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1 "�
1974 1�� �tJ Ball[1,2] - CONSURF H#KyA�LL�6: Ball LP\��^F0�LP�5 d [3] + Said[4] � � 1987 + 1989 1l��=�L$"\�F�� Ball LP�0� �6_Wang-Ball LP+ Said-Ball LP
 19961�1t&^V=�F Said-BallLP,�VU�F� [5]. xl�(��� BallLP$fr�# BézierLP	�\mu��jI�wB-LPGA�lX^\E�Æm''�� Bézier LP�;0�mut6s�� Ball LPhh�i[\xl [6−9]. �B�-0fgEK�

Ball LP)�)zVNw��V��\��LA�^F Ball LP_:℄<� Ball LP�r�	��^F Bézier \jI�Ru�j��Ghe0�^F Ball LPfUmQj��:B�- 2008 1�58<�=�N0�F
Ball LP [10], �u^F Ball LP\�3r�#^F Ball LP	�\jI�wB;fU0�g:~7J��FN0\ BézierLP [11]. - CADoH��K�66l|3p0��> 2010 0 5 + 22 VxU�2011 0 6 + 17 VxUk���
∗ �IXR|s;e (10871208), 2+m\& WP|wV* (08B027).



672 	 � � q q � 34sLPo�A=e+�e���LP:p+&4uPp&�8sLP\.bgEuD�N|\
"z-LP\��1AK}|�#92?u �e+=�e� Yang + WangÆ�P\�f�5�|��� C-Bézier LP\=e#�e��=�
LP\fU�&* [12]. <�� ��+/7�f\�|�DXx^����FN0 Bézier LP\=e+�e��p+&+Pp&\fU�& [13]. Juhász !"�j^��Ge�vSp/a���Ge (O|une) \=E�3k"g��� Bézier � C-Bézier LP\=e+�e\�| [14].�?,�� ��+/7�f\�|�s�FN0 Ball LPhh�fU�G����Q�~OLP\�,j#4%�-3LP\=e��e�&j��X\fU�&*�:�LE���LEf:fU0� −3 < λ ≤ 1, ��LEf:fU0� 1 < λ ≤ 6. xl�(��FN0 Ball LPfUg�.�|���FN0\ Bézier LP�
2 ike Ball
�|��q [10], �=�FN0 Ball LP\j��r! 1 �j 4 ��Ghe Pi ∈ Rd (d = 2, 3, i = 0, 1, 2, 3), s t ∈ [0, 1], j�LP

P (t) =

3
∑

i=0

PiBi(t) (1):NfU0� λ \\�F Ball LP (P6�FN0 Ball LP), ;K6-&� Bi(t) j�:






































B0(t) =
1

3
(3 − 2λt+ 2λt2)(1 − t)2,

B1(t) =
2

3
(3 + λ− λt)(1 − t)2t,

B2(t) =
2

3
(3 + λt)(1 − t)t2,

B3(t) =
1

3
(3 − 2λt+ 2λt2)(t)2,

(2);K λ ∈ [−3, 6] 6:fU0��S λ = 0 n� P (t) u^F Ball LP��FN0 Ball LP\�_jI�r�}0z [10], 8#;��jI��% S λ = 6 n��FN0 Ball LP P (t) - t = 1
2 �QY��Gu�f\�W�

P1P2 \Ke�� _�S�Gu�f:&n�LPQA��W� P1P2 \Ke�M �y<S λ = 6, t = 1
2 n�r (2) K B0(t) = B3(t) = 0, B1(t) = B1(t) = 1

2 . ,sr (2) GT�X B′
0(

1
2 ) = B′

0(
1
2 ) = 0, B′

1(
1
2 ) = − 3

2 , B′
2(

1
2 ) = 3

2 . Gwb�8��G~jI}=��FN0 Ball LPr�s�Gu�f℄�\�ij�) �FN0 Bézier LP\fU0�MA~7 λ ∈ [−1, 3].
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3 �{ike Ball
�m�*u�r� 1 \ 4 ��Ghe$�%�0 i) S −3 < λ ≤ 1 n�LP P (t) :~OLPBA=e+��e
 ii) S 1 < λ ≤ 6 n�LP}:~OLPB�����e�;0�MA: t = 1
2 (1 ±

√

1
λ
); iii) S λ = −3 n�LP P (t) -3:4%LP�M g qi = Pi − Pi−1 (i = 1, 2, 3), V P (t) �`:

P (t) = P0 + [1 −B0(t)]q1 + [B2(t) +B3(t)]q2 +B3(t)q3, (3)0�
P ′(t) = −B′

0(t)q1 + [B′
2(t) +B′

3(t)]q2 +B′
3(t)q3.�r (2) X�S 0 < t < 1 n�B′

2(t) +B′
3(t) = 6t(1− t) 6= 0, ���Ghe$�%}=��W� qi (i = 1, 2, 3) PjA��� P ′(t) 6= 0, A P (t) $}.�Ne�KgLP P (t) �Nbe�g� 0 ≤ t1 < t2 ≤ 1, pX P (t1) − P (t2) = 0, 0�

[B0(t2) −B0(t1)]q1 + [B2(t1) +B3(t1) −B2(t2) −B3(t2)]q2 + [B3(t1) −B3(t2)]q3 = 0. (4)�: qi (i = 1, 2, 3) PjA������r (4) X
B0(t2) = B0(t1), B2(t1) = B2(t2), B3(t1) = B3(t2).s B0(t) G�^T�"�>^� 0, X t = 1(dN), t = 5λ±

√
3
√

3λ2−16λ
8λ

, ,$^r
0 < 5λ±

√
3
√

3λ2−16λ
8λ

< 1, X λ ≥ 16
3 . �G}=�S λ < 16

3 n� B0(t) QgbQ�AxNe��S λ < 16
3 n�LP P (t) ANbe���euB~OLP,��(\e�g g(t) = det(P ′(t), P ′′(t), P ′′′(t)), �5 [13]E��0�

g(t) = (q1, q2, q3)D(t),;K (q1, q2, q3) :�W� q1, q2, q3 \6-=� D(t) = 16(3 + λ)[1 − (1 − 2t)2λ].

i) S −3 < λ ≤ 1 n�s 0 < t < 1, � D(t) > 0, B (q1, q2, q3) 6= 0; Gw g(t) 6= 0,B# (q1, q2, q3) "(����LP P (t) A��e�"B#�Gu�fr�Q"\oQ�W�
ii) S 1 < λ ≤ 6 n�g h(t) = 1 − (1 − 2t)2λ, }=S t = 0.5 n� h(t) �℄JA 1,

t = 0, 1 n� h(t) �℄℄A 1− λ, wS t = 1
2 (1±

√

1
λ
) n� h(t) = 0. ��LP P (t) �����e�

iii) S λ = −3 n� D(t) = 0, Gw g(t) = 0, ��� P (t) :4%LP�oH�Bn P (t) = B0(t)P0 + 2B1(t)
[ (P1+P2)

2

]

+B3(t)P3, KS8u P0,
(P1+P2)

2 , P3 ^e\\-��
P (t) -3:^^4%LP��I$��8LEf�
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4 ��ike Ball
�m�*u�Z! P0,P1,P2,P3 �e�%� P (t) :4%LP�Bn (q1, q2, q3) = 0.J{� q1 $4h q3, 0 q2 = uq1 + vq3, V;OTr (3) X

P (t) = P0 + [1 −B0(t) + u(B2(t) +B3(t))]q1 + [B3(t) + v(B2(t) +B3(t))]q3. (5)

4.1 zpLP P (t) �Ne\�|�Tu P ′(t) = 0 (0 < t < 1). �r (5) X
[−B′

0(t) + u(B′
2(t) +B′

3(t))]q1 + [B′
3(t) + v(B′

2(t) +B′
3(t))]q3 = 0. (6)�� q1 # q3 PjA��qr (6) X0�LP

C :











u = −3 + λ− 5λt+ 4λt2

9t
,

v = −3 − 3λt+ 4λt2

9(1 − t)
,

0 < t < 1. (7)�"��LP C \f���RLP�� u = vs6�S t→ 0n�u→ −∞, v → − 1
3 ;S t→ 1 n� u→ − 1

3 , v → −∞. �LP C ���UiP: u = − 1
3 + v = − 1

3 .{2Qgj+�&j�sLP C G�^T� dv
du

= t2[λ(3−8t+4t2)−3]
(1−t)2[3+λ(1−4t2)] , ��^T�^� 0,X (oH� 4���3�$�-|G)t = 1−

√
3λ+λ2

2λ
,$^r 0 < t < 1,� λ > 1.�u�(S 1 < λ ≤ 6 n�LP C - t = 1 −

√
3λ+λ2

2λ
MX℄A
xu�(S −3 < λ ≤ 1n�LP C \�^T�$: 0, 9℄� 0, 9J� 0 
M λ = 1 E�}=� C \�^T�℄� 0, �BLP C :QgIX\LP�,sLP C Gx^T� d2

v
du2 = 54(3+λ)[λ(1−2t)2−1]t3

(t−1)3[λ(4t2−1)−3]3 , �>^� 0, X (oH� 5 ���;K 3 �: 0, $�-|G) t =
√

λ±1

2
√

λ
, $^r 0 <

√
λ±1

2
√

λ
< 1, � λ > 1. ��(�e��u�(S 1 < λ ≤ 6 n�LP C ����e�0�MA: t =

√
λ±1

2
√

λ
; xu�(S

−3 < λ ≤ 1 n�LP C \x^T�$: 0, 9℄� 0, 9J� 0; M λ = 1 E�}=� C\x^T�℄� 0, �(LP C :u�&\LP�Y�LP C ��LEf��uS −3 < λ ≤ 1 n�LP C :QgbQ�u�&\LP
xuS 1 < λ ≤ 6 n�LP C - t = 1 −
√

3λ+λ2

2λ
MX℄A�B����e�:�LP�:^o�KOou&\���ou�\�-LP C UM�e�F: (u0, v0), #>s�\0�Ag: t0 (0 < t0 < 1). � P (t)\��3y: P (t) = P (t0) + P ′(t0)(t− t0) + 1

2P
′′(t0)(t− t0)

2 + o(t− t0)
2, GTX

P ′(t) = P ′′(t0)(t− t0) + o(t− t0). (8)



48 B[C�#n���CK- Ball IMYR�E 675r (8) K P ′′(t0) 6= 0, \$S�sr (6) ,G�FT��
[−B′′

0 (t) + u(B′′
2 (t) +B′′

3 (t))]q1 + [B′′
3 (t) + v(B′′

2 (t) +B′′
3 (t))]q3 = 0. (9)qr (9) �}X#r (7) 	�\0��9��℄��0��9�}= λ A�� P ′(t)j" t0 n�W}����LP C uNe�TLP�

4.2 wpLP P (t) \�|W�: P ′(t) × P ′′(t), jE��
P ′(t) × P ′′(t) = f(t;u, v)(q1 × q2), (10);K

f(t;u, v) = − det

(

B′
0(t) B′

3(t)

B′′
0 (t) B′′

3 (t)

)

+ u det

(

B′
2(t) B′

3(t)

B′′
2 (t) B′′

3 (t)

)

+ v det

(

B′
0(t) B′

1(t)

B′′
0 (t) B′′

1 (t)

)

. (11)e P (t0) (0 < t0 < 1) u�eSBfS f(t;u, v) j" t0 n�(�w- uv− 4%�pX P (t) ��e\}.H%�:?P[ f(t;u, v) = 0 �	��� ��=�B?P[\� :
{

f(t;u, v) = 0,

f ′(t;u, v) = 0.
(12)sr (12) E��Xr (7), �(?P[\� ;'uLP C.�?%sLP C \f���}=�LP C #fU0� λ \MA~7����Is

λ ��LE����eEf�
4.2.1 −3 < λ ≤ 1S −3 < λ ≤ 1 n� C \AP�_"\H%: S ∪D ∪C, Z* 1 �s�BA:�G\}.�eH%�D H%�u���UiP: u = − 1

3 , v = − 1
3 +LP C($% C) �7+�� S H%���+���+�u��UiPQY\^+����+�u��UiPQY\�I+��S (u0, v0) ∈ C n�gs�\0�: t0, ���3y�X

f(t;u, v) =
1

2
f ′′

tt(t0;u0, v0)(t− t0)
2 + o(t− t0)

2, (13);K f ′′
tt(t0;u0, v0) = 8(3+λ)[λ(1−2t0)2−1]

3t0(1−t0) .�� −3 < λ ≤ 1, KS f ′′
tt(t0;u0, v0) 6= 0, }= f(t;u0, v0)j" t0 n$�(�� P (t0)$u�e�



676 	 � � q q � 34sS (u0, v0) ∈ S ∪D n�g"e (u0, v0) #LP C QA\?P>�: f(t0;u, v) = 0,;K t0 :Aes�\0��0�
f(t;u0, v0) = f ′

t(t0;u0, v0)(t− t0) + o(t− t0)}= f ′
t(t0;u0, v0) 6= 0 (�\ f ′

t(t0;u0, v0) = 0, 0�� j�= (u0, v0) ∈ C), Gw
f(t;u0, v0) j" t0 n�(�� P (t0) u�e�h�(�S (u0, v0) ∈ S n�"BeC._LP C \��AP�s� P (t) C����e
S (u0, v0) ∈ D n�"Be}_LP
C \��AP�s� P (t) � 2 ��e�

-1
u

-1

v

D

L

S

S

N1

N2

C

N0

N0

� 1 	DL. Ball JNZdS) (λ = 1)

-1
u

-1

v

D

C

L

L1

L2

S

S

N1

N2

N0

N0

� 2 	DL. Ball dS) (λ = 4)

4.2.2 1 < λ ≤ 6S 1 < λ ≤ 6 n� C \AP�_"\H%: S ∪D ∪C, Z* 2 �s�BA:�G\}.�eH%� D H% (L�^[fH%) �u���" C LP\℄JAe\AP
v =

λ(5
√

(3 + λ)λ− 4λ− 12)

9
√

λ(3 + λ)
, u =

λ(5
√

(3 + λ)λ− 4λ− 12)

9
√

λ(3 + λ)+LP C($% C) �7+��S H%���+���+�u��APQY\^+����+�u��APQY\�I+��S (u0, v0) ∈ C n�s�\0�: t0, 	�� −3 < λ ≤ 1 n\���}�r (13) ��3y�S 1 < λ ≤ 6 n�KSS t0 =
√

λ±1

2
√

λ
, � f ′′

tt(t0;u0, v0) = 0, }= f(t;u0, v0) j"
t0 n�(�� P (t0) u�e�Gw}=�-NeLP C ����{e�GuNe��u�e�S (u0, v0) ∈ S ∪D n�2P# −3 < λ ≤ 1 n\��Q"�S (u0, v0) ∈ S n�"BeC._LP C \��AP�s� P (t) C����e
S (u0, v0) ∈ D n�"Be}_LP C \��AP�s� P (t) � 2 ��e�
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4.3 '�oLP P (t) �Nbe�SBfSH- 0 ≤ t1 < t2 ≤ 1, pX P (t1) = P (t2), 8^L�
u, v, t1, t2 !Z�9\











u =
B0(t2) −B0(t1)

B2(t2) +B3(t2) −B2(t1) −B3(t1)
,

v =
B3(t1) −B3(t2)

B2(t2) +B3(t2) −B2(t1) −B3(t1)
,

(t1, t2) ∈ △, (14);K △ = {(t1, t2) ∈ R2|0 ≤ t1 < t2 ≤ 1}.Y�y<�r (14) j����/7�f F : △ ⊂ R2 → F (△) ⊂ R2, �BX%
L = F (△) u uv− 4%Q�!H%�X% L \ 3 ��dP#j�% △ \ 3 ��dP
t1 = t2, t1 = 0 + t2 = 1 Qs��A� :LP C ($|� L), L1 + L2(k|� L). L Ke (u0, v0) �s�LP P (t) �Bf���xNbe�;K L1 + L2 \0��9� :

L1 :











u =
6 − 3t+ 2(1 − t)3λ

3t(2t− 3)
,

v =
3 − 2(1 − t)tλ

3(2t− 3)
,

0 < t ≤ 1,

L2 :











u =
−3 + 2(1 − t)tλ

3(2t+ 1)
,

v = − 3 + 3t+ 2t3λ

3(1 + t− 2t2)
,

0 ≤ t < 1.�RLP L1 + L2 u�� u = v s6���Cl��LP L1 + L2 K��LP\|j� L1 + L2 QY�e (−1,−1), L1 � v = − 1
3 :UiP� L2 � u = − 1

3 :UiP��5 4.1 `��LP C \f�Q"�|�sLP L1 ��S −3 < λ ≤ 1 n�LP
L1 :QgIX�u�&\LP
S 1 < λ ≤ 6 n�LP L1 - t = 3λ−

√
3
√

2λ+λ2

2λ
MX℄JA�����e�,�� C # L1 \�H��S −3 < λ ≤ 1 n� C # L1 AYe
S 1 < λ ≤ 6, C #

L1 ���Ye�Be}6>:xNNe�
4.4 ���5 [15, 16] sLP&j��}=�S (u, v) ∈ N = R2 \ (C ∪ S ∪ D ∪ L) n�LP P (t) ANe�Nbe+�e�"BBn P ′(t) × P ′′(t) $yk�W���,{�
m(t) = P ′(0) × (P (t) − P (0)), n(t) = (P (t) − P (0)) × P ′(t), �r (5) E�X

m(t) = ϕ(t;u, v)(q1 × q3), n(t) = ψ(t;u, v)(q1 × q3),;K
ϕ(t;u, v) =

(

2 +
2

3
λ
)

[B3(t) + v(B2(t) +B3(t))]
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=

2

9
(3 + λ)t2[3 − 2λ(1 − t)t+ 3(3 − 2t)v], (15)

ψ(t;u, v) =
2

9
t2[9t2 − 3λt2(3 − 2t(3 − t))]u

+
2

9
t2[27 − 36t+ 9t2 + 3λ(1 − t)2(3 + 2t(1 − t))]v

+
2

9
t2[9 + 3λ− 12λt+ 12λt2 − 4λ2t(1 − t)3]. (16)�r (15) }=�S

v0 = − B3(t0)

B2(t0) +B3(t0)
=

3 − 2λt0(1 − t0)

3(2t0 − 3)
,

m(t)j" t0 n�W}��,G v0 �� t0 \�^T�"�>^� 0,X t0 = 3λ−
√

3
√

2λ+λ2

2λ
,$^r 0 < t0 < 1, � λ > 1. ��(�e��u�(S 1 < λ ≤ 6 n�LP v0 -

t0 M℄JA λ(2
√

3
√

2λ+λ2−3λ−6)

3
√

3
√

λ(2+λ)
, �X v0 \MA~7: (−1, λ(2

√
3
√

2λ+λ2−3λ−6)

3
√

3
√

λ(2+λ)
), ��S

(u, v) ∈ N1(Z* 2 �s), P (t) :p+&�xu�(S −3 < λ ≤ 1 n� v′0 $: 0, 9℄�
0, 9J� 0; M λ = 1 E�}= v′0 < 0, �X v0 \MA~7 (−1,− 1

3 ), ��S (u, v) ∈ N1

(Z* 1 �s), P (t) :p+&�oH N1 >'u L2 \AP�	H%- N K+��,�s6j9?P[ ψ(t, u, v) \� �}XS (u, v) ∈ N2 n (Z* 1, 2 �s), P (t):p+&�GwS (u, v) ∈ N0 = N \ (N1 ∪N2) n� P (t) :Pp&�℄0�S q1‖q3, F q3 = µq1, � q1, q2 :4%\<W��qr (3), X
P (t) = P0 + (1 −B0(t) + µB3(t))q1 + (B2(t) +B3(t))q2.	�� 4.1–4.3 `\���}X�LP P (t) ANe�xNe�SBfS µ > 0 A q1# q3 �WQ" ($�� 4 e�P) n� P (t) �BC����e�r� 2 S q1‖q3, 4%�FN0 Ball LP P (t) ANe�xNe
SBfS q1 # q3�WQ"n� P (t) �BC����e�S q1 $4h q3 n�g q2 = uq1 + vq3, 0

i) S −3 < λ ≤ 1 n� P (t) \fU�9Mu�e (u, v) - uv− 4%\ZI�& (Z* 1 �s), A
(u, v) ∈























































N0(%�d{(u,− 1
3 )|u ≥ − 1

3} ∪ {(− 1
3 , v)|v ≥ − 1

3} ∪ {(u,−1)|u ≤ −1}
∪{(−1, v)|v ≤ −1}) : P (t):Pp&LP�A=e+�e

N1 ∪N2 : P (t):p+&LP�ANe+Nbe

S(%�d{(u,− 1

3 )|u < − 1
3} ∪ {(− 1

3 , v)|v < − 1
3}) : P (t)����e�A=e


D : P (t)� 2 ��e�ANe+Nbe

C : P (t)� 1 �Ne�A�e+Nbe

L(%�dL1+L2) : P (t)���Nbe�ANe+�e�

ii) S 1 < λ ≤ 6 n� P (t) \fU�9Mu�e (u, v) - uv− 4%\ZI�& (Z
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(u, v) ∈



























































































N0(%�d{(u, λ(5
√

λ(3+λ)−4λ−12)

2
√

λ(3+λ)
)|u ≥ λ(5

√
λ(3+λ)−4λ−12)

2
√

λ(3+λ)
}

∪{(λ(5
√

λ(3+λ)−4λ−12)

2
√

λ(3+λ)
, v)|v ≥ λ(5

√
λ(3+λ)−4λ−12)

2
√

λ(3+λ)
} ∪ {(u,−1)|u ≤ −1}
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Shape Analysis of Quartic Ball Curve with Shape Parameter
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Abstract This paper considers the shape features of the quartic Ball curve with shape

parameter based on the theory of envelop and topological mapping. Necessary and sufficient

conditions are derived for this curve having one or two inflection points,a loop or a cusp,or be

locally or globally convex. Those conditions are completely decided by control polygon and

the shape parameter. Furthermore we discussed the influences of shape parameter on the

shape distribution diagram and the ability for adjusting the shape of the curve. The results

show that the shape adjustment of quartic Ball curve with shape parameter is superior to

the quartic Bézier curve with shape parameter.
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global convexity
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