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[

ϕp(u
′′(t))

]

′′ = f(t, u(t)), t ∈ (0, 1),

u(0) = au(ξ), u′′(0) = bu′′(η),

u(1) = au(ξ), u′′(1) = bu′′(η), t ∈ [0, 1]

(1.1)5E�`�5&V&�^&5 ϕp(t) = |t|p−2t, p > 1, 0 < a, b, ξ, η < 1 g�n� f ∈

C((0, 1) × (0, +∞), [0, +∞)) V t = 0, t = 1 o u = 0 !�BI?��E"���QM��g{V%5iDGmBJ2k)5|G�w8q5gG":j)-5�%�℄�im-���M� (1.1)  �V,%5m} [1–2], GK:jIk��$5,�6y,!\L.t&k5,66�"�� [3] m Timoshenko bK/&5
 2009 D 1 R 10 Sh1�
∗ V?^xP�,p� (ZR2009AL016) ur�=�



802 B E k * * 	 34�0�� [4] m Soedel E�^$�5y56�B�:sm�<n$d5q:�g{50��2��nI'FbK/&,M�5�[�} [5–8].{��V p = 2 i f ��II?&5L��� Chen et al.[5] (GX��MIi�A:%5�y5/�95q�q:�g{5`�5&V&














u(4)(t) = f(t, u(t)), t ∈ (0, 1),

u(0) = u(1) = 0,

au′′(ξ1) − bu′′′(ξ1) = 0, cu′′(ξ2) + du′′′(ξ2) = 0,^&5 f ∈ C([0, 1] × [0, +∞), [0, +∞)) bK�- u gO|5��K&V`�n µ < 1,3
kµu ≤ f(t, µu), ∀ 0 ≤ k ≤ 1.V Lidstone �g��oGv���� [7, 10–16] 5|℄(GX��MI�y5/M�

u(4)(t) = f(t, u(t))5`�5&V&�q��&M�5s)gO%VGm5a;mJtko55|G�QG�EK p = 2 5L���Qsw [ϕp(u
′′)]′′ gO�&5�ED [5,7,10,19]m5q5℄�

Fredholm �X>%Ls)gO%�BG��/�S^! ��Æ���y5/�g{ (1.1)5 Greengn5&k�(GX��MIi Schauder�A:>%32/V{"5&V&>%�GmO�&� f S'V t = 0, t = 1 o u = 0 I?�MIi [5–20] Ik)5���Æ�V8 2 �Q�
Z8!>=iA%�M �b5 Greengn��Z Greengn58!{-&k�8 3�QgE�`�5&V&>%��V{lZ /8Y�|)w:z2Æ�u3�e�
2 &~)��$��y X = {u : u, ϕp(u

′′) ∈ C2[0, 1]} g0� BVP(1.1) 5qÆ�y��" 2.1 8Ygn u���g{ (1.1)5�gh u ∈ X K6y (1.1). 2� ug`�ghTe u g BVP(1.1) 5��K u(t) > 0, ∀ t ∈ [0, 1]. u gE�`�gh ∀ t ∈ [0, 1]6y u(t) = u(1 − t) 5`���" 2.2 α ∈ X , Æ8o α g�g{ (1.1) 5E���ghTe α 6y
[

ϕp(α
′′(t))

]

′′ ≤ f
(

t, α(t)
)

, ∀ t ∈ (0, 1), α(t) = α(1 − t), t ∈ [0, 1],

α(0) ≤ aα(ξ), α(1) ≤ aα(ξ), α′′(0) ≥ bα′′(η), α′′(1) ≥ bα′′(η).



5F }e��\11�* P-Laplacian rv4p9p�H>�f�z4D�_� 803�" 2.3 β ∈ X , Æ8o β g�g{ (1.1) 5E�X�ghTe β 6y
[

ϕp(β
′′(t))

]

′′ ≥ f
(

t, β(t)
)

, ∀ t ∈ (0, 1), β(t) = β(1 − t), t ∈ [0, 1],

β(0) ≥ aβ(ξ), β(1) ≥ aβ(ξ), β′′(0) ≤ bβ′′(η), β′′(1) ≤ bβ′′(η).%� 2.1[21] 3 0 < a < 1
ξ
, c ≥ 0, d ≥ 0. Te y ∈ C[0, 1] K y ≥ 0, >7M�

{

u′′(t) + y(t) = 0, t ∈ (0, 1),

u(0) = c, u(1) − au(ξ) = d,I�8� u 6y u(t) ≥ 0, t ∈ [0, 1].%� 2.2 �g{
{

−u′′(t) = 0, t ∈ (0, 1),

u(0) = u(1) = au(ξ)i
{

−u′′(t) = 0, t ∈ (0, 1),

u(0) = u(1) = bu(η)5X0gnQ��
G(t, s) = K(t, s) +

aK(ξ, s)

1 − a
(2.1)i

H(t, s) = K(t, s) +
bK(η, s)

1 − b
, (2.2)Gm

K(t, s) =

{

s(1 − t), 0 ≤ s ≤ t < 1,

t(1 − s), 0 ≤ t ≤ s < 1.6 [
u(t) = −

∫ t

0

∫ s

0

f(m, u) dm ds + c1t + c2,Y
u(0) = c2 = au(ξ), u(1) = −

∫ 1

0

∫ s

0

f(m, u) dm ds + c1 + c2 = c2,$GI
c1 =

∫ 1

0

∫ s

0

f(m, u) dm ds.J��
u(ξ) = −

∫ ξ

0

∫ s

0

f(m, u) dm ds + c1ξ + c2,� c1 ,UXd3
c2 =

−a
∫ ξ

0

∫ s

0
f(m, u) dm ds + aξ

∫ 1

0

∫ s

0
f(m, u) dm ds

1 − a
,
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u(t) = −

∫ t

0

∫ s

0

f(m, u) dm ds + t

∫ 1

0

∫ s

0

f(m, u) dm ds

+
−a

∫ ξ

0

∫ s

0 f(m, u) dm ds + aξ
∫ 1

0

∫ s

0 f(m, u) dm ds

1 − a

=

∫ 1

0

[

K(t, s) +
aK(ξ, s)

1 − a

]

f(s, u) ds,Gm
K(t, s) =

{

s(1 − t), 0 ≤ s ≤ t < 1,

t(1 − s), 0 ≤ t ≤ s < 1.�"
G(t, s) = K(t, s) +

aK(ξ, s)

1 − a
,�%�a

H(t, s) = K(t, s) +
bK(η, s)

1 − b
.�4�9�&�g{

{ [

ϕpt(u
′′(t))

]

′′ = y(t), t ∈ (0, 1),

u(0) = u(1) = au(ξ), u′′(0) = u′′(1) = bu′′(η),
(2.3)HA% 2.1 �e�32%� 2.3 3 0 < ξ, η < 1, 0 ≤ a, b < 1. Te y ∈ C[0, 1] i y ≥ 0, >7 BVP(2.3) I�8� u(t) ≥ 0, t ∈ [0, 1], 6y

u(t) =

∫ 1

0

G(t, r)ϕ−1
p

(

∫ 1

0

H(r, s)y(s) ds
)

dr. (2.4)%� 2.4 X0gn G(t, s), H(t, s) IT�&k�
(i) ER<5 (t, s) ∈ [0, 1] × [0, 1], I G(t, s) = G(1 − t, s), H(t, s) = H(1 − t, s).

(ii) ER<5 (t, s) ∈ [0, 1] × [0, 1], I G(t, s) ≤ G(s, s), H(t, s) ≤ H(s, s).

(iii) ER<5 t0 ∈ (0, 1),

G(t, s)

G(t0, s)
≥ (1 − a)t(1 − t), ∀ t, s ∈ (0, 1). (2.5)6 H>=; (i), (ii) �*��a (iii), 3 s ∈ [0, ξ], Y

(a) 0 s ≤ t0 ≤ t `�
G(t, s)

G(t0, s)
=

s(1 − t) + as(1−ξ)
1−a

s(1 − t0) + as(1−ξ)
1−a

≥
s(1 − t)

s(1 − t0)
≥ 1 − t ≥ (1 − a)t(1 − t).
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(b) 0 s ≤ t ≤ t0 `�
G(t, s)

G(t0, s)
=

s(1 − t) + as(1−ξ)
1−a

s(1 − t0) + as(1−ξ)
1−a

≥
(1 − a)s(1 − t)

(1 − a)s(1 − t0) + as(1 − ξ)

=
(1 − a)(1 − t)

(1 − a)(1 − t0) + a(1 − ξ)
≥ (1 − a)(1 − t) ≥ (1 − a)t(1 − t).

(c) 0 t0 ≤ t ≤ s `�
G(t, s)

G(t0, s)
=

t(1 − s) + as(1−ξ)
1−a

t0(1 − s) + as(1−ξ)
1−a

≥
(1 − a)(1 − s)t

(1 − a)(1 − s)t0 + as(1 − ξ)

≥
(1 − a)(1 − s)t

(1 − a)(1 − s)t0 + as(1 − s)
=

(1 − a)t

(1 − a)t0 + as

≥(1 − a)t ≥ (1 − a)t(1 − t).

(d) 0 t ≤ t0 ≤ s `�
G(t, s)

G(t0, s)
=

t(1 − s) + as(1−ξ)
1−a

t0(1 − s) + as(1−ξ)
1−a

≥
s(1 − t)

s(1 − t0)
≥ (1 − a)(1 − t) ≥ (1 − a)t(1 − t).

(e) 0 t0 ≤ s ≤ t `�
G(t, s)

G(t0, s)
=

t(1 − s) + as(1−ξ)
1−a

s(1 − t0) + as(1−ξ)
1−a

≥
(1 − a)(1 − s)t

(1 − a)s(1 − t0) + as(1 − ξ)

≥
(1 − a)(1 − s)t

(1 − a)s(1 − t0) + as(1 − s)
≥

(1 − a)(1 − s)t

(1 − a)s(1 − s) + as(1 − ξ)

≥(1 − a)t ≥ (1 − a)t(1 − t).

(f) 0 t ≤ s ≤ t0 `�
G(t, s)

G(t0, s)
=

s(1 − t) + as(1−ξ)
1−a

t0(1 − s) + as(1−ξ)
1−a

≥
s(1 − t)(1 − a)

(1 − a)(1 − s)t0 + as(1 − ξ)

≥
(1 − a)s(1 − t)

(1 − a)t0(1 − s) + as(1 − ξ)
≥

(1 − a)(1 − t)

(1 − a)(1 − s) + a(1 − ξ)

=
(1 − a)(1 − t)

(1 − a)(1 − t)1 − s
≥

(1 − a)(1 − t)

1 − s
≥ (1 − a)(1 − t)t.0 s ∈ [ξ, 1] `�G�35MI�:a;

G(t, s)

G(t0, s)
≥ (1 − a)t(1 − t), ∀ t, s ∈ (0, 1).` (iii) �*�

3 -!Æ
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(H1) f(t, u) ∈ C[(0, 1)× (0, +∞), [0, +∞)],�K f(t, u)bK�- ugOZ5�f(t, u)bK t gE�5�u f(t, u) = f(1 − t, u).

(H2) ER<5�n λ > 0,

0 <

∫ 1

0

H(s, s)f(s, λs(1 − s)) ds < +∞.

(H3) &V+(gn a(t) i<Ya>5�n k 3 a(t) ≥ kt(1 − t), t ∈ [0, 1] i
∫ 1

0

G(t, r)ϕ−1
p

(

∫ 1

0

H(r, s)f(s, a(s)) ds
)

dr = b(t) ≥ a(t),

∫ 1

0

G(t, r)ϕ−1
p

(

∫ 1

0

H(r, s)f(s, b(s)) ds
)

dr ≥ a(t).>7�g{ (1.1) iYI8YE�`� ω 6y�&V m > 0, 3 ω(t) ≥ mt(1 − t).6 3
P =

{

u ∈ C[0, 1] : u(t) = u(1 − t), &V`n ku 3 u(t) ≥ kut(1 − t), t ∈ [0, 1]
}

.k�Q� t(1 − t) ∈ P, �" P gO�5��>= X X5sw T T��
Tu(t) =

∫ 1

0

G(t, r)ϕ−1
p

(

∫ 1

0

H(r, s)f(s, u(s)) ds
)

dr, ∀u(s) ∈ P.ER<5 u ∈ P , [� P 5>=&V8Y`n ku, 3 u(t) ≥ kut(1 − t), t ∈ [0, 1]. H
(H1) i (H2) I

∫ 1

0

H(r, s)f(s, u(s)) ds ≤

∫ 1

0

H(s, s)f(s, kus(1 − s)) ds < +∞.�"
Tu(t) =

∫ 1

0

G(t, r)ϕ−1
p

(

∫ 1

0

H(r, s)f(s, u(s)) ds
)

dr

≤

∫ 1

0

G(r, r)ϕ−1
p

(

∫ 1

0

H(s, s)f(s, kus(1 − s)) ds
)

dr

=

∫ 1

0

G(r, r) drϕ−1
p

(

∫ 1

0

H(s, s)f(s, kus(1 − s)) ds
)

< + ∞. (3.1)



5F }e��\11�* P-Laplacian rv4p9p�H>�f�z4D�_� 807)Xa>5 t0 ∈ (0, 1) 3 Tu(t0) = KTu > 0. HA% 2.4 32
Tu(t) =

∫ 1

0

G(t, r)ϕ−1
p

(

∫ 1

0

H(r, s)f(s, u(s)) ds
)

dr

=

∫ 1

0

G(t, r)

G(t0, r)
G(t0, r)ϕ

−1
p

(

∫ 1

0

H(r, s)f(s, u(s)) ds
)

dr

≥(1 − a)t(1 − t)

∫ 1

0

G(t0, r)ϕ
−1
p

(

∫ 1

0

H(r, s)f(s, u(s)) ds
)

dr

=(1 − a)KTut(1 − t). (3.2)$GH (3.1) i (3.2) 32 T g>=5��K T (P ) ⊂ P.�fe�5Ts�:32
[

ϕp((Tu)′′(t))
]

′′ = f(t, u(t)), t ∈ (0, 1), (3.3)

Tu(0) = Tu(1) = aTu(ξ), (Tu)′′(0) = (Tu)′′(1) = b(Tu)′′(η), (3.4)3 b(t) = Ta(t), >7H (H3) isw T O|5&k�3
a(t) ≤ Ta(t) = b(t), b(t) = Ta(t) ≥ Tb(t), t ∈ [0, 1]. (3.5)�� a(t) ∈ P , H (3.2) ; Ta(t), T b(t) ∈ P , Kg�H (3.3)–(3.5) �3

[

ϕp((Tb)′′(t))
]

′′ − f(t, T b(t)) ≤
[

ϕp((Tb)′′(t))
]

′′ − f(t, b(t)) = 0, (3.6)
[

ϕp((Ta)′′(t))
]

′′ − f(t, T a(t)) ≥
[

ϕp((Ta)′′(t))
]

′′ − f(t, a(t)) = 0. (3.7)J (3.4) �; Ta(t), T b(t) ∈ X 6y�g�� (1.1), �"H (3.5)–(3.7) � α(t) =

Tb(t), β(t) = Ta(t) Q�g�g{ (1.1) 5E���iE�X���a�g{














[

ϕp(u
′′(t))

]

′′ = g(t, u(t)), t ∈ (0, 1),

u(0) = u(1) = au(ξ),

u′′(0) = u′′(1) = bu′′(η),

(3.8)I8Y`��Gm
g(t, u(t)) =















f(t, α(t)), u(t) < α(t),

f(t, u(t)), α(t) ≤ u(t) ≤ β(t),

f(t, β(t)), u(t) > β(t).

(3.9)>=sw A : C[0, 1] → C[0, 1] T��
Au(t) =

∫ 1

0

G(t, r)ϕ−1
p

(

∫ 1

0

H(r, s)g(s, u(s)) ds
)

dr.w [α, β] =
{

u ∈ P, α(t) ≤ u(t) ≤ β(t), t ∈ [0, 1]
}

, Y [α, β] � C[0, 1] m5I	��t�Ksw A V [α, β] m5�A:�g�g{ (3.8) 58YE�`��



808 B E k * * 	 34�i�� A : [α, β] → [α, β]. faX� ∀u ∈ [α, β], H A 5>=��fe�vs�3
[

ϕp((Au)′′(t))
]

′′ = g(t, u(t)), t ∈ (0, 1), (3.10)

Au(0) = Au(1) = aAu(ξ), (Au)′′(0) = (Au)′′(1) = b(Au)′′(η), (3.11)H f(t, u) bK u gOZ5�`I
f(t, β(t)) ≤ g(t, u(t)) ≤ f(t, α(t)), t ∈ (0, 1). (3.12)� (3.5) i (H3) �3
f(t, b(t)) ≤ g(t, u(t)) ≤ f(t, a(t)), t ∈ (0, 1). (3.13)J a(t) ∈ P , `H (3.3) �3

[

ϕp((β)′′(t))
]

′′ =
[

ϕp((Aa)′′(t))
]

′′ = f(t, a(t)), t ∈ (0, 1).$GH (3.3), (3.5), (3.11)–(3.13) �3
[

ϕp((β)′′(t))
]

′′ −
[

ϕp((Au)′′(t))
]

′′ = f(t, a(t)) − g(t, u(t)) ≥ 0, t ∈ [0, 1],

(β − Au)(0) = 0, (β − Au)(1) = a(β − Au)(ξ),

(β − Au)′′(0) = 0, (β − Au)′′(1) = b(β − Au)′′(η). (3.14)3 z = ϕp(β
′′) − ϕp((Au)′′), Y

z′′(t) ≥ 0, ∀ t ∈ (0, 1),

z(0) = ϕp(β
′′(0)) − ϕp((Au)′′(0)) = 0,

z(1) − ϕp(b)z(η) = ϕp(β
′′(1)) − ϕp((Au)′′(1)) − ϕp(bβ

′′(η)) + ϕp(b(Au)′′(η))

=
[

ϕp(β
′′(1)) − ϕp(bβ

′′(η))
]

−
[

ϕp((Au)′′(1)) − ϕp(b(Au)′′(η))
]

=0.HA% 2.1, 3 z(t) ≤ 0, t ∈ [0, 1], �GI ϕp(β
′′(t)) ≤ ϕp((Au)′′(t)), t ∈ [0, 1]. �� ϕp g-;Z5�u:

β′′(η) ≤ (Au)′′(t), t ∈ [0, 1],u
(β − Au)′′(t) ≤ 0, t ∈ [0, 1].�jA% 2.1 i (3.14) �3
(Au)(t) ≤ β(t), t ∈ [0, 1].�Xa;��3 (Au)(t) ≥ α(t), t ∈ [0, 1]. $G A : [α, β] → [α, β].



5F }e��\11�* P-Laplacian rv4p9p�H>�f�z4D�_� 809G#� A g�sw�8M9�H g g+( A g+(�J α(t) ∈ P , `&V8Y`n kα, 3 α(t) ≥ kαt(1 − t), t ∈ [0, 1]. H (H2) 32
∫ 1

0

H(s, s)g(s, α(s)) ds ≤

∫ 1

0

H(s, s)f(s, α(s)) ds

≤

∫ 1

0

H(s, s)f(s, kαs(1 − s)) ds < +∞. (3.15)$GER<5 u(t) ∈ C[0, 1], H (3.9), (3.15), Æ8I
Au(t) =

∫ 1

0

G(t, r)ϕ−1
p

(

∫ 1

0

H(r, s)g(s, u(s)) ds
)

dr

≤

∫ 1

0

G(r, r)ϕ−1
p

(

∫ 1

0

H(s, s)g(s, u(s)) ds
)

dr

≤

∫ 1

0

G(r, r) drϕ−1
p

(

∫ 1

0

H(s, s)g(s, u(s)) ds
)

< + ∞.�"sw A g8jI	5�28M9�H G(t, s) V [0, 1]× [0, 1]X+(wV [0, 1]× [0, 1] X8j+(�Kg�Ea>5 s ∈ [0, 1] i ∀ ε > 0, ∃ δ > 0 3E ∀ t1, t2 ∈ [0, 1] 0 |t1 − t2| < δ `�I
∣

∣G(t1, s) − G(t2, s)
∣

∣ <
ε

ϕ−1
p (

∫ 1

0 H(s, s)f(s, kαs(1 − s)) ds)KEuI5 u(t) ∈ C[0, 1],

|Au(t1) − Au(t2)| ≤

∫ 1

0

|G(t1, r) − G(t2, r)|ϕ
−1
p

(

∫ 1

0

H(r, s)g(s, u(s)) ds
)

dr

≤

∫ 1

0

|G(t1, r) − G(t2, r)|ϕ
−1
p

(

∫ 1

0

H(s, s)f(s, α(s)) ds
)

dr

≤

∫ 1

0

|G(t1, r) − G(t2, r)| drϕ−1
p

(

∫ 1

0

H(s, s)f(s, kαs(1 − s))
)

ds

<ε.�Gsw A g6C+(5�$GH Ascoli-Arzela >% A g�sw�[� Schauder �A:>%� AV [α, β] mI8Y�A: ω, u ω = Aω. u:�g{ (3.8) I8YE�`��>% (3.1) 3a�Te f(t, u) V u = 0 gI?5�YEuI5 u ≥ 0, f(t, u) ≤ f(t, 0), t ∈ (0, 1). $GÆ8I�95>%��� 3.2 x[ (H1) �*�K f 6y (H2)
′ ER<5 µ > 0,f(t, µ) 6= 0, 0 <

∫ 1

0
H(s, s)f(s, 0) ds < +∞. >7�g{ (1.1) iYI8YE�`� ω(t): 6y&V

m > 0, 3 ω(t) ≥ mt(1 − t).



810 B E k * * 	 34�faX�V>% (3.1) mtj P ��95tj
P1 = {u(t) ∈ X : u(t) = u(1 − t), u(t) ≥ 0, t ∈ [0, 1]},}��K3 a(t) = 0, >7 (3.5)–(3.7) �*��>% 3.1 5a;V>%�5�*�Te f(t, u) gOI?5�YI�j�5�� 3.3 Te f(t, u) : [0, 1] × [0, +∞) → [0, +∞) g+(5�bK u |�KER<5 λ > 0, f(t, λ) 6= 0, >7�g{ (1.1) iYI8YE�`� ω(t) 6y�&V8Y�n m > 0, 3 ω(t) ≥ mt(1 − t).

4 �/�4�95+ P-Laplacian sw5q:q��g{


























[

ϕp(u
′′(t))

]

′′ = a0(t) +

n
∑

i=1

ai(t)u
−αi , t ∈ (0, 1),

u(0) =
1

3
u
(3

4

)

, u′′(0) =
1

4
u′′

(1

2

)

,

u(1) =
1

3
u
(3

4

)

, u′′(1) =
1

4
u′′

(1

2

)

,

(3.16)^&5 ϕp(t) = |t|p−2t, p > 1, a0(t), ai(t) V (0, 1) XOU+(KbK t V [0, 1] XgE�5� 0 < ai < 1 (i = 1, 2, · · · , n). TeV [0, 1] X n
∑

i=1

ai(t) 6= 0, 6y
∫ 1

0

H(t, t)f
(

a0(t) +

n
∑

i=1

ai(t)t
−αi(1 − t)−αi

)

dt < +∞, (3.17)>7q�q:�g{ (3.15) iYI8YE�`� ω(t) 6y�&V8Y�n m > 0 3 ω(t) ≥ mt(1 − t).6 3 f(t, u) = a0(t) +
n
∑

i=1

ai(t)u
−αi , t ∈ (0, 1). V (3.17) 5���;a>% 3.1 5�� (H1), (H2) 6y�3 µ = max

1≤i≤n
{αi}, Æ832 f(t, u) ≤ f(t, ru) ≤ r−µf(t, u) EuI

r < 1 5B�*��� e(t) = t(1 − t) ∈ P , H (3.2), Te ∈ P, T 2e ∈ P , u:&V`n k, l3 Te ≥ ke, T 2e ≥ le. O�n r0 ≤ min {1, k, l
1

1−µ2 }, YI
T (r0e) ≥ Te ≥ ke ≥ r0e, T 2(r0e) ≥ r

µ2

0 T 2e ≥ r
µ2

0 le ≥ r0e.3 a(t) = r0t(1 − t), Y>% 3.1 5�� (H3) 6y�$GH>% 3.1 M� (3.16) I��. Xj)w�.�; f(t, u) �:V t = 0, t = 1 o u = 0 I?�GK&Vy_F5gn6y>% 3.1 5��� � � � �
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Abstract This paper is concerned with the fourth-order singular BPVs. Under a general

assumption, the existence of symmetric positive solution are obtained by the method of

upper-lower solutions and Schauder’s fixed point theorem. Fredholm alternative theorem

and minimax theorems are invalid here and our results generalize many recent studies.
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