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Equivalence property between ICM and mathematical
morphology in image processing
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(1. Department of Information Engineering, Engineering University of Armed Police Force, Xi’an 710086, China;

2. Missile Institute, Air Force Engineering University, Sanyuan 713800, China)

Abstract By researching on the function properties of Intersecting Cortical Model (ICM), the inherent

relations between ICM and Mathematical Morphology (MM) have been revealed. Moreover, the conclu-

sion that ICM is equal to the MM algorithm with certain structuring elements can be deduced from the

elaborate analysis of granule. Meanwhile, our study shows that the parallel pulse transmission behavior is

entirely equivalent to the basic operators of MM with certain structuring elements. Obviously, the above

conclusions provide ICM with precise mathematical bases which are beneficial to the intending researches

and development of ICM a lot.
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20�� 90���Eckhorn� [1−4] ������������������������� (pulse
coupled neural network, PCNN) ��, ����������������������, �������
�	����� [5−8] ��, �Æ����� �. ��, !��"� ���#�!�������$
���%
����
"#. � �$���� (intersecting cortical model, ICM) [9−10] �������
$����, � PCNN &Æ, ICM �����������!��, 
�%������, '(�"���
�"#, � �&$��� ������� [11−12] .

��, �'!	� ICM �")��, �(	
$�����(���% ���*+�. &",�$'
()-, *!") [13] ��� PCNN ������	��(	#+, ),-��!ICM 	�����"&

����!ICM ���	

��./$%�0�	������"&��./&
���##1
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;�4� ICM ������$�����(�&<�, 1�$�������, ICM ����
�2

�
������>5-�������$%�0

���. %"� ICM�0�?=�����@�, (
>� ICM ���1��������.

2 ICM � f!"#g

ICM �$6A�$�����?�-36, �
72��>3@8�%�4A���,
B���>
�9:!@54�C���36C&5��%, ;�
18�. D<��6�� (1)–(3)	 ICM��>

�E4. $ 1 ICM %&h'($

Fij [n] = fFij [n − 1] + Sij + WijY [n − 1] (1)

Yij [n] =

⎧⎨
⎩

1, 7 Fij [n] > θij [n − 1]

0, 
�
(2)

θij [n] = gθij [n − 1] + hYij [n] (3)


�, -7 ij ���>�76, Fij , Sij , θij �8���>�9:=>!!5=>�9�)*, Wij �F5

?GB, Yij �	���>�:*=�; f , g �8�	�6���9:@7���)*@7��, h �)*
8#��. 9:5�	&H��>�:*=���
C�; @54�C� PCNN ���4�C���I
A, D�	&�(���
��, 
�;JH�'��>�:*C���, ��<6�B�+C9:=>
Fij [n − 1] #�!5=> Sij ; ��36CK��9��>&<6��:*=�� , 7@54�C���
�*�9�)*, E��>=�� 1, �+�=:, �B��)*8#�� h �,	, )* θij ;<LF,
�$D1�72<6����)*@7�� g �,	�-=7G. >)* θij @7?H<G�&��9:=

>* Fij B, ��> ij ;H<=:, �B
)*ID*H<F. D.J�>��KL, ��>�=�M6
%��/��MN�6.

3 0iÆ1i2 ICM 345j67

3.1 k8l9:;<=>
������?	$@��"@E��O�N�����6����,
"&#O�>	�����>

5AF��B5�*C�'5<�, )�1?��CG���
P. -(���H������I�"&
��"&�.

P@� A �=>��, @� B ���>5. E:
(a) A � B DJ�Q�:

AΘB = ∩{A − b : b ∈ B} (4)

(b) A � B QR�Q�:

A ⊕ B = ∪{A + b : b ∈ B} (5)

(c) ��>5 B 	=>�� A ,R?��Q�:

A ◦ B = (AΘB) ⊕ B (6)

(d) ��>5 B 	=>�� A ,A���Q�:

A • B = (A ⊕ B)ΘB (7)

'!, ������&(S
���"&�.
(a) ��>5�T�:

AΘ(B ⊕ C) = (AΘB)ΘC (8)

(b) QR���:

A ⊕ (B ⊕ C) = (A ⊕ B) ⊕ C (9)
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M Se(k)(k = 0, 1, 2, · · ·) �DE@<FF���>5MN, 
� Se(k + 1) 	 Se(k) �R, E	N�D<
�� A, 	��>5 Se(k) 	
,R�U1�/F7���MNG

A ◦ Se(0) � A ◦ Se(1) � · · · � A ◦ Se(k) (10)

�V") [13] ��H, M Ω(k) � A ◦ Se(k) �,-�5=���, �Q,EF�-#�I�:

Φ(k) = 1 − Ω(k)/Ω(0) (11)

'B, 7P��>5 Se(0) ?G�
>5, HV@ A ◦ Se(0) = A B, E Ω(0) � A ��,-�5=��
O��. D. k *��JFI, ��>5 Se(k) �DEI-=FF, �'�B � 
��DE�-A;J
���>5)W=>�� A �WK.
3.2 ICM 9:;<=>

>P	 ICM 	�����B, U;:Q ICM ��� M ×N 
��>�:Q=>�� A � M ×N 


�5=&	�, -(#�8:*���X, &GL4 ICM �,-��>�.
BC �8�> Otsu �K��1� cameraman :*��, ;� 2(a) 8�. 
�, �5*� 0 XHLR

5���7, �5*� 1 X�();
BD ��6�<�-� ICM ����;
EFGH ICM&
7!�� f , g, h�*�8F 0.1, 0.9, 0.1;F5?GBWij FIH�@5 (0 1 0, 1 0 1,

0 1 0);
Im
Step 1 	 ICM 
�<6�
ICM M(����
�2
�P1��YS�()5��Y���, )�()S�1#��Z,

��5*� 0 ��7S�ET?���#�ZU, ;� 2(b) 8�. 5.	81��
F4�, F41�
5*� 1 �S�%��7S�, ��5*� 0 �S�%�()S�, ;� 2(c) 8�, >	 ICM ����

�	

�<6�, P1� 2(b) �UG��7S��6QR, F4��1;� 2(d) 8�.

Step 2 	 ICM 
S<6�
WO��� 2(a)�()YS��S<��, �7MS(NT?S<ZU, ;� 2(e) 8�. 5.	81�

�
F4�, ;� 2(f) 8�, H<	 ICM 
S<6�, P1� 2(e) �UG��7S��6S<Q
R, F4��11?� 2(g).

Step k 	 ICM 
 k <6�

WO��� 2(a) �()YS� k <��, �7MS(NT? k <ZU. 5.	81��
F4
�, �1H<	 ICM 
 k <6�, P1W[UG��7S��6 k <QR, �1H<
F4.

D�V[��, ICM ���W>QR��	N\-A
O�, ]��N\I-AS�T?$%ZUJ
-A��� 0 H$%�XK1, HPH<
QR��I�U�O�W[�-AY], �%;', D.6�
<��FI, W���7S�'�-A;J�G?-=�WK, ;� 2(b)!� 2(e) 8�. Æ�, $:*�
���>��, ICM �6���>�$%�P�������,-��0 .

�E4,-��>��^_�, ICM 	W��
�B�<6�>�`�P�	���MS�7S�
,�<DJ�, >F5?GB�IH�@5B, �P�������P	 Four ��>5 [13] 	W��,
DJ�; �> ICM F5?GB�OH�@5, E&>�������P	 Eight ��>5 [13] ,DJ
�. ]�, ICM 6�B36���PB�2�<�E�P�K��<DJ�, �2 k <&>�K� k <

DJ�. >P	 ICM 	F41�:*��
6�E�P�	�7S�K�<QR�, ]', >>	
ICM 	��K k <6�, �;� ��F4QL6� k <B, 
0 �P�	W����7S��8,�
k <DJ�� k <QR�.
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R Four ��>5� Se4, E ICM � k <DJ!QR�U	�����E4�:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A1 = AΘSe4 ⊕ Se4 = A ◦ Se4

A2 = (((AΘSe4)ΘSe4) ⊕ Se4) ⊕ Se4 = A ◦ (Se4 ⊕ Se4)

...

Ak = (((AΘ

kSe4︷ ︸︸ ︷
Se4)ΘSe4)Θ · · ·ΘSe4)⊕

kSe4︷ ︸︸ ︷
Se4) ⊕ Se4) · · · ⊕ Se4) ⊕ Se4 = A ◦ (

kSe4︷ ︸︸ ︷
Se4 ⊕ Se4 ⊕ · · · ⊕ Se4)

(12)

(a) ^QL�5 (b) ICM _RST�5 (c) ICM _RSTZS�5

(d) ICM _RSTa`�5 (e) ICM QRST�5 (f) ICM QRSTZS�5 (g) ICM QRSTa`�5

$ 2 ICM MNOnPQ

Æ�U, ICM � k <DJ!QR��P� ICM � k <R?�. 7P kSe4 V� k 
��>5 Se4

@L
QR�,  A0 = A ◦ 0Se4, 
���>5 0Se4 �%G�
>5, E ICM � k <R?�Ua

�: ⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

A1 = A ◦ 1Se4

A2 = A ◦ 2Se4

...

Ak = A ◦ kSe4

(13)

������,-����IA, 0Se4, 1Se4, 2Se4, · · ·, kSe4 I�%��/DE@<FF���>5
MN, � >	 ICM 	N�D<�� A ,R?�IU1?�/F7��MN:

A ◦ 0Se4 � A ◦ 1Se4 � · · · � A ◦ kSe4 (14)

TV��������, M Ω(k) � A ◦ kSe4 �,-�5=���, �Q,EF�-#�I�:

Φ(k) = 1 − Ω(k)/Ω(0) (15)


� Ω(0) � A �,-�5=��O��.
Cameraman :*��� ICM ,EF-#�I�;� 3 8�.
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� 3 U�� ICM ,-�� 38 <6�>��
��,EF-#�I� ,
�bb��=c;W
34 <6��W 38 <6�M�W����\�DE
,-���#UWK,H����\��7S��
�K�>
�DJ��XR(NUGJ5�� 0,
]�,HPD1K��c<��QR�I��d�
	

(0O�; &4, bb�GYF��][�
=EV�\�IDE,-��K�DJ�,$-
=U�WK, �S�(N���, ]�D1�72
<QR�@�U	�DJS�
���#UO

�. [ÆU, ,-����ef� ICM ����


�2
�
������>5-�������$

�������$%�0�. $ 3 cameraman $opqSNTOU$

4 VW

E"�8)������0 �����\XS�(ef� ICM������$�����(��0
�	�. &V;)d!S
##	
,����.
4.1 ICM XYlk8lZ[r\]^s

������"&�_���II: DJ!QR!R?�#�A��. 
�, DJ��	���
��7	�]K�5, QR�E�	�����7	�FI�5, �e��		f�. R?�A���
����d!S����, �e��QR�DJ/��%����. R?�W�U#�?]W��g
h�,	, ]ZghE�i[, XJgh�^Y; �A��_�I	��gh(]W,	, ��R?��
���, ��]KS���G�, `]gh�Jj�ak. R?�A�I��		f�.

i	:*D<��, ICM >	
M(����
�2
�
6���, B6��<MJ	�5*�
“0” �S� (MS) j%�<(NZU, &�U, �5*� “1” �S� (YS) (N1#Z, ]�, $��
��0 E, ICM ��<��6��E���	MS��<DJ�. &4, ; D�	YS�7
D
J, E\kb[	W:*��
F4],, ;YSF4�MS1, W>6���	WYS�DJ],, ��
�$^1, H	� ��F4HUA1YS�DJ�:*��. [ÆU, ��DJ��QR�3�	f
�, ]',	YS�DJHU_,	MS�QR],,&4,MS�DJ],�EIM�YS�QR],.
D�V[��, DJ�QR�`�7	�� “DJ” Z “QR”, ���_`i	����5*.

IAU, R?��A��I��		f�, � �e��QR�DJ/��%����. ]�,
ICM W>72<6�#�c>���F4��I`U	

��. �# cameraman :*���X, �
2(e), � 2(g) ��U�
:<6�DJ��R?�0 �, 
QR��A��0 �;� 4(a), �
4(b) 8�.

aE84, ICM U#	������"&�
��, Jdd)d�##ef� ICM ������
$��������P�.

(a) ICM QRSTa`�5 (b) ICM QRa(�5

$ 4 ICM bctdefughiv

4.2 ICM ]jYwk
� PCNN ��&Æ, ICM be����"���>�l9<5[�, fK�5g�'� L Wc, 8
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7��������
�, $dl��$����(0���B\"����"#. &V;) ICM ��
�	

��./$%�0�	������"&��./J�##��ef ICM�������
�0�.

ICM $����>���W�<6�, 9:@7�� f ��,	, �F5?GB W E�������

��h�K�b<6��]�^,	,7�:*��,E��b<6�>�,4*, Eb<6����^,	,
'!, W �,	����������>5i�IA, U#��&G��	�Dj
mn, ]�$'	�
� W �,��. S ,����!5=>*W���5*, ]'	
I�,��, a���, @7�� f ;%

�_� (1) ����=. i	_� (2), 
���

�� PCNN ���6C$%�c, $'	
I�,
��. _� (3) �, )*@7�� g �)*8#�� h 	)* θ �YF(�./, �BJI)�&E�5
./_� (2) ����>���, ]'�� g � h do;%�_� (3) ����=. aE84, ICM �D
��=k����`(&
: @7�� f , g #�8#�� h.

ICM �9:=> F (n + 1) 	��<6�=> F (n) &(���Rpa�, �Rp��#G,�9:
@7�� f �K�, f F* 5� 1, ��<6�=> F (n) ��9<6�=>��#M , 9<�9:
=>* F (n + 1) I ; f F* 5� 0, 9<6�=> F (n + 1) 	��<6�=> F (n) �Rp�#M
 l, 	�9<�9:=>*I&��G. ]', 9:@7�� f �F*�9<6�9:=>*%,Æ. d
��(, 9:=>*�FI;XR9��>$��36C��Ye ��<6�B�)*, )�����,
]�, D.@7�� f F*�F, ��>=:CbI;D*7G, H=:mbFI, @7�� f �=:m

b%,Æ.
i	)*@7�� g, U;� (1)–(3) �8ca�_
��>�Vf��, ;� (16)–(18) 8�.

fx = f · fx−1 + Sx (16)

vx =

⎧⎨
⎩

h, x = nk, n = 1, 2, · · · , k = 1, 2, · · ·
0, x �= nk, n = 1, 2, · · · , k = 1, 2, · · ·

(17)

θx = gθx−1 + vx (18)


�, E4&���� x �V6�Bn=, fx, Sx �8�\�6�Bn=B�9:=>�_
��>��5

*, f �9:@7��, θ �9�)*, n �V��>6�lo, n, k `�,C�, h �V)*8#��, g

�)*@7��, vx �)*Cd!`7.
7eM6�Bn= x � 0 B	��9�)* θx �*� θ0 = h, E� (18) Uca�:

θx = gθx−1 + vx

= gxθ0 + [gx−n(k−1) + gx−n(k−2) + · · · + gx−n(k−(k−1))] · h
= [gx + gx−n(k−1) + gx−n(k−2) + · · · + gx−n(k−(k−1))] · h
= gxh[1 + g−n(k−1) + g−n(k−2) + · · · + g−n(k−(k−1))]

= gxh · g−n(k−1) − gn

1 − gn
= h · g(−n(k−1)+x) − g(n+x)

1 − gn
(19)

> x = nk BH$9��>�W k 
=:=B, � (19) U��\X:

θnk = h · g(−n(k−1)+nk) − g(n+nk)

1 − gn
= h · gn − gn(k+1)

1 − gn
(20)

> k F�*H nk >> n B, ��@7�� g OmG� 1, f gn(k+1) −→ 0, )�E�U�Aca�:

θnk = h · gn

1 − gn
(21)

����g� θnk �F7�, � (21) Sg�8	 g j�hX�, (:

θ′nk =
(

h · gn

1 − gn

)′
=

hngn−1

(1 − gn)2
(22)


�, � (22) �8(]A`� 0, f� (22) i� 0, g� θnk �	�)*@7�� g �_4FFg�,
V[D.)*@7�� g �F, 9�)* θ I;F, ]���>=:CbID*F, H=:mb7G,
]'@7�� g �=:mb%4Æ.
)*8#�� h �)*@7�� g &(IA�,	, �� h �FI;XR9�)* θ �F, P1

��>9:=>* fx &	^#e 9�)* θx, )�F���>=:Cb, 7G���>��=:mb,
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f)*8#�� h �=:mb%4Æ. D�V[��, ; qm\���>�6�<=:1�H�j�, U
#$9��>=:1;)*8#�� h Mn��
���*.

#������DJ��X, 	N\�8:*��:

(a) 7
��7�5=� 0, E:

1) 9:@7�� f F* , ()�5==:����[bM k, �7�5=T?�DJ�#IM
 , ]�, @7�� f ��7�5=DJ��#%,Æ;

2) )*@7�� g F* , ()�5==:���Br?�)*OlM k, =:[bM ", �
7�5=T?�DJ�#IM G, ]�, @7�� f ��7�5=DJ��#%4Æ;

3) )*8#�� h �@7�� g &(IA�,	, ]�, )*8#�� h I��7�5=DJ��

#%4Æ;

(b) 7
��7�5=� 1, E:

b[	W��
F4],, ],1��>�� (a), @�UA1&����� .

IAU, U#\XE4&
��	������
sm�"&��./0 I�&��.

]', aE84, �� f , g #� h 	6�=:mb�./�
	���������N"&��.
/0 �$%�R�, JI�Ief� ICM ������$��������0�.
4.3 PCNN!ICM!Ylk8loxp]qy

E"�8)&
��##ef� ICM �����

�$�������P�, &V;	 PCNN, ICM #�
�����&X*C�	�K����4�k�, &
X*C�	��;� 5 8�, n�noV�:X$��
����&(�P�.


�,") [13]��ef� PCNN������$
�������P	�, -(te;#',�@�, hp
\X PCNN, ICM #������&X*C�<�:

ICM PCNN

$ 5 PCNN, ICM zrs{|t{uev}$

1) ��(, E"�)&
��##ef� ICM ������$���������P�, JV[ ICM
� PCNN $������E�$.���#�&A�, J� ICM � PCNN �c����q��u��;

2) d��(, ��") [13] ��E4, PCNN ������$�������P�, �,��i PCNN
c���� ICM, teU#\j
r\I������$������$.\�<�, &"��,,�$
'()-R��, E"

##���k�ef� ICM ������$�������P�.

5 wW

&"	 ICM 
s>p�, �#,-��!ICM 	�����"&����!ICM ���	


��./$%�0�	������"&��./&
��##ef� ICM������$�����
���P�, sF� ICM �����, � ICM �1�������0�?=�����@�.

jxy~
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