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Inventing an evaluation method based on graph model and optimization

Li Yongli, Wu Chong

(School of Management, Harbin Institute of Technology, Harbin 150001, China)

Abstract: To solve the problem of achieving a comprehensive evaluation result consistent with the original

evaluation information, which is often made difficult by different styles of evaluators, and to deal with the

widespread problem of data omitting, this paper presents a new evaluation method. The method uses graph

theory to view the evaluation objects as nodes and the evaluation actions as edges. As a result, the evaluation

graph can be obtained and further transformed into an equivalent two-dimensional adjacent matrix. Based

on the optimization theory, the paper projects the two-dimensional matrix to one-dimensional space and then

calculates the results. The empirical analyses by simulated data and real data both show that the method is

reasonable and practical. In conclusion, the method can make full use of the original evaluation information,

adapt to the situation of data omitting and can be applied in the mass data set.
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�.^uÅÖ�?�µ�,±9Hochbaum�[4]òµd�.SDM^u�ræB1��'���.IS±�

fïÄ�AÚ�µd�{ïÄ�ë�MLY�[5,6]�ïÄ,±+Nûü�ïÄé��µd�{�ë��£²

�[7,8]�ïÄ,±9±Ä�nÜµd�A���{9Y~ïÄ�ë�Hæ��[9,10]�©z.

�©�ïÄláu±þ�Þ�µdnØ��{��K+�,:'5uü�y�:Ù�´duØÓ�µ

dökXØÓ�µdS.ÚµdÄO,N�3�ÑnÜ�µd(J�?nÐù�¯K,¦�µd�(J�Q

k��õê<�µdüS´���[11,12] ,Ù�´�þ�µd¯K�3êâ"��y�,N��O�«�{

?nù
¯K[13] .

�©�7Xùü�¯KÐmµd�.��ïó�,�Ñ
?Ø¯K�Ä�(�,¿ïá
�A��.Ú

�O�A�¦)Å�,�Ñ
���äµd�{Ün5��I,¿ÏL�[êâÚý¢êâ�¢y©Û,?

Ø
�©µd�{�Ün5Ú¢^5.

2 µµµddd���{{{���ïïïááá999¦¦¦)))LLL§§§

�©?Ø�µd¯K�±Ä��±e��.[14] :kN�Ô¬(IP� n,5¿�ùp�Ô¬´���

�z�Vg,ÙäN��û¬!�Y±9á5��)Ú M�µdö(IP� m),z�µdöéù
Ô¬¥

�eZ�?1µd.3�.�Ä���¥,µdæ^ α©�,ùp α��ê,����Õþæ^� 5©�,½

öÆ)�¤1µ�l A� F� 10�?���Ñ´Ä�����/.eL 1´µd�&E®o�¹��

L,L 2´Ù��A~,TA~ò^uÐy�{�¢yL§Ú�~©Û,L¥�“)”L«�µd,éA"�ê

â��/.

L 1 ��.¥�µd&E®o�L

Table 1 Table of the original evaluation data from the model

µdö 1 . . . µdöM

Ô¬ 1 V11 . . . V1M

...
...

...
...

Ô¬N VN1 . . . VNM

L 2 ± 2©��~�µd�¹®oL

Table 2 an example from a 2-point scale evaluation system

µdö 1 µdö 2 µdö 3 µdö 4

Ô¬ 1 1 — 2 —

Ô¬ 2 2 1 — 2

Ô¬ 3 1 1 1 —

2.1 ÄÄÄuuuããã���...���µµµddd���{{{���ïïïáááLLL§§§

�âµdö méù
Ô¬�µ©�¹,½Âz¶µdö�µ©�þ vm

αN×1
Xe.�1 m¶µdöv

kµd1 k�Ô¬�, vm
l×l = 0, l ∈ {αk − α + 1, αk − α + 2, . . . , αk};�1m¶µdöé1 k�Ô¬�

Ñ z�µ©�,kü«�¹,3 l = αk − z + 1�,vm
l×l = 1;3 l ∈ {αk−α + 1, αk −α + 2, . . . , αk} \ {αk −

z + 1}�, vm
l×l = 0.Ù¥ k ∈ {1, 2, . . . , N}, z ∈ {1, 2, . . . , α}.

dd½Â1m¶µdö�µ©Ý
�

A
m
αN×αN = v

m
αN×1(v

m
αN×1)

T. (1)

òz¶µdö�µ©Ý
\o,����XÚ�µ©Ý
Xe.

AαN×αN =
M

∑

m=1

A
m
αN×αN =

M
∑

m=1

v
m
αN×1(v

m
αN×1)

T. (2)

Ý
Am
αN×αNÒ´�©éuµ©XÚ&E?n�ó�,òÙ=z�Ý
�êÆLã/ª.ù��Lã

�ª´Äu^ã�nØ5w�ù���µd¯K,ùpòÔ¬À�:(ù
:kXØÓ�©êá5),òµ�

À�>,�¤
��ã�/ª.�äN�`²±þ�ª�¹Â9�ã�éA'X,±e±L 2�êâ�~?

1`².

�âL 2¥µdö 1�µ©&E,�±Lã�ã 1�/ª,5¿�ùp�z�Ô¬´ã¥�:,µd

�1�ò§�éXå5�¤
ã�>;ùp�z�:kXü�á5&E,=“µ©� 2©”�á5Ú“µ©
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� 1©”�á5.éuz�µdöó,ùü�á5´p½�,'X:µdö 1�
Ô¬ 1 (IP�n1) 1©,Ò

Ø¬éÙ 2©�á5@�;Ón,Ù�
Ô¬ 2 (IP�n2) 2©,ÒØ¬éÙ 1©�á5@�,Xd,ù�µd

1��¤
Ô¬ 1� 1©á5ÚÔ¬ 2� 2©á5�m�ë�;Ón��ã 1¥Ù¦�ë�(=ã�>).21n 1 n 2 n 321 21
ã 1 µdö 1�µdã«

Fig. 1 The evaluation graph of evaluator No.1

òµdö 1�µd&E^����þL�,|^ 2.1!�½Â��V1,Xe¤«

V1 =[0 0�0 1�0 1]T,

Ù¥“�”ò�þ©¤
nÜ©,©OéAXn«Ô¬,3z�©��ü���¥,1��L«|± 2©�

á5,1��L«|± 1©�á5,X V1¥1��©�ü�¥�“1”L«éÔ¬ 1µd� 1©,aq/�±�

�Ù¦êi�¹Â.�,Ô¬vk�µd�,��uTÔ¬�ü��©á5Ñvk�|±,ù�TÔ¬éA

�©�ü�S� 0,'X,µdö 2�µ©�þ� [0 0�0 1�0 1]T,ÙvkéÔ¬ 1�µd,¤±1��©

�ü�S�ü����� 0.
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0 0 0 0 0 0

0 1 1 0 0 1

0 1 1 0 0 1

0 0 0 0 0 0

0 0 0 0 0 0

0 1 1 0 0 1
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^����þ�,�±���A,�¶µdö�µd&E,�ØU�*/L�ã¥“>”�'X,=µ

döÏLµd1�òÔ¬éXå5�'X,ù�'Xéu�Aµdö�µdS.Ú'�ØÓÔ¬m�

µ©K´��.ÏL½Â�þ�¦{$��±���ã«�d���Ý
,ùdª(1)¤½Â.'Xéu�

A1��µdöµd�¹���þ V1,ÙÏL½ÂÝ
¦{���Ý
� V1V
T

1 ,Xþª¤«.Ý
¦{

�½Â¦�>�'X�±Lã,ù´Ï�±Ý
¥�1�11n���� 1�~,Ù5gu��þ V1�1

���� 1Ú1�þ V T
1 �1n��� 1�¦È,cö¿�XéÔ¬ 1�
 1©,�ö¿�XéÔ¬ 2�


 2©,ù�,Ý
 V1V
T

1 1�11n���� 1Ò�N
üö�'é&E,éAXã 1¥Ô¬ 1�Ô¬ 2�

m�ë�.ù�~f)º
Ý
¦{�ã¥>�'X.dd��,Ù¦��é��þ���ÑkXaq�)

º,é��þ���KL�
����þ���¹Â.Ïd,Ý
�ã«L�
Ó��&E,Ý
´ã«�

d�êÆL�.

2.2 ÄÄÄuuu���`̀̀zzznnnØØØ���µµµddd���{{{���¦¦¦)))LLL§§§

�
���ÜÔ¬�ª�µd�©�þ,I�ò±þ�A�Nµd&E�Ý
 AαN×αN ({P�A)?

1ü�?n,I�òÙü���,Ó�q¦�U/�±Ý
 A�&E���,K�ÄÝ
3���þþ�Ý

K,=±e��`z¯K


















Max
W TAW

W TW
,

s.t.
αN
∑

i=1

wi = 1.

(3)

Ù¥wi´�þW �1 i���.
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±þ`z�8I¼ê��uÝ
 A3�þW þ�ÝK.5¿�Ý
 A��K5Úé¡5,±þ�`

z¯K��u¦Ý
�ÌA��9ÙéA�ÌA��þ;¿��â Perron-Frobinus½n[15],±þ�`z¯

Käk���K).

ò¦��W � V1@�UìÔ¬©�,¿�éz�©��ü�Å�?18�z$�,ò$��(J�

�A�©ê¦È2¦Ú=����AÔ¬�µd�©,äN�ë� 2.3!��~.

2.3 ���~~~

±L 2�êâ�~,A^Äuã�.�L�{Ú�`z�¦)�{,�±���AQkµd&E�Ý


A,ÙÌA��éA�A��þW 9Ù�éz�Ô¬Å�8�z�(JW ,=

A =
4

∑

m=1

VmV
T

m =























1 0 0 0 0 1

0 1 1 0 0 1

0 1 1 0 0 1

0 0 0 2 1 0

0 0 0 1 1 0

1 1 1 0 0 2























, W =























0.217 6

0.339 8

0.435 2

0.217 6

0.000 0

0.774 9























, W =























0.390 4

0.609 6

0.666 7

0.333 3

0.000 0

1.000 0























.

dW �(J���Ô¬ 1, 2Ú 3Äu�©�.�nÜµ©©O� 1.390 4, 1.666 7Ú 1.000 0.

2.4 ééé���{{{���µµµããã

�©��{léX�*:w¯K,ÏLÚ\ã(��±n)��ä)�*:,òµdö�µdö,µdé�

�µdé�,µdö�µdé�ÏLµd1�'éå5.ù�'éaÑ
Qk�µd�{�ïág´,kÏ

u�¿©|^XÚ¥®k�&E,�kÏuòã©Û�óäÚ\µd�{�ïÄ.äN/`,�©��{

k±e�n:�z:

1)òã©Û�g�Ú\µd¯K�ïÄ,ÙkÏu84�kXÚ¥��«éX,Nyµdö�µdÄ

O,¦����(JU
�õ/�N�kXÚ¥�&E,ù´�yµd(J�¡Ú�&��Ä:.d

d,��)
e©Øy�T�{�ûÐ�S5,U
�N�õêµdö� Ð&E.

2)�Qk�µd�{�'�,�©��{3ïá�g�þäk#L5,=l��z��3�kXÚ¥�

&EÑuïáµd�.,�l&E��z�3��Ý��µd(J,ùéu��Ün�µd(J´�

�,Ï�µd��Ò�¦nÜ!�¡��NQk�&E.XJ3ïá�.�Ð,ÒvUXÚ/Ú��¡/�

NXÚ�&E,���µd(Jò´k �,'X~^��²þ�µd�{,Ù�^�
µdöéuz�Ô

¬��©&E,�À
µdö�mdu�©�)�éXÚÔ¬�m�éX,?ÒJ±�Nµdö�µd

ÄOÚµd Ð¯K,ùò�)µd�ØÜny�,ù�:ò3�©� 3.2!?1�ã.

3)�©JÑ�ã�.äk�*Ð�5�,'XùpÔ¬�m�éX´ÏLµd1���ã�>�)

�,¯¢þ,Ù'é��ª�kéõ«,'Xµdö�5O!��,'XÔ¬�ôÚ!d���;XJl�©

ïá�ã�.Ñu,Ò��uïáå
Ô¬,µdö±9�NÔ¬Úµdö�m'é��ä,ùéunÜ/

Ú�¡/µdÚ�NXÚ�A5K´��g�.

3 ���{{{���¢¢¢yyy©©©ÛÛÛ

e¡ÏL¢y©ÛïÄ�©�{��'A5,�¹
�{�Ün5,�Qkµd�{�'�9Ù^u�

5�¹k"�êâ8�·^5�¡.�ÅìÆS©a�{¥^uu��{�O(5��('X,3ÿÁ8þ

�	“©a�(�'~”ù��I5'��{�`�),�©ÄkJÑ���I^u�	µd�{�Ð�.

3.1 µµµddd���{{{ÜÜÜnnn555������yyy���III

�©A^ Kendall’s Tau(P� τ )ù��I^u“µd�{”�Ün5�y.ù��I�Ð^u'�ü��
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þ�üS´Ä��,Ù�©½Â�:éu�þ (a1, a2, . . . , an)TÚ (b1, b2, . . . , bn)T,Uì±e5K¦�üü

'�� CijXe.

Cij =











1, XJ(ai < aj�bi < bj)½ö(ai > aj�bi > bj)½ö(ai = aj�bi = bj)

0.5, XJ(ai = aj�bi 6= bj)½ö(ai 6= aj�bi = bj)

0, Ù¦�¹.

Küü'��(J\o� C =
n
∑

i=1

n
∑

j=i+1

Cij ,dd��Ýþü��þüS��5��I Kendall’s Tau� τ =

(4C/(n(n − 1))) − 1.

5¿�±þ½Â�Ýþ�Iäk±e�A�5�:

1)XJü��þ�üS����,K τ = 1,XJ����,K τ = −1;

2)τ��0u −1Ú 1�m,�Xü��þ��5�Cr,K τ�C�.

A^±þ� τ��±�	���µd(J��©µdêâ3üS�¡���§Ý,ÏL½Â Vtotal�

A^,«µd�{���µ©�þ,XJ Vk´1 k�µdö�µ©�þ,Küö�üS��§Ý

�±A^ τ(Vtotal,Vk)L«,@oéu�N M�µdö,Ù²þ���§Ý(P� τ̄ )�L«� τ̄ =
M
∑

k=1

τ(Vtotal, Vk)/M .ù�þ�N
Äu,«�{���µ©�þ�üS(J��©��µ©�þ�

Ñ�üS&E���§Ý,ù����,`²���(J�X¢/�N
Qk�µdüS&E,ù´µd�

{Ün5��I���.

éuk"�êâ��/,�IÄ��þ (a1, a2, . . . , an)TÚ (b1, b2, . . . , bn)T�Ó�vk"��Ü©,2

æ^±þ�½Â,ù��þ��Ý n′ò�u n,Ù¦�/��þ¡��¹K´���.

3.2 ÄÄÄuuu���[[[êêêâââ���¢¢¢yyy©©©ÛÛÛ

b�k 3«Ô¬(©OIP� n1, n2Ú n3)Ú 4�µdö(P� m1�m4),æ^ 5©��µdN�, 5©

�Ð, 1©��,Ùµd�¹deL 3�Ü¤«,Ù¥“)”L«�µd,�Aêâ"���¹.A^�©�

{, SDM�{[16]Ú²þ��{[17]�µd�©(JXL 3mÜ¤«,¿�z«�{�Qkµd&E�²þ�

�§Ý τ̄dL 4¤«.

L 3 �©µd&E9�«�{���µd(J®oL

Table 3 Table of the original data and the results of three methods

m1 m2 m3 m4 �©�{ SDM�{ ²þ��{

n1 4 — 1 1 1.00 1.20 2.00

n2 — 2 2 3 2.11 2.31 2.33

n3 5 1 — 2 1.40 2.36 2.67

L 4 �«�{� τ̄�

Table 4 τ̄ values of three methods

�{¶¡ τ̄�

©��{ 1.00

SDM�{ 0.58

²þ��{ 0.58

L3ÚL 4¥� SDM�{�¢yÚ½äN�ë�©z[4].dL3ÚL4�±uy,^�©��{�

��µd©êU
�NÑ�kµdö�µdüS&E,�=éuQk��©µdêâó, n2�Ð

u n1Ú n3,Ó� n3�Ðu n1,ùéu��nÜ�µd©êK´���K.lù��Ý`,�©��{´

`u^ué'�ü«�{�,ù�´�©�{Ün5�Ny.

Ó�5¿�,z�µdö��©IO´ØÓ�,'Xéu m1ó,�UÙ��u�p©,Ù¦µdö

KØ,,XJA^²þ��{½ SDM�{,éJüØÙp©éu$©�“ìv”�^(�=¦²þ�½?1�

`z¦)�,���êu�X�����^),�©��{K�±�½§Ýþ;�ù�“ìv”�^�u

),ÄÙ�Ï3u�©ÏLãØ�*:òÔ¬dµdöéXå5,:âÑ
µd�S'X,�z
µd

©ê����^.

3.3 ÄÄÄuuu���555���ýýý¢¢¢êêêâââ���¢¢¢yyy©©©ÛÛÛ

ò�©�{A^u�5��ý¢êâ,�3u��©�{�¢^5A�.ùpÀ���3�>K�r�

�©êâ8,3T8Ü¥�¹z�µØöé>K��©êâ,T�©�N�� 1©� 5©, 1©��, 5©�
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Ð.êâ8���� www.grouplens.org,À�Ù¥k 943�<ë�,é 1 682Ü>K�©�êâ,o�µ©ê

âþ�� 100 000.5¿�ù�8Ü�¹
�þ�"�êâ,z�µ�ö²þµd�>Kþ� 106Ü,���

u 1 682ù��.

ò�©��{^uTêâ8,3üØ 2GS���<B�ªO�Åþ?1$�ó�,^� 9.2 s,��X

eã 2¤«�µ©©ÙÎGã.Ó�3Têâ8þO�²þ��5�I,Ù�� 0.84,A^²þ��{�

��T�I� 0.41.nþ��,�©�{�O�E,ÝØp,�·^u�5�êâ�µd¯K,Ó�äk�Ð

��SUå,¿©�NQk�µd Ð&E.'u�©�O�E,Ý,Ì�8¥3ª(3)¦ÌA��þ�Ú½

¥,3�©�“N¹”¥�Ñ
äN��{Ú½,¿Øã
Ù���õ�ª�m��{,Ïdéu�5��ê

âµd´�1�.
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Fig. 2 Results of the mass data set based on graph model

4 (((ååå���

�éØÓ�µdökXØÓ�µdS.9µdIO�¯¢,±9�þ�µd¯K�3êâ"��y

�,�©ÄuãØ��{JÑ
��#�µd�.,¿A^�`z�nØ,l�3�kÝ
��&E��Ý

é�.?1¦).l�{JÑ�L§�±uy,T�{äk�*5�A�,¿¿©�N
�©�µd&E,�

±^ã«ÚÝ
�NÑµdöÏLµd1�òÔ¬éXå5�¯¢,ù�À�kÏu�÷ØÓµdö�µ

dS.�µdÄO.ÏLü�¢y©ÛÚ'�éì,�±uy�©��{´Ün�,Ó��^u�5��µ

d¯K,äk�Ð��S5A�,U¿©�N�©�p�µd&EÚz�µdö� Ð&E.

��©�Ä��.?Ø�´�ê©êN��µd¯K,éuëY©ê�µdN�,«m©ê�µdN�

9�
ê�µdN�v�?Ø,ùò¤�?�Ú�ó�,ù
ó����3uã¥:(=Ô¬)�á5��

x�{(5¿�,�êN��,�©¥:�á5�lÑ�©ê),rºù�:òkÏur�©�µd�{��

��ÄO�µe�?�Ú�ïÄó�.
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N¹

éuª(3)¦ÌA��þ��{Ú½9Ù�õ�ª�mE,Ý�Øy.3�© 3.3!¢y��5�êâ8µd¯K¥,^�


±e��{.

Ñ\ Ý
An×n,��#NØ� ε.

ÑÑ Ý
An×n ���A�� λ9�AA��þ x.

Ú½ 1 x = [1, 1, . . . , 1].

Ú½ 2 O�An×nz1�Ú Ri, i = 1, . . . , n,z1�Ú����Ú���©OP�RmaxÚRmin.

Ú½ 3 e Rmax − Rmin 6 ε,λ = (Rmax + Rmin)/2,òÑ.

Ú½ 4 #O�An×n �z���aij = aijRi/Rj .

Ú½ 5 #O�A��þ x�z���,xi = xiRi/Rmax.=�Ú½ 2.

5¿��©Ý
¦A��ÚA��þ��{¥�^�
� 0��,ù�E,ÝØp,´õ�ª?�,äN`²Xe: Ú½ 2�

�mE,Ý� O(n2),1oÚ��mE,Ý� O(n2), Ú½ 5��mE,Ý� O(n),ÏdzgS���mE,Ý� O(n2).�S

�gê� k,KÙo��mE,Ý� O(kn2).


