1 RO R 2 24 (A AR R hi) No. 1
2013 1 A Journal of East China Normal University (Natural Science) Jan. 2013

Article ID: 1000-5641(2013)01-0047-07

Small-amplitude limit cycles of some
non-smooth Liénard systems
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Abstract: Based on the results by HAN Mao-an, et al. for computing some focus values
of non-smooth Liénard systems, the number of limit cycles bifurcated from the origin of
some more general non-smooth Liénard systems were given by using maple process.
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Introduction

Several papers discussed the Hopf bifurcations problems of some non-smooth systems, see

[1-4] for example. In [1] the authors considered the non-smooth Liénard systems

i=ply) - F(z,a), y=—g(z), (0.1)
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Ft 0 + 0
whereaERm,andF(:p,a)_{ (@,0), >0, (« _{9 (), x>0,

F~(z,a), x<0, g (), z<0.
Here, F* and g% are all C* functions and satisfy

F*0,a) =0, p(0)=0, ¢*0)=0, (¢5)(0)=gi >0,

(0.2)
P’ (0) = po >0, (in((),ao))2 - 4pogfE <0, a€R™
Let .
GH@) = | s 0at. o) =—\af [ \fora+062)

where a(z) satisfies G~ (a(r)) = G (z) for 0 < z < 1. Suppose formally for 0 < z < 1

F(a(z),a) — F(z,a) = F~ (a(z),a) — F(x,a) = ZBi(a)xi.
i>1
Then the following results about System (0.1) were obtained in [1].
Lemma 0.1 Let (0.2) hold. Then the origin of (0.1) is a fine or weak focus for a = ag
if and only if
91 FF(0,a0) + /g F7 (0,a0) = 0. (03)

Corollary 0.1 Let (0.2) and (0.3) hold. If there exists k > 1 such that
F~(a(z),a) = F(xz,a) when Bjy1 =0,j=0,---,k (0.4)

for all @ € R™, then the origin is a focus of order at most k + 1 of System (0.1) unless it is a
center.
Theorem 0.1 Suppose (0.2) and (0.3) are satisfied, and let (0.4) hold for some k > 1.

If further
a(Blu e 7B/€+1)

8(0‘15"' 7an) ‘a:a

Bji1(ap) =0,7=0,---,k, rank . =k+1, (0.5)

for some ag € R™, then System (0.1) has Hopf cyclicity k at the origin for |a — ag| small.
Theorem 0.2 Let (0.2) and (0.3) hold. Suppose there exists k > 1 such that (0.4) holds
for all @ € R™ and (0.5) holds for some ap € R™. If F is linear in a then for any constant
N > |ag|, System (0.1) has Hopf cyclicity k for all |a| < N.
Note that Hopf cyclicity denotes the maximum number of small-amplitude limit cycles
bifurcated from the origin of the system.

Using Theorem 0.2, the following special cases of System (0.1)

n .
Zajxlv x>0, x—i—g;xz, x>0,
. =1 .
t=y—-9 ", _ y=- (0.6)
>a;z, x<0, r+g,2% x<0
i=1
have been considered in [1-3], where azi i=1,2,--- ,n are parameters. When g5 =g, =1, [2]

obtained that the Hopf cyclicity of (0.6) is [2%-L]. When g3, g5 are constants, System (0.6)
has Hopf cyclicity 1, 3,4, 6,8 at the origin for n = 1,2, 3,4, 5 respectively, see the results in [1,3].
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Using Theorem 0.2 and maple process, we will consider small-amplitude limit cycles of

some more general non-smooth systems than (0.6) of the form

n X m X
Safat, x>0, r+a2+ > gixt, x>0,
. =1 . =3
t=y—q" _ 9= w (0.7)
>a;z', x<0, >, x <0,
= i=1

where g; =1 fori <m —1, m > 3 and g, = 2.

1 Main result and proof

Using Maple process and Theorem 0.2, we obtain the following results.
Theorem 1.1 Table 1. The Hopf cyclicity for System (0.7) when F and g are of varying

degrees.
deg F'(n)
2 3 4 5 6 7 8 9 100 11 12 13 14 15 16 17 18 19

3 3 5 6 8 10 12 13 15 17 19 20 22 24 26 27 29 31 33

4 3 5 7 8 10 12 14 16 17 19 21 23 25 26 28 30 32
degg(m) 5 3 5 7 9 10 12 14 16 18 20 21

6 3 5 7 9 11 12 14

T 3 5 7 9 11 13

8 3 5 7 9 11

Proof To use the conclusion of Theorem 0.2, we need to compute the corresponding
B;,i=1,2,---,2n. See Appendix.

(I) m = 3. When n = 2,3, one obtains
0(By1, B2, B3, By) 817

det =— £0,
¢ d(af,ay,af,a;) 648 7

8(B17327B3734735,B6) o 16 295
daf,ay,af,ay,ai,a5) 23328

£0.

It follows from Theorem 0.2, the Hopf cyclicity of system (0.7) at the origin is 2n — 1 by
taking ag = (0,0,0,0) and ag = (0,0,0,0,0,0), respectively.

When n = 4, we have

O(B1, By, B3, Ba, Bs B, Br. Bs) _ | O(B1, By By B, Bs, By, Br) _ 635317 L0

rank —
+ - + - + - + - + - + - + - +
d(ai,ay,a;,a45 03,03, a5, a;) dai,ay,a;,0a5,0a3,a;3,a;) 497 664

Solve B;(a) =0,1=1,2,---,7, we obtain a1i =0, a%t =2a,, agt = %ai, aj = 2aj, then
by G~ (a(z)) = G (x), we have F~(a(x)) = F*(z). Thus, when B;(a) = 0,7 =1,2,---,7,
one has F(a(z)) = F(z). The conclusion follows from Theorem 0.2 for n = 4 by taking
ag = (0,0,2CLZ,2CLZ, %a;, %a;,2a;,a;) .

Similarly, for n = 5,6, 7, we obtain

rank

O0(By, By, -+, Bay) o1 det O(B1, By, -+, Ban—1) 20
= 3 + !

P ¥ - T = F = T =
d(ai a1, a5 ,a5,+ ,an,an) 0at,a1,-+,a3,a5,a;, -+ ,an,Gn)

The Hopf cyclicity is 2n — 2 by taking

R S
a0 = (0,0.27 207, 307, 50, 245, a3, 0,0],_,0,0],_0,0],_.).
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9(B1,B2,B3,B4, ,B
For n =8,---,11, we have rank ( Lo Bon) — 99— 2 and
d(af,ay - ad,an)

0(B1,B2, B3, By, -+, B14)

det ~ 60.199 611 53 # 0, (n = 8),

aisar, 03,05, 03, a5, 0 a3, a5, af ag , a7, a7, ag) 7=y
O(B1, B2, B3, By, -+, Bop_

det - +( _15 fv _,f, _47+7_2 +2)_ — — #07(71:97711)
6(0/17a17a27a27a37a37a47a57a57a67a67a77a77a87"'7an7an)

The Hopf cyclicity is 2n — 3 by taking

_ o 4 _ 16 _4 _ 16 _ _ _ o

aoz(0,0,2a4 — 8ag ,2a, —8a8,§a4 ~ 50830 —§a8,2a4 —4dag ,ay,

16 _ 16 _ 88 _ 52 16 8

3085508508 5 08 gag,élag,ag neg0:0[,_4,0,0 n:10,0,0|n:11).

Bi1,B2,B3,Ba, ,Ban
For n =12,---,15, we have rank & L2222 172 ) = 2n — 3, and
8(“1 sy )"'7“717“71)

0(B1,B2,B3,By,--+ , Boy,_
det (1; 2, D3, D4, s D2 3)

0,
CL+,CL_,"' ,CL+,CL_,CL+,CL+,CL+,CL+,CL_,'" aa’j?«_aa’f_l #
1,41 3,03,04,05,06,07,07
Hence, the Hopf cyclicity is 2n — 4 by taking
3 3 4 4 3
ap :(0,0,2@;— §ag,2aZ — §ag,§a4 —ag,gaZ —ag,2a; — Zag,az,ag,ag,
_ . _ . _ 7 _ o _ b _13 _ 71 _ 17 _ 415 _
Zaf) +ag ,ag ,2a4 _6%72@6 —§a5,§a6 —Eaf),gaﬁ —m%,
116 _ 377 _ 62 _ 403 _ 13 _ 169 _ 17 _ 221727 13
—ay — —Qr , —0r — ——Qr , —0Or — ——0r , — 0z — ——@ a, — —a
27 6 81 %727 % 16277 3°% 36 °712% 144 P7TC 6 75
1 _ 13 _ _ 13 _1 _ 13 _
9% T 95% % T 75% g% T g5 n:12’070n:13’070n:14’0’0‘n:15)'
For n =16, ---,19, we have rank 8(83(1’?2’?3’34’;' ’??") =2n — 4, and
ay ,ay ,t,0n ,An
0(B1,B2,B3, By, -, Bop_4)
det 0.
CL+,CL7,"' ,CL+,CLi,CL+,CL+,CL+,CL+,CL7,CL+,CL+,CL7,"' aa”taa’; 75
1,4 3,03,04,05,06,07,07,08,09 ,0g

The Hopf cyclicity is 2n — 5 by taking

aoz(O,O,QaZ—gagﬂaZ—gag,%al—ag,%al—a5_,2al—2ag,al,ag,ag,
_ g e - _ _Ir
Z% +ag ,ag ,2a4 —Ea5,2a6 —§a5,a8 +§a6 —E%,ag,
8 _ 8 _ 491 _ 8 _ 142 _ 421 _ 20 _ 131 _ 392 _
gag — ﬁaﬁ + ﬁaf),gag — ?aﬁ + gaf),?ag — Taﬁ —i—?af),
14 425 _ 5147 _ 248 _ 1946 _ 5906 _ 140 _ 2299 _

%> T TR

39 T 3% T3y %o gy % T g1 % T g3
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27 997 934 _ 7696 187 487 707 23 795 145 123 _

Toad 0 RT™ T 2a3 " T 5e32 B0 Te2™ T T0ad 0 T T1 664 @

48 2108 12865 70 595 _ 14525 20 _ 170 _ 2075

27 81 486 027 81 ¢ 1944 57 378 9 ¢ 108
119 _ 2905 _ 8 _ 68 _ 415 _ 1 17 415

7 _ _ _ _
6% T 36 % T geq %503% T g% T 5% 3% T g% T 3%

17 _ 415 _ 1 _ 17 _ 415 _
5% T11% 6% " 95% T 3301% ’n:lG’O’O’n:1770’O‘n:18’070’n:19)'

ag —

(I) m = 4. When n = 2,3 and 4, rank M = 2n, hence, the Hopf cyclicity is

o a+,a7,---,an,a;)
2n — 1 by taking ao = (0,0,0,0),ao = (0,0,0,0,0,0) and ao = (0,0,0,0,0,0,0,0).

9(B1,B2,---,B2 _
(—+n2 =2n—1,

Forn=25,---,9, rank
’ B a(af,ay -+ ak,an)

0(B1,Ba, -+, Ban—1)
¥ ¥ ¥ # 0,

+ — —_ —_
0ai,ay,---,a3,a3,a;5, - ,an,an)

det

hence, the Hopf cyclicity is 2n — 2 by taking

.4 4 _ _ 8 _ 4 _
ao :(0,0,2a4 207,307, 303,03 107, 207 205 |5, 0,0, _,0,0], ;0,0 nzs,o,o}nzg).
When n =10, ---,14, we have rank%=2n—2and
ay ,aq 0,05, 0,
0(B1,B2,Bs, By, -+ ,Bop_
det — (17+2,737+4,+ ;27 2) S——
0(ai ,ay, -+ ,a3,a3,a;,az ,ag,ag, - ,an,an )
The Hopf cyclicity is 2n — 3 by taking
_ 15 _ _ _ 15 _ 10 _ 5 _10 _ 5 _ _ _
aoz(0,0,5a4 —Za5,5a4 _Z%’?% —§a5,§a4 —§a5,a4,a4,

_ 1 _ _ 13 _ 65 3 _ 65 _ 17 _ 17 _ 11 _ 11 _
2a, —§a5,a5,—€a4 —i-ﬂaf),—gazl —l—ﬂ%,z% — €a4,za5 — Ea4,
9 79 _ 47 47 3 _ 6 -3 _ 3 _6 _ 24 _

—a: — —a,;,—0z — —0y; ,=0; — =Q; , =0 — =0y , =0z — —0
32°° 40 *732°° 40 *727°% 5474 % 5747570 o547
3 _ 6 _
0% ~ 5% n=10" 00,2115 0:0],,_15,0,0 n:13’070’n214)'
For n =15, - |18, one obtains ranka(g(l’fm?‘*’&";"in") =2n — 3,
Aq Gy 50030 Ay
0(B1, B2, B3, By, -+, Bop_
det — ( iv Ea j’)’_v j’l_a +7 +2 _3) —— #O
ay ,ay, - ,03 Qg .0y , G5 ;05 Qg ,Qr - Gy, Gy
a(1717 y g yWg , Uy , Uy, Wg , Uy, U7y ) ) )
Hence, the Hopf cyclicity is 2n — 4 by taking
_ 15 _ __ 15 _10 _ 5 _10 _ 5 _ _ _
aoz(0,0,5a4 —Ia5,5a4 T % 3% T 50, 50y T 505,00,
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2a, — —ar ,a- ,GQz ,Qp 1—4a7—za7+2a7 ¥a7—§a7+2a71499a7—1499a7
oo nerTer st 6 e st 3T 0 360 4 288 0
71787 1787 1T 727 3635 634 565 _ 2825
6 57360 * 288 ° ' 6 6781 1 324 ° 135 6781 % 324 °
472 16277 _ 16277 _ 277 _ 11333 _ 11333 _ 181 _

35% 7800 ™ ~ T420™ T 60 % 1800 ~ 1440% T 6o %
1547 1547 119 _ 8TL 871 67 _ 1547 _ 1547 _ 119
180 4 144 ® 30 ©7180 % 144 ® " 30 ¢’ 180 ¢ 144 7% 30 ¢’
1547 _ 1547 _ 119 _ 47 _ 611 _ 611 _ 31 _ 403 _ 403 _
TR0 M T 14z T30 % 25% T 120%™ T 150" 50% ~240% T 300%

24 13 52 _ 6 13 13 _ 64 104 416

257 T 5% T 5% T 9p% T o5 op% T 75 % T gzptas
8 13 52

1o5% ~ 75% + %ag n=15°0:0],_14:0,0 n:l?’o’o‘n:18)'

9(B1,B2,- ,Ban)

(III) m = 5, when n = 2,--- , 5, rank = 2n, hence, the Hopf cyclicity is 2n — 1;

a(ay ay - alan)
Bi1,Bs, - ,Ban
when n =6,---,11, rank +a(,1'+2',' 23 — =2n —1, and
6((11 3@y Qg Qg 0t Ay )an)

O(B1,Ba, -+ ,Ban—1) 20

det
+ -+ -+ - ,+ + - +
8(a17a1aa2aa27a37a37a47a57a5a"'7an7an)

one can obtain that the Hopf cyclicity is 2n — 2 by taking
4 4 4 4

.4 - _ _ _
ao:(O,O,2a4,2a4,§a4,§a4,a4,a4,ga4,ga4,§a4,

2 _
3% |z 0,017 0,0}, _,0, 0], 0,0 _,,0, O|n:11)'

dJ(B1,Bs2,--- ,B
- (,1;2’, ’ 242 — =22, and
0(ay ,ay a5 ;a5 ,+,a5,01;)

For n = 12, rank

8(BlvBQa e 7322)

— = — — = 6.603 247 013 x 10° # 0.
a(ai’_val T 7a§_7a3=aiva;=ag—=a67"' =a127a12)

det

Hence, the Hopf cyclicity is 21 by taking

_ 1 __ _ 15 _10_ 5 _10 _ 5 _ _ _ _  _
a0:(0,0,5a4—Ia5,5a4—za5,§a4—§a5,?a4—§a5,a4,a4,a5,a5,
7_+5_35_ 1 _ 11 _ 11 _ 11_+11_127_ 127 _
—a —Qy ,—Qr — =0y ,——0a —ay ,——a —aQy ,——a; — —a
6 4 2457245 2747 574 T 4757 5 T 478 3975 4o Y

87 _ 87 _ 29 _ 29 _ 19 _ 19 _ 31 _ 31 _ 37 _ 37 _
@C% — 4—OCL4,ECL5 — 1—56L4,ECL5 — 1—56L4,2—OCL5 — 2—5CL4,4—OCL5 — %CM’
4 1 2 5 2 5 1 _

i),

A5 — =Qy , =05 — =0y, =05 — =0y
5 54725 54765 347

24" "6
The other values listed in Tab.1 are calculated using similar arguments to those given

above. Notice that although the methods used to compute the hopf cyclicity of System (0.1)



51 XE, & —4E)6H Liénard RAM/NRBIIRFRER (95) 53

have been given by [1], but it is a difficult problem to obtain the corresponding Hopf cyclicity
for concrete degrees of F'* and g%, for example when g+ (x) =2+ gétgc2 + ggtxg, we will leave
these for further study and try to establish a general formula for Hopf cyclicity as a function
of the degrees of F* and g*.

2 Appendix

The maple codes to compute B; (i = 1,2,---,30). See m = 3, n = 15 for example.
restart; with(Linear Algebra):
a1 =2 L £ 22 2 20t e m. ; C e ohieliTRat od-
n:=31: Hi=4& + & + & — & — & — 2 phii=-x: F:=0: for i from 2 to n do phi := phi+e[i]*z": od:
temp:=expand(subs(f=phi, H)): for i from 3 to n do templ:=coeff(temp,z*): e[i-1]:=solve(temp1,e[i-1]):
od: for i from 1 to n-16 do F:=F+a; *phi‘-a] * z*: od: for i from 1 to n-1 do B:=simplify(coeff(F,z*)):
print ((i),B) od:
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