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1 ���}n'J�6	�Q��VO TQ(
∆

[

rn|∆zn|α−1∆zn

]

+ qnf(xn−σ) = 0 (1.1)9GA��E� zn = xn + pnxn−τ , n = 0, 1, 2, · · ·; α ^$[I#h	 τ h σ ^RVHh	 ∆ 2�
= Tk[� ∆xn = xn+1 − xn, {xn}∞n=0 ^G'Xh�"��}℄xP%�p|%�
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(A3) {qn}∞n=0 ^$[d2��GI�9RV�"	
(A4) f ∈ C(R,R) ?.<$[eh φ ∈ C1(R,R) h$[#h β > 0 (^

f(x)

|φ(x)|β−1φ(x)
≥ k > 0, φ′(x) ≥ ε > 0 ? xφ(x) > 0 4 x 6= 0 V,E� k, ε ^I#h	

(A5)
∞
∑

n=0
1/r

1
α
n = ∞.Ja$R#�" {xn}, n ≥ −max {τ, σ} EG'9 n = 0, 1, 2, · · · (^Q( (1.1), 3*~.�$ {xn} ^Q( (1.1) 9$[���F�L\=*Zp|

xn = An, n = −max{τ, σ}, · · · , 0, (1.2)>Q( (1.1) 2y$$[(^*Zp| (1.2) 9��,v�JaEG'9 N > 0, .<$[ n > N (^ xnxn+1 ≤ 0, >$Q( (1.1) 9� {xn} ^GA9	U>�$ {xn} ^RGA9�JaQ( (1.1) 9-$[�BGA�>$Q( (1.1) ^GA9�
[4] Æ%!R	�Q�� TQ(

∆(rn(∆zn)γ) + qnf
β(xn−σ) = 0<p|

(1) γ ≥ β ≥ 1 ? ∞
∑

n=0
1/rn = ∞qC

(2) 0 < β < 1, γ > 1 ? ∞
∑

n=0
1/rn = ∞�9GA��3^��%K�p| ∞

∑

n=0
1/rn = ∞ ^�i�9�-WY% ∞

∑

n=0
1/r

1
γ
n = ∞.< [7] h [9] Q�aCT�n'!Q(

∆(rn∆zn) + qnf(xn−σ) = 0h
∆(rn|∆zn|α−1∆zn) + qnf(xn−σ) = 09GA��FH��%
6�Ja,2xP α ≥ 1, [9] 9�a^�%�9�a [10–12] 9<K��}�0 Riccati �oh�M�\+!Q( (1.1) <p|
α ≥ β ≥ 1 qC α ≥ 1, 0 < β < 1�9$ÆGA�Y>�EÆY>Y�hu�! [4,7,9] 9�a�,v�mYI! [4] Q=� 4 9J1�
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2 ��qn�}EG'\=9I�" {ρn}∞n=0 h#h M > 0, a > 0, �0J�wf (j}�:Q1)

Qn = kεβρnqn(1 − pn−σ)β , Rn =
ρn 21−βM

α−β
α

ρ2
n+1r

β

α

n−σ

,

Tn =
βρn[a(n+ 1)]

β−α

α

ρ
α+1

α

n+1r
1
α

n−σ

, Pn =
βρnM

α−1

α [a(n+ 1)]β−1

ρ2
n+1r

1
α

n−σh
(ρn)+ = max {0, ρn}.5 [10] �j�$�" {Hm,n|m ≥ n ≥ 0} b3si H, wa Hm,n ∈ H, Ja

(H1) Hm,m = 0, m ≥ 0 ? Hm,n > 0, m > n ≥ 0;

(H2) ∆2Hm,n = Hm,n+1 −Hm,n ≤ 0, m > n ≥ 0.,v�P {hm,n|m ≥ n ≥ 0} ∈ H, (^ ∆2Hm,n = −hm,n

√

Hm,n, m > n ≥ 0.z!\+�}9U"�a���O%��[*���u 2.1 Ja {xn} ^Q( (1.1) 9$[_RI��3*.<$[IHh n0, Y7E ∀n ≥ n0 2
zn ≥ xn > 0, ∆zn ≥ 0 h ∆

(

rn|∆zn|α−1∆zn

)

≤ 0.� �U$���xP xn > 0, xn−τ > 0 h xn−σ > 0 El29 n ≥ n0 ≥ 0 %���F� zn ≥ xn > 0. 1Q( (1.1) hp| (A4) 7
∆

(

rn|∆zn|α−1∆zn

)

= −qnf(xn−σ) ≤ 0.~.D� ∆zn ≥ 0 E ∀n ≥ n0 %��U>��.< n1 ≥ n0 Y7 ∆zn1
< 0. )z

{rn|∆zn|α−1∆zn} ^R?9�l%E ∀n ≥ n1, 2
rn|∆zn|α−1∆zn ≤ rn1

|∆zn1
|α−1∆zn1

= ξ < 0.H�7
∆zn ≤ −

(−ξ
rn

)
1
α

.}Nd�;\9��- n1 6 n− 1 Ah�-0 (A5) 7
zn ≤ zn1

−
n−1
∑

i=n1

(−ξ
rn

)
1
α → −∞, n→ ∞,E5 zn > 0 )F�3^ ∆zn ≥ 0.
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�u 2.2 Ja ∆zn ≥ 0, ∆rn ≥ 0 ? ∆(rn(∆zn)α) ≤ 0, 3*.<$[#h a > 0 Y7 zn−σ+1 ≤ a(n+ 1) E ∀n ≥ n0 %��� )zE ∀n ≥ n0 2
0 ≥ ∆

(

rn(∆zn)α
)

= ∆rn(∆zn+1)
α + rn∆(∆zn)αh

rn > 0, ∆rn ≥ 0, (∆zn+1)
α ≥ 0,l% ∆(∆zn)α ≤ 0, t {(∆zn)α} ^R?9��2 (∆zn+1)
α ≤ (∆zn)α, > ∆zn+1 ≤ ∆zn.3^�E ∀n ≥ n0 2 zn ≤ zn0

+ n∆zn0
. ^.<$[i_9I#h a, Y7 zn ≤ an. 1,�7

zn−σ+1 ≤ a(n− σ + 1) ≤ a(n+ 1)E ∀n ≥ n0 %���/9�'u�! [10–12] 9�a�gu 2.1 P α ≥ β ≥ 1. Ja
lim sup
m→∞

1

Hm,0

m−1
∑

n=0

[

Hm,nQn − 1

4Rn

(

hm,n −
√

Hm,n

∆ρn

ρn+1

)2
]

= ∞, (2.1)3*Q( (1.1) ^GA9�� P {xn} ^Q( (1.1) 9$[RGA���U$���xP {xn} ^Q( (1.1) 9$[_RI��~.M�Æ%ES���)z4 xn < 0 V��o yn = −xn �}Q(
(1.1)GA9)Tp|Xl%5 (2.1)
s9�\�℄	*� 2.1K ∆zn ≥ 0, 3*.<$[IHh n0 Y7E ∀n ≥ n0 2 Zn−σ−τ ≤ zn−σ. 1,�7

xn−σ = zn−σ − pn−σzn−σ−τ ≥ (1 − pn−σ)zn−σ.℄	 (A4) 2
f(xn−σ) ≥ k|φ(xn−σ)|β−1φ(xn−σ) ≥ k(εxn−σ)β ≥ kεβ(1 − pn−σ)βzβ

n−σ.E ∀n ≥ n0, 1Q( (1.1) �7
∆

(

rn(∆zn)α
)

+ kεβqn(1 − pn−σ)βzβ
n−σ ≤ 0. (2.2)=(

wn = ρn

rn(∆zn)α

zβ
n−σ

, n ≥ n0. (2.3)1 (2.2) h (2.3) 7
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∆wn =
∆ρn

ρn+1
wn+1 + ρn

∆
(

rn(∆zn)α
)

zβ
n−σ+1 − rn+1(∆zn+1)

α∆(zβ
n−σ)

zβ
n−σz

β
n−σ+1

≤ ∆ρn

ρn+1
wn+1 − ρn

kεβqn(1 − pn−σ)βzβ
n−σz

β
n−σ+1 + rn+1(∆zn+1)

α∆(zβ
n−σ)

zβ
n−σz

β
n−σ+1

= −Qn +
∆ρn

ρn+1
wn+1 −

ρnrn+1(∆zn+1)
α∆(zβ

n−σ)

zβ
n−σz

β
n−σ+1

. (2.4)℄	�;\ ([5] Q9=� 27)

(a+ b)r ≥ ar + br, a, b ≥ 0, r ≥ 1,7
xβ ≥ (x− y)β + yβ, x ≥ y > 0, β ≥ 1,t
xβ − yβ ≥ (x− y)β , x ≥ y > 0, β ≥ 1,3*

∆(zβ
n−σ) ≥ (∆zn−σ)β . (2.5)1 (2.4) h (2.5) 7

∆wn ≤ −Qn +
∆ρn

ρn+1
wn+1 −

ρnrn+1(∆zn+1)
α(∆zn−σ)β

zβ
n−σz

β
n−σ+1

. (2.6)W'6 ∆
(

rn(∆zn)α
)

≤ 0, > rn−σ(∆zn−σ)α ≥ rn+1(∆zn+1)
α, t

∆zn−σ ≥
( rn+1

rn−σ

)
1
α

∆zn+1. (2.7)℄	*� 2.1 h (2.3), (2.6), (2.7) 7
∆wn ≤ −Qn +

∆ρn

ρn+1
wn+1 −

ρn21−βr
α+β

α

n+1 (∆zn+1)
α+β

r
β
α

n−σz
2β
n−σ+1

= −Qn +
∆ρn

ρn+1
wn+1 −

ρn21−βr
β−α

α

n+1

ρ2
n+1r

β

α

n−σ(∆zn+1)α−β

w2
n+1. (2.8))z {rn(∆zn)α} zI?R?�l%.<�[#h M > 0 h N ≥ n0 > 0 Y7E ∀n ≥ N2 rn+1(∆zn+1)

α ≤ 1/M . 1,�7
∆zn+1 ≤

( 1

Mrn+1

)
1
α

. (2.9)13 α ≥ β, �i (2.8) h (2.9), ~.2
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∆wn ≤ −Qn +

∆ρn

ρn+1
wn+1 −Rnw

2
n+1.<Nd�;\9��sV&% Hm,n ?}m- k 6 m− 1 Ah�7

m−1
∑

n=k

Hm,nQn ≤ −
m−1
∑

n=k

Hm,n∆wn +

m−1
∑

n=k

Hm,n

∆ρn

ρn+1
wn+1 −

m−1
∑

n=k

Hm,nRnw
2
n+1

=Hm,kwk +

m−1
∑

n=k

wn+1∆2Hm,n +

m−1
∑

n=k

Hm,n

∆ρn

ρn+1
wn+1 −

m−1
∑

n=k

Hm,nRnw
2
n+1

=Hm,kwk −
m−1
∑

n=k

√

Hm,n

(

hm,n −
√

Hm,n

∆ρn

ρn+1

)

wn+1 −
m−1
∑

n=k

Hm,nRnw
2
n+1,

(2.10)t
m−1
∑

n=k

Hm,nQn ≤Hm,kwk −
m−1
∑

n=k

[

√

Hm,nRnwn+1 +
1

2
√
Rn

(

hm,n −
√

Hm,n

∆ρn

ρn+1

)]2

+
1

4

m−1
∑

n=k

1

Rn

(

hm,n −
√

Hm,n

∆ρn

ρn+1

)2

.&7
m−1
∑

n=k

Hm,nQn ≤ Hm,kwk +
1

4

m−1
∑

n=k

1

Rn

(

hm,n −
√

Hm,n

∆ρn

ρn+1

)2

. (2.11)JaB k = N , 3*
m−1
∑

n=N

[

Hm,nQn − 1

4Rn

(

hm,n −
√

Hm,n

∆ρn

ρn+1

)2]

≤ Hm,NwN ≤ Hm,0wN .1,�7
m−1
∑

n=0

[

Hm,nQn − 1

4Rn

(

hm,n −
√

Hm,n

∆ρn

ρn+1

)2]

≤ Hm,0

(

wN +
N−1
∑

n=0

Qn

)

.),
lim sup
m→∞

1

Hm,0

m−1
∑

n=0

[

Hm,nQn − 1

4Rn

(

hm,n −
√

Hm,n

∆ρn

ρn+1

)2]

≤ wN +

N−1
∑

n=0

Qn,E5 (2.1) )F�rb�=i_9�" {Hm,n} ∈ H, ~.�%76$�"2_Q( (1.1) 9GAY>��J
Hm,n = sgn(m− n), m ≥ n ≥ 0
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Hm,n = (m− n)µ, m ≥ n ≥ 0, µ ≥ 1.I& J Hm,n ∈ H, ℄	=� 2.1, ~.2J�t'�}y 2.1 P α ≥ β ≥ 1. Ja

lim sup
m→∞

{

m−2
∑

n=0

[

Qn − 1

4Rn

( ∆ρn

ρn+1

)2]

+Qm−1 −
1

4Rm−1

(

1 − ∆ρm−1

ρm

)2}

= ∞,3*Q( (1.1) ^GA9�}y 2.2 P α ≥ β ≥ 1. Ja
lim sup
m→∞

1

mµ

m−1
∑

n=0

{

(m− n)µQn − 1

4(m− n)
µ
2Rn

·
[

(m− n)µ
(

1 − ∆ρn

ρn+1

)

− (m− n− 1)µ
]2}

= ∞,3*Q( (1.1) ^GA9�gu 2.2 P α ≥ β ≥ 1 ? ∆rn ≥ 0. Ja
lim sup
m→∞

1

Hm,0

m−1
∑

n=0

[

Hm,nQn − αα

(α+ 1)α+1

(σm,n

ηm,n

)α+1]

= ∞, (2.12)E�
ηm,n = (Hm,nTn)

α
α+1 , σm,n = Hm,n

∣

∣

∣

∆ρn

ρn+1
− hm,n

√

Hm,n

∣

∣

∣
,3*Q( (1.1) ^GA9�� 5=� 2.1 9J1$!�E ∀n ≥ n0 2 (2.4) %���0�;\ (z [5] Q9=� 41)

xβ − yβ ≥ βyβ−1(x− y), x, y > 0, β ≥ 1, (2.13)~.2
∆(zβ

n−σ) ≥ βzβ−1
n−σ∆zn−σ. (2.14)� (2.14) 2K (2.4) 7

∆wn ≤ −Qn +
∆ρn

ρn+1
wn+1 −

βρnrn+1(∆zn+1)
α∆zn−σ

zn−σz
β
n−σ+1

. (2.15)1 (2.7) h (2.15) 7
∆wn ≤−Qn +

∆ρn

ρn+1
wn+1 −

βρnr
α+1

α

n+1 (∆zn+1)
α+1

r
1
α

n−σzn−σz
β
n−σ+1

= −Qn +
∆ρn

ρn+1
wn+1 −

βρn

r
1
α

n−σρ
α+1

α

n+1

z
β−α

α

n−σ+1w
α+1

α

n+1 .
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℄	*� 2.2 h α ≥ β 2
∆wn ≤−Qn +

∆ρn

ρn+1
wn+1 −

βρn[a(n+ 1)]
β−α

α

ρ
α+1

α

n+1r
1
α

n−σ

w
α+1

α

n+1

= −Qn +
∆ρn

ρn+1
wn+1 − Tnw

α+1

α

n+1 .<Nd�;\9��sV&% Hm,n ?}m- k 6 m− 1 Ah�W'6 Hm,n ∈ H, �7
m−1
∑

n=k

Hm,nQn +

m−1
∑

n=k

Hm,nTnw
α+1

α

n+1 −
m−1
∑

n=k

Hm,n

( ∆ρn

ρn+1
− hm,n

√

Hm,n

)

wn+1

≤Hm,kwk. (2.16)w
Fm,k =

m−1
∑

n=k

Hm,nTnw
α+1

α

n+1 −
m−1
∑

n=k

Hm,n

( ∆ρn

ρn+1
− hm,n

√

Hm,n

)

wn+1,>
Fm,k ≥

m−1
∑

n=k

(ηm,nwn+1)
α+1

α −
m−1
∑

n=k

σm,nwn+1.℄	�;\ (z [5] Q9=� 61) 7
σm,nwn+1 ≤ (ηm,nwn+1)

α+1

α +
αα

(α+ 1)α

(σm,n

ηm,n

)α+1

.3^
Fm,k ≥ − αα

(α+ 1)α+1

m−1
∑

n=k

(σm,n

ηm,n

)α+1

.1 (2.16) 7
m−1
∑

n=k

Hm,nQn − αα

(α+ 1)α+1

m−1
∑

n=k

(σm,n

ηm,n

)α+1

≤ Hm,kwk. (2.17)ED=9 N ≥ n0, ℄	 (2.17) 7
m−1
∑

n=0

Hm,nQn − αα

(α+ 1)α+1

m−1
∑

n=0

(σm,n

ηm,n

)α+1

≤ Hm,0

(

wN +

N−1
∑

n=0

Qn

)

.),
lim sup
m→∞

1

Hm,0

m−1
∑

n=0

[

Hm,nQn − αα

(α+ 1)α+1

(σm,n

ηm,n

)α+1]

≤ wN +

N−1
∑

n=0

Qn <∞,E5 (2.12) )F�



39 w?+��Nq�I~5��P���SP'8F�� 545gu 2.3 P α ≥ 1, 0 < β < 1 ? ∆rn ≥ 0. Ja
lim sup
m→∞

1

Hm,0

m−1
∑

n=0

[

Hm,nQn − 1

4Pn

(

hm,n −
√

Hm,n

∆ρn

ρn+1

)2]

= ∞, (2.18)3*Q( (1.1) ^GA9�� 5=� 2.1 9J1$!�E ∀n ≥ n0 2 (2.4) %��℄	�;\ (z [5] Q9=� 41)

xβ − yβ ≥ βxβ−1(x− y), x, y > 0, 0 < β < 1,2
∆(zβ

n−σ) ≥ βzβ−1
n−σ+1∆zn−σ. (2.19)3^�1 (2.4) h (2.19) 7

∆wn ≤ −Qn +
∆ρn

ρn+1
wn+1 −

βρnrn+1(∆zn+1)
α∆zn−σ

zβ
n−σzn−σ+1

.�i (2.7), ~.2
∆wn ≤−Qn +

∆ρn

ρn+1
wn+1 −

βρnr
α+1

α

n+1 (∆zn+1)
α+1

r
1
α

n−σz
β+1
n−σ+1

= −Qn +
∆ρn

ρn+1
wn+1 −

βρnr
1−α

α

n+1

ρ2
n+1r

1
α

n−σz
1−β
n−σ+1(∆zn+1)α−1

w2
n+1.W'6 α ≥ 1, 3*1 (2.9) 7

∆wn ≤ −Qn +
∆ρn

ρn+1
wn+1 −

βρnM
α−1

α

ρ2
n+1r

1
α

n−σz
1−β
n−σ+1

w2
n+1.℄	*� 2.2 h 0 < β < 1 76

∆wn ≤−Qn +
∆ρn

ρn+1
wn+1 −

βρnM
α−1

α [a(n+ 1)]β−1

ρ2
n+1r

1
α

n−σ

w2
n+1

= −Qn +
∆ρn

ρn+1
wn+1 − Pnw

2
n+1.4�9J15=� 2.1 9J1b(�j�E�S&�� 2.1 < [4] Q�rbY0�/9�;\ (z [4, 322 #]),

(∆2zn)γ = (∆zn+1 − ∆zn)γ ≤ (∆zn+1)
γ − (∆zn)γ < 0 (γ > 1 ^�;hL�),t ∆2zn < 0, aC\+!5=� 2.3 �j9=� (z [4] Q9=� 4). W'6�;\%�9p|^ ∆zn+1 ≥ ∆zn (z [4] Q9 (2.8) \), E5 ∆2zn < 0 )F�E��~.9=�

2.3 h*� 2.2 YI!m?�$�u�! γ 9Ox�
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gu 2.4 P α ≥ β ≥ 1. Ja.<�[I�" {ϕn}∞n=0 h {ψn}∞n=0 Y7E ∀ k 2
lim sup
m→∞

1

Hm,k

m−1
∑

n=k

Hm,nQn ≥ ϕk (2.20)h
lim sup
m→∞

1

Hm,k

m−1
∑

n=k

1

Rn

(

hm,n −
√

Hm,n

∆ρn

ρn+1

)2

≤ ψk, (2.21)E� {ϕn} h {ψn} (^
lim inf
m→∞

1

Hm,k

m−1
∑

n=k

Hm,nRn

(

ϕn+1 −
1

4
ψn+1

)2

+
= ∞, (2.22)3*Q( (1.1) ^GA9�� 5=� 2.1 9J1b($!�2 (2.10) h (2.11) %��E ∀ k ≥ N , ~.76

1

Hm,k

m−1
∑

n=k

Hm,nQn − 1

4Hm,k

m−1
∑

n=k

1

Rn

(

hm,n −
√

Hm,n

∆ρn

ρn+1

)2

≤ wk.<Nd�;\9�CB lim sup
m→∞

, �i (2.20) h (2.21) 7
ϕk − 1

4
ψk ≤ wk.1,�7

1

Hm,k

m−1
∑

n=k

Hm,nRn(ϕn+1 −
1

4
ψn+1)

2
+ ≤ 1

Hm,k

m−1
∑

n=k

Hm,nRnw
2
n+1. (2.23),v�1 (2.10) 7

1

Hm,k

m−1
∑

n=k

Hm,nRnw
2
n+1 +

1

Hm,k

m−1
∑

n=k

√

Hm,n

(

hm,n −
√

Hm,n

∆ρn

ρn+1

)

wn+1

≤wk − 1

Hm,k

m−1
∑

n=k

Hm,nQn.℄	 (2.20) 2
lim inf
m→∞

[ 1

Hm,k

m−1
∑

n=k

Hm,nRnw
2
n+1 +

1

Hm,k

m−1
∑

n=k

√

Hm,n

(

hm,n −
√

Hm,n

∆ρn

ρn+1

)

wn+1

]

≤wk − ϕk ≤ C0, (2.24)E� C0 ^#h�=(
um =

1

Hm,N

m−1
∑

n=N

√

Hm,n

(

hm,n −
√

Hm,n

∆ρn

ρn+1

)

wn+1
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vm =

1

Hm,N

m−1
∑

n=N

Hm,nRnw
2
n+1,E� m > N . 3^�1 (2.24) K4 m )T1V2

vm + um ≤ C0 + 1. (2.25)~.D�
lim inf
m→∞

1

Hm,k

m−1
∑

n=k

Hm,nRnw
2
n+1 <∞. (2.26)Ja (2.26) �(^�3*.<$[ lim

j→∞
mj = ∞ 9�" {mj}, Y7

lim inf
j→∞

1

Hmj ,k

mj−1
∑

n=k

Hmj ,nRnw
2
n+1 = ∞. (2.27)1N\h (2.25) 7

lim inf
j→∞

umj
= −∞. (2.28)4 j )T1V�1 (2.25) h (2.27) 7

umj

vmj

+ 1 ≤ C0 + 1

vmj

<
1

2
q umj

vmj

< −1

2
,N\�i (2.28) 2

lim
j→∞

u2
mj

vmj

= ∞. (2.29)$$Q/�1 Cauchy �;\7
u2

mj
≤

[ 1

Hmj,N

mj−1
∑

n=N

Hmj ,nRnw
2
n+1

][ 1

Hmj ,N

mj−1
∑

n=N

1

Rn

(

hmj ,n −
√

Hmj ,n

∆ρn

ρn+1

)2]

=vmj

[ 1

Hmj ,N

mj−1
∑

n=N

1

Rn

(

hmj ,n −
√

Hmj ,n

∆ρn

ρn+1

)2]

.l%
u2

mj

vmj

≤ 1

Hmj ,N

mj−1
∑

n=N

1

Rn

(

hmj ,n −
√

Hmj ,n

∆ρn

ρn+1

)2

. (2.30)1 (2.29)K (2.30)9`C^��9�E5 (2.21))F�3^ (2.26)%��),�1 (2.23)7
lim inf
m→∞

1

Hm,k

m−1
∑

n=k

Hm,nRn(ϕn+1 −
1

4
ψn+1)

2
+ ≤ lim inf

m→∞

1

Hm,k

m−1
∑

n=k

Hm,nRnw
2
n+1 <∞,
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E5 (2.22) )F�gu 2.5 P α ≥ β ≥ 1 ? ∆rn ≥ 0. Ja.<�[I�" {ϕn}∞n=0 h {ψn}∞n=0 Y7E ∀ k 2
lim sup
m→∞

1

Hm,k

m−1
∑

n=k

Hm,nQn > ϕk (2.31)h
lim sup
m→∞

1

Hm,k

m−1
∑

n=k

(σm,n

ηm,n

)α+1

< ψk, (2.32)E� {ϕn} h {ψn} (^
lim inf
m→∞

1

Hm,k

m−1
∑

n=k

Hm,nTn

(

ϕn+1 −
αα

(α+ 1)α+1
ψn+1

)

α+1

α

+
= ∞ (2.33)? {ηm,n} h {σm,n} 5=� 2.2 Q9=($!�3*Q( (1.1) ^GA9�� 
A=� 2.2 9J1b(2 (2.16) h (2.17) %��3*�E ∀ k ≥ n0, E (2.17)B lim sup

m→∞
��i (2.31) h (2.32) 2

ϕk − αα

(α+ 1)α+1
ψk ≤ wk.1,�7

1

Hm,k

m−1
∑

n=k

Hm,nTn

(

ϕn+1 −
αα

(α+ 1)α+1
ψn+1

)

α+1

α

+

≤ 1

Hm,k

m−1
∑

n=k

Hm,nTnw
α+1

α

n+1 . (2.34)1 (2.16) h (2.32) 7
lim inf
m→∞

[ 1

Hm,k

m−1
∑

n=k

Hm,nTnw
α+1

α

n+1 − 1

Hm,k

m−1
∑

n=k

Hm,n

( ∆ρn

ρn+1
− hm,n

√

Hm,n

)

wn+1

]

≤wk − ϕk ≤ C1, (2.35)E� C1 ^$#h�=(
am =

1

Hm,n0

m−1
∑

n=n0

σm,nwn+1 h bm =
1

Hm,n0

m−1
∑

n=n0

Hm,nTnw
α+1

α

n+1 ,E� m > n0. 3^�E)T19 m, 1 (2.35) 7
bm − am ≤ C1 + 1.
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lim inf
m→∞

1

Hm,k

m−1
∑

n=k

Hm,nTnw
α+1

α

n+1 <∞. (2.36)Ja (2.36) �%��5=� 2.4 9J1�j��.<$[ lim
j→∞

mj = ∞ 9�" {mj} Y7
lim

j→∞
bmj

= ∞ h amj
>

1

2
bmj%��1,�7

lim
j→∞

aα+1
mj

bαmj

= ∞. (2.37)$$Q/�1 Hölder �;\7
amj

≤
[ 1

Hmj ,n0

mj−1
∑

n=n0

Hmj ,nTnw
α+1

α

n+1

]
α

α+1
[ 1

Hmj ,n0

mj−1
∑

n=n0

(σmj ,n

ηmj ,n

)α+1] 1
α+1

=b
α

α+1

mj

[ 1

Hmj,n0

mj−1
∑

n=n0

(σmj ,n

ηmj ,n

)α+1] 1
α+1

.3^
aα+1

mj

bαmj

≤ 1

Hmj ,n0

mj−1
∑

n=n0

(σmj ,n

ηmj ,n

)α+1

. (2.38)℄	 (2.37) K (2.38) 9`C^��9�E5 (2.32) )F�l% (2.36) %��),�1
(2.34) 7

lim inf
m→∞

1

Hm,k

m−1
∑

n=k

Hm,nTn

(

ϕn+1 −
αα

(α+ 1)α+1
ψn+1

)

α+1

α

+

≤ lim inf
m→∞

1

Hm,k

m−1
∑

n=k

Hm,nTnw
α+1

α

n+1 <∞,E5 (2.33) )F�gu 2.6 P α ≥ 1, 0 < β < 1 ? ∆rn ≥ 0. Ja.<�[I�" {ϕn}∞n=0 h
{ψn}∞n=0 Y7E ∀ k 2

lim sup
m→∞

1

Hm,k

m−1
∑

n=k

Hm,nQn ≥ ϕkh
lim sup
m→∞

1

Hm,k

m−1
∑

n=k

1

Pn

(

hm,n −
√

Hm,n

∆ρn

ρn+1

)2

≤ ψk,E� {ϕn} h {ψn} (^
lim inf
m→∞

1

Hm,k

m−1
∑

n=k

Hm,nPn

(

ϕn+1 −
1

4
ψn+1

)2

+
= ∞,
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3*Q( (1.1) ^GA9�� W=�9J1b(5=� 2.4 9�j�E�S&�� 2.2 5=� 2.1 �j�rb�B�s9 Hm,n ∈ H, -=� 2.2 6=� 2.6, ~.�%76$�"2_Q( (1.1) GA9t'��J�B
Hm,n =

(

ln
m+ 1

n+ 1

)λ

, λ ≥ 1, m ≥ n ≥ 0qC
Hm,n = (m− n)(λ), λ > 2, m ≥ n > 0,E� (m− n)(λ) = (m− n) × (m− n+ 1) × · · · × (m− n+ λ− 1).� 2.3 4 α = β V�~.9�'u�! [9] 4 α ≥ 1 V9�a�� 2.4 4 α = β = 1 ? φ(x) = x V�Q( (1.1) ly%Q( (2.1). ),�~.9�'Y�! [7] Q9�a�

3 �	rv<W�T�\+M[�[�!d~.9U"�a�EÆ�[B^C�9�w 3.1 Æ% TQ(
∆

[ 1

(n+ 2)2
|∆zn|∆zn

]

+ 2(n2 + n)|xn−1|xn−1 = 0, (3.1)E� zn = xn + (1 − 1/(n+ 2))xn−τ , n ≥ 0, τ ≥ 0, rn = 1/(n+ 2)2, pn = 1 − 1/(n+ 2),

qn = 2(n2 + n), α = 2, σ = 1.℄	t' 2.1, B ρn = n+ 1, β = 2, φ(x) = x h k = ε = 1, E ∀ τ ∈ Z+, M > 0 2
lim sup
m→∞

[

m−2
∑

n=0

[

Qn − 1

4Rn

( ∆ρn

ρn+1

)2]

+Qm−1 −
1

4Rm−1

(

1 − ∆ρm−1

ρm

)2]

= lim sup
m→∞

[

m−2
∑

n=0

(

2n− 1

2(n+ 1)3

)

+ 2(m− 1) − 1

2m

]

≥ lim sup
m→∞

[

m−2
∑

n=0

(2n− 1) + 2(m− 1) − 1
]

= lim sup
m→∞

(m2 − 2m) = ∞.1t' 2.1 K�Q( (3.1) ^GA9�w 3.2 Æ% TQ(
∆

[ 1

(n+ 2)2
∣

∣∆zn|∆zn

]

+
√
n+ 1

√

|xn−1| sgn (xn−1) = 0, (3.2)E� zn = xn+1/(n+2)xn−τ , n ≥ 0, τ ≥ 0, rn = 1/(n+2)2, pn = 1/(n+2), qn =
√
n+ 1,

α = 2, σ = 1.



39 w?+��Nq�I~5��P���SP'8F�� 551℄	=� 2.3, B φ(x) = x, k = 1, ε = 1, ρn =
√
n+ 1, M = 1, a = 4, β =

1/2, Hm,n = sgn(m− n), >2
lim sup
m→∞

[

m−2
∑

n=0

[

Qn − 1

4Pn

( ∆ρn

ρn+1

)2]

+Qm−1 −
1

4Pm−1

(

1 − ∆ρm−1

ρm

)2]

= lim sup
m→∞

[

m−2
∑

n=0

(

√

n(n+ 1) + 2

√

n+ 2

n+ 1
− n+ 2

n+ 1
− 1

)

+
√

m(m− 1) − 1
]

≥ lim sup
m→∞

[

m−2
∑

n=0

(n− 1) + (m− 1) − 1
]

= lim sup
m→∞

(1

2
m2 − 3

2
m

)

= ∞.1=� 2.3 KQ( (3.2) ^GA9�w 3.3 Æ% TQ(
∆

[ 1

n+ 3
|∆zn|∆zn

]

+ (n+ 2)(x5
n−1 + 2x3

n−1 + xn−1) = 0, (3.3)E� zn = xn + (1 − 1/(n+ 3))xn−τ , n ≥ 0, τ ≥ 0, rn = 1/(n+ 3), pn = 1 − 1/(n+ 3),

qn = n+ 2, α = 2, σ = 1 h f(x) = x5 + 2x3 + x.℄	=� 2.4,B φ(x) = x3+x, k = ε = 1, ρn = 1, M = 16, β = 1, Hm,n = (m−n)22
lim sup
m→∞

1

Hm,k

m−1
∑

n=k

Hm,nQn = lim sup
m→∞

[ 1

(m− k)2

m−1
∑

n=k

(m− n)2
]

= lim sup
m→∞

[m− k

6

(

1 +
1

m− k

)(

2 +
1

m− k

)]

≥ lim sup
m→∞

m− k

3
> 2

√
k + 1 := ϕkh

lim sup
m→∞

1

Hm,k

m−1
∑

n=k

1

Rn

(

hm,n −
√

Hm,n

∆ρn

ρn+1

)2

= lim sup
m→∞

1

(m− k)2

m−1
∑

n=k

[1

4

1√
n+ 2

(

2 − 1

m− n

)2
]

≤ lim sup
m→∞

1

(m− k)2

m−1
∑

n=k

1√
n+ 2

≤ lim sup
m→∞

m− k

(m− k)2
< 4

√
k + 1 := ψk.3^�
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lim inf
m→∞

1

Hm,k

m−1
∑

n=k

Hm,nRn

(

ϕn+1 −
1

4
ψn+1

)2

+

= lim inf
m→∞

4

(m− k)2

m−1
∑

n=k

[

(m− n)2(n+ 2)
3
2

]

≥ lim inf
m→∞

4

(m− k)2

m−1
∑

n=k

(m− n)2

= lim inf
m→∞

[2

3
(m− k)

(

1 +
1

m− k

)(

2 +
1

m− k

)]

≥ lim inf
m→∞

4

3
(m− k) = ∞.1=� 2.4 KQ( (3.3) ^GA9�b s ~ �
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Abstract By using Riccati transformation, averaging technique and a lot of inequality

techniques, some sufficient conditions are obtained for oscillation of the second-order quasi-

linear neutral delay difference equations

∆
[

rn|∆zn|α−1∆zn

]

+ qnf(xn−σ) = 0,

where zn = xn + pnxn−τ , under the conditions α ≥ β ≥ 1 or α ≥ 1, 0 < β < 1, where

β is a constant in condition A(4) of this paper, and give some examples to explain.
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