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(2) S�QyH+9o[pS�e��oS&���x phase-type S��[YU�i(�J"Nq3;C�J"q;CS��zS��SO(
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1 ���2\Z`#<Dj)
R(t) = u+ ct−

N(t)∑

i=1

Xi + σB(t), t ≥ 0, (1.1)R# u ≥ 0 j,gk��$s c j8�f�A�Rm℄� {Xi}
∞
i=1 jG&�T�AQYxy�,/� Xi �iD i 0zI,��AT�ks P (x) m(+A=Hks p(x), �A��Z 1

µ
> 0. p(x)A k�v
 p̃(s) =

∫ ∞

0 e−sxp(x) dx. �sj) {N(t); t ≥ 0}�i>f� tfAzI0s�E6 N(t) = sup {k : T1 +T2 + · · ·+Tk ≤ t}, Ti �iD i−10ED
i 0zIAf����b {Ti}

∞
i=1 jG&�T�Axy�,/��A
�AT�ks Km=Hks k, σ ≥ 0, {B(t) : t ≥ 0} j�iA BrownMF��b {Ti}

∞
i=1, {B(t) : t ≥ 0}m {Xi}

∞
i=1 j�tG&ARAVA
VYl��
 cE(T1) > E(X1).E6K#f� T = inf{t ≥ 0 : R(t) < 0} (^J{AA t ≥ 0 A R(t) ≥ 0, O T = ∞)�
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950 8 = p , , � 34�mrbK#Z3 ψ(u) = E(I(T < ∞)|R(0) = u), Ma I(A) �i}n A Ai)ks��
A M
�O I(A) = 1; WO�BB 0.JB6\ZV��%�*KsQJM�(./��\ [1,2] T�~6.6tZTp!4fzIf���
\sT�Eh6 Erlang (n) T�fAp$��E Gerber-Shiu P�Nks�N�Æa��bzIf��� Ti, i = 1, 2, · · · AT�ks K X1 PH(ααα,B) T��Ma ααα = (α1, α2, · · · , αn), αi ≥ 0 R n∑

i=1

αi = 1, B = (bij)
n
i,j=1 j n× n �T�:p bii < 0,; i 6= j f� bij 6= 0 m n∑

j=1

bij ≤ 0, i = 1, 2, · · · , n. 0 b = (b1, b2, · · · , bn) R bT = −BeT ,

e jT,�
 1 A(�,� eT j e Ag_� ı �i8��T�� Asmussen[3]:

K(t) = 1 − αααeBteT , t ≥ 0,

k(t) = αααeBtbT , t ≥ 0m
k̃(s) =

∫ ∞

0

e−stk(t) dt = ααα(sı − B)
−1

bT . (1.2)� phase-type T�AE6�zIf��� Ti, i = 1, 2, · · · J:Bb℄(+f�8k)
{J i

t}t≥0 >2�mh|Af��Ma {J i
t}t≥0 A n ℄tfh| {E1, E2, · · · , En} m2℄�m| {E0}.

[4–6] T��2.�\Z��f�zIf���j phase-type T�fA Gerber-ShiuP�NksmK#O<DEK#f+nA'nT��E6
ξ(u, b) = P

(
sup

0≤t≤T

R(t) < b, T <∞ | R(0) = u
)
, b > u ≥ 0, (1.3)O ξ(u, b) �i,gk�
 u f�K#O<D�B b fAK#Z3�x&
K#Or4<DT���X�; b ≤ u f� ξ(u, b) = 0. 0

ιb = inf{t > 0 : R(t) ≥ b|R(0) = u}, 0 ≤ u < b,
<D`. b fAn2f���
χ(u, b) = P (T > ιb|R(0) = u),OA


χ(u, b) = 1 − ξ(u, b). (1.4)

Li m Dickson[7] ?>.�\ZRzIf���
 Erlang (n)T�fAK#Or4<DA{T - �TP)� Wang m Wu[8] O�2.�% (1.1) NzIf���j\sT�fr4<D�K#r<DB2 ,AT���?>.�:A6��Z��A{T - �



5L 	�G	5[Y phaes-type U�?$`�q3;C~�fS� 951TP)��ÆSJ�% (1.1) /�.zIf���
 phase-type T�fAK#Or4<D�K#r+nAT��?>.� [7–8] `2ÆA
6�
2  ���E6


J(t) = J1
t , 0 ≤ t < T1, J(t) = J2

t−T1
, T1 ≤ t < T1 + T2, · · · ,{4� {J(t); t ≥ 0} jh|��
 {E1, E2, · · · , En} A8k)�^JBA℄ q ∈ N+,A J(s) = J

q

(s−T1−T2−···−Tq−1), O J(s) �h| Ei g3> Ej , i 6= j, i, j = 1, 2, · · · , n, �4TÆ
 {Jq
t ; t ≥ 0} �h| Ei ��j�m|Y�g3> Ej , /fg3PH
 bij x

{Jq
t ; t ≥ 0} �h| Ei �℄�m|�L {Jq+1

t ; t ≥ 0} 1h| Ej �g�/fg3PH

biαj , 7/� J(s) �h| Ei g3> Ej APH
 bij + biαj .0

ξi(u, b) = P
(

sup
0≤t≤T

R(t) < b, T <∞|R(0) = u, J1
0 = Ei

)
, i = 1, 2, · · · , n,{4� ξ(u, b) = αααξ(u, b), ξ(u, b) = (ξ1(u, b), · · · , ξn(u, b))T .|
 2.1 �, ξ(u, b) :p

σ2

2
ξ
′′

(u, b) + cξ
′

(u, b) + Bξ(u, b) +

[∫ u

0

αααξ(u− x, b)p(x) dx+ P (u)

]
bT

=0, 0 ≤ u < b, (2.1)Ma P (u) =
∫ ∞

u
p(x) dx, 0 jT,�
 0 A/�,�& N|�Af�I [0, h] D�A�/_
�ET'


1. N [0, h] D;AM
h|g3�
2. N [0, h] DAh|g3�9;AzIM
�
3. N [0, h] D^aA20zIM
�{4�A
ξi(u, b)

=(1 + biih)E[ξi(u+ ch+ σB(h), b)] +

n∑

k=1,k 6=i

(bikh)E[ξk(u+ ch+ σB(h), b)]

+ bih
[ n∑

f=1

αf

∫ u+ch+σB(h)

0

ξf (u+ ch+ σB(h) − x, b)p(x) dx+

∫ ∞

u+ch+σB(h)

p(x) dx
]

+ o(h), (2.2)



952 8 = p , , � 34�� Taylor bh

ξi(u+ ch+ σB(h), b)

=ξi(u, b) + ξ
′

i(u, b)(ch+ σB(h)) +
1

2
ξ
′′

i (u, b)(ch+ σB(h))2

+
1

6
ξ3i (u∗, b)(ch+ σB(h))3, u∗ ∈ [u, u+ ch+ σB(h)], (2.3)f5>


E[B(h)] = E[B3(h)] = 0, E[B2(h)] = Var [B(h)] = h.{4�� (2.3) 7℄ (2.2), �0 h→ 0, U"r?

σ2

2
ξ
′′

i (u, b) + cξ
′

i(u, b) + biiξi(u, b) +

n∑

k=1,k 6=i

(bikh)ξk(u, b)

+ bi

[ n∑

f=1

αf

∫ u

0

ξf (u− x, b)p(x) dx+ P (u)
]

= 0,�`h!'�T'h


σ2

2
ξ
′′

(u, b) + cξ
′

(u, b) + Bξ(u, b) +
[ ∫ u

0

αααξ(u − x, b)p(x) dx+ P (u)
]
bT = 0.W��! 2.1 ; σ = 0, zIf���T�jh6 Erlang (n) T�f��

ααα = (1, 0, · · · , 0), B =




−λ1 λ1 0 · · · 0 0

0 −λ2 λ2 0 · · · 0
...

...
. . .

. . .
. . .

...

0 · · · 0 0 0 −λn


 , bT =




0

0
...

λn


 .� (2.1), ; i = 1, 2, · · · , n− 1 f�A

λiξi(u, b) − cξ
′

i(u, b) = λiξi+1(u, b),

i = n f�
λnξn(u, b) − cξ

′

n(u, b) = λn

[ ∫ u

0

ξ1(u− x, b)p(x) dx+ P (u)
]
,`>*h�4d!



n∏

i=1

(
I −

c

λi

D
)
ξn(u, b) =

∫ u

0

ξ1(u− x, b)p(x) dx+ P (u). (2.4)Ma� I, D T��igB u AoBwlm�Twl�; λ1 = λ2 = · · · = λn f� (2.4)�
 [7] aA (2.6) h�
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ζ(u, b) = P

(
sup

0≤t≤T

R(t) ≥ b, T <∞|R(0) = u
)
, b > u ≥ 0,�i;K#M
f�K#O<Dj)Ar4Z2>x%j b AZ3��XA

ζ(u, b) =

{
0, u ≤ 0, b > 0,

Ψ(u), u ≥ b > 0.�1�0
ζi(u, b) = P

(
sup

0≤t≤T

R(t) < b, T <∞|R(0) = u, J1
0 = Ei

)
, i = 1, 2, · · · , n,{4� ζ(u, b) = αααζζζ(u, b), ζζζ(u, b) = (ζ1(u, b), · · · , ζn(u, b))T .

Ψi(u, b) = P
(
T <∞ | R(0) = u, J1

0 = Ei

)
, i = 1, 2, · · · , n,O Ψ(u, b) = αααΨ(u, b), Ψ(u, b) = (Ψ1(u, b), · · · ,Ψn(u, b))T . 7/�A

ξ(u, b) + ζ(u, b) = Ψ(u, b).7
� lim
b→∞

ξ(u, b) = Ψ(u), {4 Ψ(u, b) :pP) (2.1). eA�>
6
|
 2.2 �, ζζζ(u, b) :p
σ2

2
ζζζ
′′

(u, b) + cζζζ
′

(u, b) + Bζζζ(u, b) + bT

∫ u

0

αααζζζ(u − x, b)p(x) dx = 0, 0 ≤ u < b. (2.5)! 2.2 ; phase-typeT��u
 s
 λA\sT�f�(2.5)h�
 [8]A (2.12)h�E6 κ(u, y) = P (T <∞, R(T ) ≥ −y|R(0) = u), y > 0. κ(u, y) �iK#r��buA<D7N [−y, 0) aAZ3��X κ(u, y) = I[0.y](−u), u ≤ 0, κ(∞, y) = 0. 0
κi(u, y) = P

(
T <∞, R(T ) ≥ −y|R(0) = u, J1

0 = Ei

)
, i = 1, 2, · · · , n,{4� κ(u, y) = ααακκκ(u, y), κκκ(u, y) = (κ1(u, y), · · · , κn(u, y))T . �jEE" (2.1) �vA�<j)��<A|
 2.3 �, κκκ(u, y) :p

σ2

2
κκκ

′′

(u, y) + cκκκ
′

(u, y) + Bκκκ(u, y) +
[ ∫ u

0

ααακκκ(u− x, y)p(x) dx+

∫ u+y

u

p(x) dx
]
bT = 0. (2.6)b T

′

= inf{t : t > T, R(t) ≥ 0} �iK#M
r<Dn0`. 0 Af��7
<Dj)AVA
VYl���{4 lim
t→∞

E[R(t)] = ∞, �K#M
r�^L*<Dj)�+�OR℄f�2EwM
�E6 M = sup
{
|R(t)| : T ≤ t ≤ T ′

}
. 0

ρ(u, z) = P
(
M ≤ z | T <∞, R(0) = u

)
.



954 8 = p , , � 34��iK#M
rAr4+nT��� [9],

ρ(u, z) =
1

ψ(u)

∫ z

0

∂κ(u, y)

∂y
χ(z − y, z) dy. (2.7)7
 p(x) j [0,+∞) `A(+ks�� [8], �1�? ξ(u, b), ζζζ(u, b) m κκκ(u, y) �gB u (+�RJB�% (1.1), P (T0+ = T0 = 0) = 1, T0 �i,g<D u = 0 fAK#f��{4A�>
6|
 2.4 ξ(u, b), ζζζ(u, b) m κκκ(u, y) T�j:p�/��Z�TP)AA�(+Æ

σ2

2
ξ
′′

(u, b) + cξ
′

(u, b) + Bξ(u, b) +
[ ∫ u

0

αααξ(u− x, b)p(x) dx+ P (u)
]
bT

=0, 0 ≤ u < b, (2.8)

ξ(0, b) = 1, ξ(b, b) = 0; (2.9)

σ2

2
ζζζ
′′

(u, b) + cζζζ
′

(u, b) + Bζζζ(u, b) + bT

∫ u

0

αααζζζ(u − x, b)p(x) dx

=0, 0 ≤ u < b, (2.10)

ζζζ(0, b) = 0, ζζζ(b, b) = ψ(b); (2.11)

σ2

2
κκκ

′′

(u, y) + cκκκ
′

(u, y) + Bκκκ(u, y) +
[ ∫ u

0

ααακκκ(u− x, y)p(x) dx+

∫ u+y

u

p(x) dx
]
bT

=0, (2.12)

κκκ(0, y) = 1, κκκ(+∞, y) = 0. (2.13)

3 Erlang (2)~u��^zIf���
 Erlang (2) T���
ααα = (1, 0), B =

(
−λ λ

0 −λ

)
, bT =

(
0

λ

)RzIs,X1\sT�� P (x) = 1− e−µx (x ≥ 0), M k�v
 p̃(s) = µ
µ+s

. � (2.8)?
σ4

4
ξ(4)(u, b) + cσ2ξ(3)(u, b) + (c2 − λσ2)ξ

′′

(u, b) − 2cλξ
′

(u, b) + λ2ξ(u, b)

=λ2

∫ u

0

ξ(u− x, b)µe−µx dx+ λ2e−µu, 0 ≤ u < b. (3.1)J (3.1) h:?wl D + µ, ?
σ4

4
ξ(5)(u, b) +

(σ4µ

4
+ cσ2

)
ξ(4)(u, b) + (c2 − λσ2 + cµσ2)ξ(3)(u, b)

+ (c2µ− λµσ2 − 2cλ)ξ′′(u, b) + (λ2 − 2cλµ)ξ′(u, b) = 0, 0 ≤ u < b. (3.2)



5L 	�G	5[Y phaes-type U�?$`�q3;C~�fS� 955P) (3.2) AÆ�A'h
ξ(u, b) =

5∑

i=1

aie
Liu, 0 ≤ u < b,Ma Li (i = 1, 2, · · · , 5) jP)

σ4

4
L5+

(σ4µ

4
+cσ2

)
L4+(c2−λσ2+cµσ2)L3+(c2µ−λµσ2−2cλ)L2+(λ2−2cλµ)L = 0 (3.3)A^�P) (3.3) �4d!


[λ− cs− σ2

2 s
2

λ

]2

=
µ

µ+ s
,R�
�hA Lundberg P)�7
 ξ(0, b) = 1 RP) (3.3) A2℄
 0 A^�{4

ξ(u, b) = 1 +
4∑

i=1

aie
Liu, 0 ≤ u < b, (3.4)R# Li (i = 1, · · · , 4) jP)

σ4

4
L4 +

(σ4µ

4
+cσ2

)
L3 +(c2−λσ2 +cµσ2)L2 +(c2µ−λµσ2−2cλ)L+λ(λ−2cµ) = 0 (3.5)A^�� (3.4) 7℄ (3.1), �j�sA����?

4∑

i=1

ai

Li + µ
= 0 (3.6)R� (2.9) �?����

ξ(0, b) = 1, ξ(b, b) = 0, (3.7)� (3.1)
σ4

4
ξ(4)(0, b) + cσ2ξ(3)(0, b) + (c2 − λσ2)ξ

′′

(0, b) − 2cλξ
′

(0, b) = 0. (3.8)7/���� (3.6)–(3.8) EdWE (3.4) aA ai (i = 1, 2, 3, 4).��1A�<j)��4U-P) (2.10)–(2.13)NzIf���
 Erlang (2), zI, {Xi}
∞
i=1 j\sT�f� ζ(u, b) m κ(u, y) A�:Æ�w � � �
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The Maximum Surplus in the Phase-type Risk Model

Perturbed by Diffusion and Related Distributions
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Abstract In this paper, we consider a perturbed sparre andersen model by diffusion in

which the claim inter-arrival times are the phase-type distributions. We prove some prop-

erties of the maximum surplus before ruin of the risk process before ruin when ruin occurs

and the surplus distribution at the time of tuin. Integro-differential equations are derived.

Finally, to illustrate these results, the special case where the inter-claim times are Erlang

(2) distributed and the claim size distribution is exponential is considered.

Key words phase-type distribution; diffusion risk process; maximum surplus before ruin;

surplus distribution at the time of ruin; integro-differential equation
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