, �
d0φxx +mf(S∗, R∗)η = 0,

d1ψxx + ng(S∗, R∗)η = 0,

d2ηxx + (mf(S∗, R∗) + cng (S∗, R∗) − λ∗)η = 0,

φx(0) = 0, φx(1) + γ0φ(1) = 0,

ψx(0) = 0, ψx(1) + γ1ψ(1) = 0,

ηx(0) = 0, ηx(1) + γ2η(1) = 0,

0 < x < 1.

(�rDffL N(L(λ∗, 0, 0, 0)) = span
{
(φ1, ψ1, η1)

}
, �V

φ1 = K0(mf(S∗, R∗)η1), ψ1 = K1(ng(S
∗, R∗)η1).! L∗(λ∗, 0, 0, 0) W L(λ∗, 0, 0, 0) DBA^�( L∗(λ∗, 0, 0, 0)(φ, ψ, η)T = 0, �

d0φxx = 0, d1ψxx = 0, 0 < x < 1,

mf(S∗, R∗)φ+ ng(S∗, R∗)ψ + d2ηxx + (mf(S∗, R∗)φ+ cng (S∗, R∗)ψ − λ∗)η = 0,

φx(0) = 0, φx(1) + γ0φ(1) = 0,

ψx(0) = 0, ψx(1) + γ1ψ(1) = 0,

ηx(0) = 0, ηx(1) + γ2η(1) = 0,��L φ ≡ 0, ψ ≡ 0, η = η1. C� N(L∗(λ∗, 0, 0, 0)) = span {(0, 0, η1)}. �
R(L(λ∗, 0, 0, 0)) =

{
(u0, u1, u2) ∈ Y :

∫ 1

0

u2η1 dx = 0
}
.n�� i(φ1, ψ1, η1) 6∈ R(L(λ∗, 0, 0, 0)). u 0 3 L(λ∗, 0, 0, 0) D i- &;HEO�	x 4.2 0 3 L(λ∗, 0, 0, 0) D- d8HEO�Æ L(λ∗, 0, 0, 0) D�,HEOPY+eÆh�r�� (�U 4.1 KL� 0 3 L(λ∗, 0, 0, 0) DHEO�$( λ̂0 3 L(λ∗, 0, 0, 0) - d8DHEO�Æ Re (λ̂0) > 0. T DHE�<W

(φ, ψ, ξ). zo L(λ∗, 0, 0, 0)(φ, ψ, ξ) = λ̂0(φ, ψ, ξ), �
d0φxx +mf(S∗, R∗)ξ = λ̂0φ,

d1ψxx + ng(S∗, R∗)ξ = λ̂0ψ,

d2ξxx + (mf(S∗, R∗) + cng(S∗, R∗) − λ∗)ξ = λ̂0ξ

0 < x < 1��r D�5K)� ξ ≡ 0, � d0φxx = λ̂0φ, d1ψxx = λ̂0ψ, u φ ≡ 0, ψ ≡ 0, nU�4W ξ 6≡ 0. C� λ̂0 3 d2ξxx + (mf(S∗, R∗) + cng (S∗, R∗) − λ∗)ξ = λξ ��r �5K
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e�=!�dCE8 Chemostat v~3C�T 69)DHEO��3 λ̂0 ∈ R, Æ λ̂0 ≤ 0, D.$(nU�C� 0 3 L(λ∗, 0, 0, 0)D- d8HEO�Æ L(λ∗, 0, 0, 0) D�,HEOPY+eÆh�r�(�U 2.2 KL�> (λ∗, 0, 0, 0) D/%6> C1 �< k → (ν(k),W (k)), s →

(µ(s), V (s)), .B (ν(λ∗),W (λ∗)) = (0, (ω1, χ1, η1)) = (µ(0), V (0)), �V
W (k) − (ω1, χ1, η1) ∈ Z, V (s) − (ω1, χ1, η1) ∈ Z, Z ⊕ span

{
(ω1, χ1, η1)

}
= X,�Æ

L(k, 0, 0, 0)W (k) = ν(k)W (k), |k − λ∗| ≪ 1, (4.1)

L(k(s), u0(s), u1(s), u2(s))V (s) = µ(s)V (s), |s| ≪ 1, (4.2)Æ ν′(λ∗) 6= 0,�VW (k) = (w1(k), w2(k), w3(k)), V (s) = (v1(s), v2(s), v3(s)). < |s| ≪ 1,� µ(s) 6= 0, �
lim
s→0

sk
′

(s)ν′(λ∗)

µ(s)
= −1.< µ(s) < 0 ,�f	43^ND
< µ(s) > 0 ,f	43�^ND�	x 4.3 ν′(λ∗) < 0.� ( (4.1) 0KL

d0w1xx +mf(S∗, R∗)w3 = ν(k)w1,

d1w2xx + ng(S∗, R∗)w3 = ν(k)w2,

d3w3xx + (mf(S∗, R∗) + cng (S∗, R∗) − k)w3 = ν(k)w3.

0 < x < 1���5K)
w1x(0) = 0, w1x(1) + γ0w1(1) = 0,

w2x(0) = 0, w2x(1) + γ1w2(1) = 0,

w3x(0) = 0, w3x(1) + γ2w3(1) = 0,(+ |k − λ∗| ≪ 1, �< k ,f0: λ∗ ,� |ν(k)| ≪ 1.  w3 ≡ 0, |k − λ∗| ≪ 1, KP.
w1 ≡ 0, w2 ≡ 0, nU�u w3 6≡ 0, � ν(k) 3 (d2

d2

dx2 +mf(S∗, R∗) + cng (S∗, R∗) − k) DHEO�( η1 > 0 L ν(k) 3 (d2
d2

dx2 +mf(S∗, R∗) + cng (S∗, R∗)− k) DZHEO�X'ZHEOD�UKB�< |k−λ∗| ≪ 1 ,� ν(k) w+ k 3J'D�*(+ ν′(λ∗) 6= 0, �
ν′(λ∗) < 0.	x 4.4 k(s) > s = 0 1D=<mb

k′(0)

∫ 1

0

η2
1 dx =

∫ 1

0

Iη2
1 dx,�V

I =
(mb− cna)(χ1S

∗ − ω1R
∗) −mω1 − cnχ1

(1 + aS∗ + bR∗)2
.



70 � % 9 � � � 35C� - (k(s), u0(s), u1(s), u2(s)) = (k(s), s(ω1 + φ(s)), s(χ1 + ψ(s)), s(η1 + θ(s))) :�
(3.3) DI!n0^KB�

d2(s(η1 + θ(s)))xx +
(
mf(S∗ − s(ω1 + φ(s)), R∗ − s(χ1 + ψ(s))

)

+ cng (S∗ − s(ω1 + φ(s)), R∗ − s(χ1 + ψ(s))) − k(s))s(η1 + θ(s)) = 0.^�N/� s, w+ s �=��f s = 0, KB
d2(θ

′(0))xx + (mf(S∗, R∗) + cng (S∗, R∗) − λ∗)θ′(0)

+
(mb − cna)(χ1S

∗ − ω1R
∗) −mω1 − cnχ1

(1 + aS∗ + bR∗)2
η1 = k′(0)η1.f

I =
(mb− cna)(χ1S

∗ − ω1R
∗) −mω1 − cnχ1

(1 + aS∗ + bR∗)2
,� d2(θ

′(0))xx + (mf(S∗, R∗) + cng (S∗, R∗) − λ∗)θ′(0) + Iη1 = k′(0)η1.^�N*� η1, �> [0, 1] %�fB
k′(0)

∫ 1

0

η2
1 dx =

∫ 1

0

Iη2
1 dx.�| I < 0,� k′(0) < 0,zo< 0 < s≪ 1,�k′(s) < 0,(�U 4.1–4.3L µ(s) < 0;\M� I > 0, � µ(s) > 0. +3)m8H4^N���NU�nx 4.5 �| I < 0,zo> (λ∗, 0, 0, 0)j:�jO (3.3), (3.4)Dr64 (u0(s), u1(s),

u2(s)) 3^ND
\M (u0(s), u1(s), u2(s)) �^N�� T+
I =

(mb − cna)(χ1S
∗ − ω1R

∗) −mω1 − cnχ1

(1 + aS∗ + bR∗)2
< 03K���D�mr�Y?u�(+ ω1, χ1 > 0, C� −mω1 − cnχ1 < 0. � γ0 = γ1 = γ, � S∗ = R∗, o>Q��Ig (mb− cna)(χ1 − ω1)S

∗ Dg���V ω1, χ1 mbDa+W
d1ω1xx +mf(S∗, S∗)η1 = 0, 0 < x < 1,

d2χ1xx + ng(S∗, S∗)η1 = 0, 0 < x < 1,

ω1x(0) = 0, ω1x(1) + γω1(1) = 0,

χ1x(0) = 0, χ1x(1) + γχ1(1) = 0,f W = ω1 − χ1, � W mbDa+W�
Wxx +

(m
d1

−
n

d2

)
f(S∗, S∗)η1 = 0, 0 < x < 1,

Wx(0) = 0, Wx(1) + γW (1) = 0,
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d1

≥ n
d2

, �
−Wxx =

(m
d1

−
n

d2

)
f(S∗, S∗)η1 ≥ 0, 0 < x < 1,

Wx(0) = 0, Wx(1) + γW (1) = 0,(�O3UB W (x) ≥ 0, x ∈ [0, 1], � ω1 − χ1 ≥ 0,  !<�O.B mb − cna > 0, �
I < 0.a%C8��4<D!<OK.Bf	4^N�h v ~ �
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Abstract The property of solution for the unstirred chemostat model with two nutrients

is discussed in this paper. Using the maximum principle, lower-upper solution method

and bifurcation theory, the existence of positive steady-state solution is obtained. By the

stability theorem, the stability of the positive steady state solution is proved.
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