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ON IDEMPOTENT D-NORMS

MICHAEL FALK

ABSTRACT. Replacing the spectral measure by a random vector Z allows the
representation of a multivariate max-stable distribution with standard negative
margins via a norm, called D-norm, whose generator is Z. We investigate the
set of all generators in detail. This approach towards multivariate extreme
value distributions entails the definition of a multiplication type operation on
the set of D-norms leading to idempotent D-norms. We characterize the set
of idempotent D-norms. Iterating the multiplication provides a track of D-
norms, whose limit exists and is again a D-norm. If this iteration is repeatedly

done on the same D-norm, then the limit of the track is idempotent.

1. INTRODUCTION

A random vector (rv) n = (11, ...,n4) is called standard maxz-stable (sms) if each
component follows the standard negative exponential distribution, i.e., P(n; < z) =
exp(x), © <0,1<i<d, and if for each n € N

. AN
P(nlg%xnn(z)ﬁw):P(n§E> =P(n<x), x <0eR?,
where n, n®) ... are independent copies of 7. All operations on vectors such as
max or < are meant componentwise.

The distribution function (df) G(z) := P(n < x), € R%, of a sms 1v 1 is called
standard mazx-stable as well. The following characterization is a consequence of the
de Haan-Resnick-Pickands representation of a sms df, see, e.g., w (IZOLd,
Sections 4.2, 4.3).

Theorem 1.1. A function G : (—o0,0]% — [0,1] is a sms df <= there exists a

D-norm ||-|| , on R? such that

G(z) =exp(—|zlp), x<0eR%
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A D-norm |||, on R? is defined via a rv Z = (Z1,...,Z4) as follows. It is

required that Z; > 0 a.s., E(Z;) =1, 1 < i < d, together with the condition

(1) |Z]] = const a.s.,
where ||-|| is an arbitrary norm on R?. The D-norm corresponding to Z is then
defined by
_7 17 d
felly = B (pmax (el 2)) . we R

and Z is called generator of ||-|| 5.
The letter D means dependence among the components of n, reflected by the

D-norm. If we take for example Z; = 1, 1 <1i < d, then we obtain

lallp = ll@ll. = max [zl
which is the case of complete dependence 71 = --- = 14 a.s. If Z is a random

permutation of the vector (d,0,...,0) € R? with equal probabilities, then we obtain

the Li-norm

d
lzlp = llzll, =) |z, zeR%
i=1
which characterizes the case of complete independence of 71, ...,n4. These are the

two extreme cases of a D-norm and we obviously have

oo < lI-lp < Il

for each D-norm ||-| .

The initial characterization of a sms df G by B&Ha@lmm_ﬂgmuﬂ (1977) and
(@) is formulated in terms of measure theory and based on a spectral

measure pertaining to G. This spectral measure is a finite measure on the unit

sphere in R?, taken with respect to an arbitrary norm ||-||. A generator Z is the
probabilistic counterpart of the spectral measure, as its distribution equals essen-
tially the spectral measure normed to one; see, e.g., [Falk 1! (2010, Sections 4.2,

4.3). Replacing the spectral measure by a generator enables, however, a differ-

ent perspective on multivariate extreme value theory (EVD); the following remark

provides an example.

REMARK 1.2. Each sms rv 1 can be generated in the following way. Consider a
Poisson point process on [0,00) with mean measure r—2dr. Let V;, i € N, be a
realization of this point process. Consider independent copies Z(V, Z(2) . of a
generator Z of the D-norm corresponding to 1, which are also independent of the

Poisson process. Then we have
1

T’ =D _SupieN %Z(Z) )
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which is a consequence of lde Haan and Fgrrgiral (Im, Lemma 9.4.7) and elemen-

tary computations.

The copula of an arbitrary sms df G(z) = exp (— ||z ), £ < 0 € R?, is given
by
C(u) = G(log(u)) = exp (— [log(u)l ),  we (0,1)

As each multivariate max-stable df can be obtained from a sms df by just trans-
forming the margins (see, e.g., (m, Lemma 5.6.8)), the copula of each
multivariate extreme value distribution is of the preceding form.

We have, moreover, by Taylor expansion of log() and exp(-) for x > 0 € R¢

_ _ 1-— — |[log(1 — ¢
g L= C—tx) 1 —exp (= log(l —tw)] )
t10 t t10 t

and, thus, |||/, =: A(x) is the stable tail dependence function introduced by
).

The function

= [zl

D(t) :=

)

D

d—1
(tl,...,td_l,l—ZtZ)
i=1

defined on {t €[o,1]4-1: Z?;ll t; < 1} is known as Pickands dependence func-
tions, and we have
|21 |Za—1] d
el =llzl 0 (72, B} s e
b SERNETH ll,
which offers a different way to represent a sms df; see |Ealkﬂ_al,| dZ_Ql_d, Section
4.3).

The generator of a D-norm is not uniquely determined. Take again the D-norm

||| o, which is generated by the constant rv Z = (1,...,1). But ||-|| is generated
by any rv (§,...,§), where £ > 0 a.s. is a random variable with E(§) = 1:

B (max, (119)) = (g bl ) BO = e, @ e R,

1<i<d

Note that the rv (&,...,&) does not necessarily satisfy [|(&,...,&)|| = const a.s.
nor is it necessarily bounded. We, therefore, investigate in Section 2] the set of
generators in more detail and extend it to their maximum size.

Based on the componentwise multiplication of their generators, we introduce in
Section [B] a multiplication type operation on the set of D-norms. This leads to
idempotent D-norms, which are characterized in Section Ml Iterating the multipli-
cation provides a track of D-norms. We will establish in Section[Blthe fact that the
limit of a D-norm track is an idempotent D-norm, if the multiplication is repeatedly

done with the same D-norm.
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The D-norm approach can be extended to functional extreme value theory, see
Aulbach et alJ 2!!15). In the present paper, however, we restrict ourself to the

finite dimensional space.

2. THE SET OF GENERATORS

In this section we drop the boundedness condition of a generator Z and, thus,

maximally extend the set of generators. In a preparatory step we drop condition

@ on Z.

Lemma 2.1. Let the rv Z = (Z1,...,24) satisfy 0 < Z; < ¢ a.s., E(Z;) = 1,
1 <i <d, for some constant ¢ > 1. Then Z is the generator of a D-norm |||,
i.e.,

G(z):=exp(-E (|zZ]) =exp(—lz|p), 2<0eR,

is a sms df.

Proof. Choose a constant K < 0 and a rv U that is on (0, 1) uniformly distributed
and independent of Z. Set

U U
V.= (max (K,—Z—1> ,...,nax (K,—Z—d>) .

The constant K avoids division by zero. We obtain for £ < 0 € R% and n € N large

enough

by Fubini’s theorem. Let now V), V) be independent copies of V. Then we
obtain for £ < 0 € R? and n € N large

P<n max V® §m> :P(VS %)n

1<i<n
1 n
= (1 - —F (max (| Zl))>
n \1<i<d

—n—oo €XD (—E (max (|:] Zi)))

1<i<d

=: G(x).
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As @ is continuous and is the pointwise limit of a sequence of df, with G(0) = 1,
limg 0o G(x) =0, G is a df. Its max-stability G(xz/n)" = G(x) is obvious. [
In the next auxiliary result we drop the boundedness condition of a generator.
Lemma 2.2. Let the rv Z = (Z1,...,Zq) satisfy Z; > 0 a.s., E(Z;) = 1,1 <i <d.
Then Z is the generator of a D-norm ||-|| 5, i.e.
G(z) =exp (—E([2Z] ) = exp (= |z|p), 2z<0eR?,
is a sms df.

Proof. Choose a constant ¢ > 0 large enough such that Zi(c) := min(c, Z;) satisfies
uz(-c) =F (ZZ(C)> > 0, 1 <4 < d. Note that by the monotone convergence theorem
W 1t 1asctooforl <i<d Therv ZO := (Zl(c),...,Zlgc)) with Z'9 =
Z9u9 1 < i < d, is by Lemma 2 the generator of the sms df G (z) =
exp (= 2] pew), <0 € R As

@l pe = E (o2

) mew El2Zl) = llelp, @R
by the dominated convergence theorem, we obtain

GO(x) —eoo G(m) == exp(—|z]|p), *<0€eRY,
and, thus, G is a sms df by repeating the arguments at the end of the proof of
Lemma 211 O

The set of generators of a D-norm on R? is by Lemma given by
Z2:={Z=(Z1,...,Zq) with Z; > 0 as. and E(Z;) =1,1<i <d}.

Two generators Z(1)| Z(2) are said to be equivalent, if they generate the same D-
norm, i.e., if

E(Jez],) = 2 (Je2z]) = elp. = e

The set Z then divides into equivalence classes, denoted by Z |, i.e., Z)| , is the

set of those generators which generate the D-norm ||-[| .

REMARK 2.3. Let ||-|| be an arbitrary norm on R%. By condition () on a generator,
which uses the initial de Haan-Resnick-Pickands representation of a sms df (see,
e.g. [Falk et alJ dm, Sections 4.2, 4.3)), each equivalence class Z|. = contains a
generator Z = (Z1,...,Z4) with the additional property || Z|| = const a.s.

If we choose in particular ||-|| = ||-||;, then || Z]] = Z'Z:l Z; = const a.s., which,
together with F (Zle Zi) = d implies const = d. As a consequence we, thus, ob-
tain in particular that each D-norm has a generator Z with the additional property
2?21 Z; = d. This will in particular be useful in the derivation of Proposition .2
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REMARK 2.4. The set of D-norms is closely related to the set of copulas. Let the
v U = (Uy,...,Uy) follow an arbitrary copula C' on R? i.e., each component U;
is on (0,1) uniformly distributed. Then

Z =2U

is, obviously, the generator of a D-norm. Note, however, that not each D-norm
can be generated this way. Take, for example, the bivariate independence D-norm
l(z,y)|l; = |=| + |y| and suppose that there exists a rv (Uy, Us) following a copula
such that

Iz ), = 2B (max (|| U, [y U2)),  (2,y) € R%

Choose © = y = 1. From the general equation

a+b |a-—0
+

(2) max(a,b) = 5 5

a,beR,

we obtain

2:2E(U1;U2+|U1;U2|

— E(U;—-Us|) =1

)=1+E(|U1—U2|)

< |U1 — U2| =1 a.s.

But as Uy, Us realize in (0,1) a.s., we have |[U; — Us| < 1 a.s. and, thus, a contra-
diction. The bivariate D-norm [|-||;, therefore, cannot be generated by 2(Uy, Us).
It is obvious that [|-|| . on R? with d > 3 cannot be generated by 2U, as ||1||, =
a> 25 (U]l

Each logistic norm |||, = (2?21 |$i|>\>l/>\, x<0eR, 1 <A< o0 isa
D-norm. This is a consequence of the fact that C(u) = exp (— [log(u)|l,), v €
0,1]¢, defines a copula on R?, called Gumbel-Hougaard copula, see, e.g.,
m, Example 4.25), which is the copula of G(z) = exp (— [|z||,), z < 0 € R%
Generators of the extreme cases |||, and [|-|| are given in Section [l Explicit
generators of the general D-norm |[-||,, A € (0,00), however, seem to be an open

problem.

3. MULTIPLICATION OF D-NORMS

Our approach towards sms df enables the following multiplication-type operation
on D-norms. Choose Z(M), Z(?) € Z with corresponding D-norms ||| o), ||| pee

and suppose that Z(1), Z(2) are independent. Then

VAEWASYAS
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is by Lemma[2Z2lagain a generator of a D-norm, which we denote by ||-|| ) p) - Re-
call that all operations on vectors, such as the above multiplication, is meant com-
ponentwise. Clearly, the multiplication is commutative ||-|| o) p = ||| pe pa)-
The corresponding operation on a sms rv 7 is described in Remark [[.21

Let, for instance, Z(®) be a generator of the D-norm ||| . Then we obtain by

conditioning on ZM)
]l po) pey = E (HCEZ(1)2(2)HOO)

= /E (sz(l)Z@)H | zW = z(1)> (P * Z(1)> (dz(l))
- (] ) ) )
= [l (pe2) ()

=2 (|=2] )

o0

3) = lzllpa ; z € RY,

ie, |l poype = -l pay. The sup-norm ||-|| is, therefore, the identity element

within the set of D-norms, equipped with the above multiplication. There is, clearly,
no other D-norm with this property.

When applied to the representation of an arbitrary sms rv 7 in Remark [[L2 this
implies that multiplication with an independent rv £ > 0, E(¢) = 1, does not alter

its distribution:

1 1
Csupiey ViZO 7 sup ey Vi€ 20

n=b
where ¢ i € N, are independent copies of &, also independent of Z(), i € N, and
the Poisson process {V; : i € N}.

Take, on the other hand, as Z(?) a generator of the D-norm |-||;. Then we

obtain

@l 50 p = E (2202 )

= /E (Hmz(l)Z(z)HOO) (P*Z(l)) (dz(l))
d
_ e MY (g2
/;|xz|zl (P>0<Z1 ) (dz 1)

d
_ , (1)
- ; \zi| E (Zl )
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d
= |, =xeR
i=1

ie, ||l pay p = |I-|l;- Multiplication with the independence norm |-, yields the
independence norm and thus, ||-||; can be viewed as the maximal attractor among
the set of D-norms. There is, clearly, no other D-norm with this property.
Applied to the representation of an arbitrary sms rv, this implies that
1
sup,ey ViZOZO)

=D 1,

where 7 is a sms rv with independent components, if ZW_ jeN, are independent
copies of a generator of |||,, also independent of Z(), i € N, and the Poisson

process {V; : i € N}.

4. IDEMPOTENT D-NORMS

The maximum-norm ||-||  and the L;-norm [|-||; both satisfy

Hlp2 = l-lpp = I -

Such a D-norm will be called idempotent. The problem suggests itself to character-
ize the set of idempotent D-norms. This will be achieved in the present section. It
turns out that in the bivariate case |||, and [-||; are the only idempotent D-norms,
whereas in higher dimensions each idempotent D-norm is a certain combination of
[ and [,

Speaking in terms of rv, we will characterize in this section the set of generators

Z such that
1 1

P Supyen Viz 020

supyey ViZ0

where Z®, Z(i), 1 € N, are independent copies of Z, also independent of the
Poisson process {V; : i € N} on [0, 00), with intensity measure r~2dr, see Remark
Wi

The following auxiliary result will be crucial for the characterization of idempo-

tent D-norms.

Lemma 4.1. Let X be a v that a.s. attains only values in [—c, c] for some ¢ > 0
and E(X)=0. Let Y be an independent copy of X. If

E(|X +Y]) = E(1X]),

then either X =0 or X € {—m,m} a.s. with P(X = —m) = P(X =m)=1/2 for

some m € (0,c|. The reverse implication is true as well.
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Proof. Suppose that P(X = —m) = P(X = m) = 1/2 for some m € (0,¢|. Then,

obviously,
E(|X|)=m=E(|X+Y]).

Next we establish the reverse implication. Suppose that X is not a.s the constant
zero. Denote by F' the df of X. Without loss of generality we can assume the
representation X = F~Y(U;), Y = F~1(U;), where Uy, U, are independent, on
(0,1) uniformly distributed rv and F~!(q) := inf {t € R: F(t) > q}, ¢ € (0,1), is

the generalized inverse of F'. The well known equivalence
F7Yq) <t <= ¢<F(t), q€(0,1),teR,
(see, e.g. (@, equation (1.2.9))) together with Fubini’s theorem implies
E(IX+Y])
=E(|[F~'(th) + F'(U2)))
1,1
:/ / |F~ (u) + F~(v)] dudv
o Jo

F(0) ,F(0) 1 1
= —/ / F—l(u)+F—1(u)dudv+/ / F~ Y (u) + F~ ' (v) dudv
0 0 F(0) J F(0)

F(0) 1
—|—2/ / |F~ (u) + F~(v)| dudv
0 7(0)

7(0) F(0)
= —/ <F(O)F1(v)—|—/ F~(u) du) dv
0 0

1 1
+/F(0) <(1—F(O))F (v)—l—/F(O)F (u)du) dv

F(0) 1
—|—2/ / ‘Fﬁl(u)—FF*l(v)’ du dv
0 7(0)

1

— _2F(0) /F(O) Fl (o) dv +2(1 F(O))/F(O) () du

0
F(0) 1
—|—2/ / ‘Fﬁl(u)—FF*l(v)’ du dv
0 7(0)

and

F(0) 1
E(IX|) = —/ F~Y(u) du +/ F~Y(u) du.
0 F(0)
From the assumption E(|X + Y|) = E(|X]) we, thus, obtain the equation

F(0) 1
0=(1- 2F(0))/0 F~ v)dv+ (1 —2F(0)) o F~ () dv
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F(0) ,1
+2/ / |F~ (u) + F~(v)| dudv
0 F(0)

or

1 F(0) p1
0=(1- 2F(O))/ F~(v)dv + 2/ / |F~(u) + F~(v)| dudv.
0 0 F(0)
The assumption 0 = E(X) = fol F~1(v) dv now yields

F(0) /1
/ / |F~ (u) + F~(v)] dudv =0
0 F(0)

and, thus,
(4) Flu)+F(v)=0 for A—a.e. (u,v) € [0, F(0)] x [F(0),1],

where A denotes the Lebesgue-measure on [0, 1].

If F(0) = 0, then P(X > 0) = 1 and, thus, F(X) > 0, which would be a
contradiction. If F(0) = 1, then P(X < 0) > 0 unless P(X = 0) = 1, which we
have excluded, and, thus, F(X) < 0, which would again be a contradiction. We,
consequently, have established 0 < F'(0) < 1.

As the function F~1(q), ¢ € (0,1), is in general continuous from the left (see,
e.g., , Lemma A.1.2)), equation (@) implies that F~!(v) is a constant
function on (0, F(0)] and on (F(0), 1), precisely,

for some m € (0, c]. Note that the representation X = F~!(U;) together with the

assumption that X is not a.s. the constant zero, implies m # 0. The condition

F(0) 1
= = () dv “tw)dv =m(1 -
O—E(X)_/O Fl(0)d +/F(O)F (v)dv = m(1 — 2F(0))

implies F'(0) = 1/2 and, thus,

1
¥ = Fﬁl(Ul) _ m, Ul > 2
—m, Ul S %7

which is the assertion. O

The next Proposition is the first main result of this section.

Proposition 4.2. A bivariate D-norm ||-||, is idempotent < |||, € {|-Il1, |l
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Proof. 1t suffices to establish the implication

-2 = Il Il # e = -l =111 -

Let ZW) = (Zfl),Zz(l)), zZ? = (252)722(2)) be independent and identically
distributed generators of ||-|| 5. According to Remark[23]we can assume that Zl(l) +
z$V =2 =29 423 put X = 2" — 1,V =z — 1. Then X,V are
independent and identically distributed with X € [—1, 1], E(X) = 0. From equation

() we obtain the representation

E (max (Zf”ZP, Z§1>Z§2)))

(1) (2) (1) (2)
VAR Zs ' Z 1
_ E< 1 4 2 4o ) +§E(‘Z£1)Z£2)—Z§1)Z§2)D

2 2
- 1+E(‘Z§” . 1’)
=1+ B(X +Y])
as well as
B (max (2{V,27)) = 1+ B(X)).

Lemma [T now implies that P(X =m) = P(X = —m) = 1/2 for some m € (0, 1.
It remains to show that m = 1.

Set = 1 and y = a, where 0 < a < 1 satisfies a(1 +m) > 1 — m. Then
a(l+m)? > (1 —m)? as well, and we obtain by equation 2

= (487 (2 20 (o= £7)

1 2 oy, 1 2 2
:Zmax((l—m) ya(l+m) )—I—Zmax((l—km) ,a(l—m)?)

+ %max (1-m? a(l —m?)

1 1
a(l+m)* + Z(1+m)2 +50 —m?)

I SN

(14 m)(1+a) + 51— m?)
and
l@.w)llp = B (max (27,0 (2~ 27)))

= —max(1l +m,a(l —m)) + %max(l —m,a(l+m))

[y

(1+m)+ %a(l—i—m)

(14+m)(1+a).

N = N~ N
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From the equality | (z,y)| p2 = [[(#,y)]|, and the fact that 1 +m > 0 we, thus,

obtain
1(1+ )1+ )+1(1 )—1(1+ )
1 m a)+ 3 m) =g a
— (m—-1)(a—1)=0
— m=1,
which completes the proof. 0

Next we will extend Proposition to arbitrary dimension d > 2. Denote by
e; = (0,...,0,1,0,...,0) € R? the i-th unit vector in R?, 1 <i < d, and let ||,

be an arbitrary D-norm on RY. Then

1z, )]

defines a D-norm on R?, called bivariate projection of ||-|| . If Z = (Z1,...,Z4) is

D; ; = ”xei—i_yejHD? (l’,y)E]RQ, 1§Z<]§d,

a generator of [|-|| , then (Z;, Z;) generates |||,

Proposition 4.3. Let ||-||, be a D-norm on R such that each bivariate projection

Il p, , s different from the bivariate sup-norm |-loo- Then ||-|| 5 is idempotent <
Il = lI-lly-

Proof. If ||-|| , is idempotent, then each bivariate projection is an idempotent D-
norm on R? and, thus, each bivariate projection is by Proposition necessarily
the bivariate Li-norm ||-||,. This implies bivariate independence of the margins of
the sms df G(x) = exp (— ||z||p), « < 0 € R Tt is well-known that bivariate inde-
pendence of the margins of G implies complete independence (see, e.g.,

, Theorem 4.3.3)) and, thus, ||-|, = |||, on R%. O

If we allow bivariate complete dependence, then we obtain the complete class of
idempotent D-norms on R? as mixtures of lower-dimensional ||-|| _- and [|-||,-norms.
To this end we will first introduce the complete dependence frame of a D-norm.

Let D be an arbitrary D-norm on R? such that at least one bivariate projection
[l p, , equals ||-[|, on R2. Then there exist nonempty disjoint subsets A1, ..., Ax
of {1,...,d}, 1 < K <d, |Ag| > 2,1 <k < K, such that

inei = max |z, zeRY1<k<K,
i i€ Ay
i€ Ay D
and no other projection HZiGB xieiHD, Bc{l,....d},|B|>2,B#A;, 1<k <
K, is the sup-norm |-|| . on RIBl. We call Ay,..., Ay the complete dependence

frame (CDF) of ||| . If there is no completely dependent bivariate projection of
[IIl o, then we say that its CDF is empty.
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To illustrate the significance of Ay, ..., Ak, take a sms rv n = (n1,...,nq) with
df G(z) = exp(—||z|/p), ¢ < 0 € R Then the sets Ay,..., Ax assemble the
indices of completely dependent components 7, = n; a.s., ¢,j € Ay, and the sets A
are maximally chosen, i.e., we do not have n; = n; a.s. if i € Aj, for some j € AE.

The next result characterizes the set of idempotent D-norms with at least one

completely dependent bivariate projections.

Theorem 4.4. Let ||-|| , be an idempotent D-norm with non empty CDF Ay, ..., Ak.

Then we have

K
_ . . d
2l =Y maxlail+ Y ful,  weR’
k=1 ie{l,..,d\Ug_, Ay
On the other hand, the above equation defines for each set of nonempty disjoint
subsets Aq,..., Ak of {1,...,d} with |Ag] > 2, 1 < k < K < d, an idempotent
D-norm on R with CDF Ay, ..., Ak.

Proof. Let = (n1,...,n4) be a sms rv with df G(x) = exp (— ||z||p), x < 0 € R™
Then we have for < 0 € R?

G(x) = exp (— ||zl p)
= P(n; < w5, 1 < < d)
C
=P (nk* <minw;, 1<k < K;n; <aj, 5 € (Ui Ar) > ,
1€AR

where k* € Ay, is for each k € {1,..., K} an arbitrary but fixed element of Aj. The
rv n* with joint components 7+, 1 <k < K, and n;, j € (UszlAk)E, is a sms rv
of dimension less than d, and n* has no pair of completely dependent components.
The rv n* might be viewed as the rv 1 after the completely dependent components

have been removed. Its corresponding D-norm is, of course, still idempotent. From
Proposition [£.3] we obtain its df, i.e.,

K
G(z) =exp | — Z lrgﬁ x| — Z |z |
k=1 jG(U?ZlAk)G
K
=exp | — Z%%X'wi'_ Z ;] | . x <0cRY,
k=1 "

which is the first part of the assertion.
Take, on the other hand, a rv U that is on the set of integers {k* : 1 <k < K}U
(U?ZlAk)E uniformly distributed. Put m := K + ‘(nglAk)E‘ and set for ¢ =
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1,....d
m, i€ Ag,
Zl' = i
0  otherwise,
ifU=k*1<k<K,and
m, 1=7,
Zi = J

0  otherwise,
. : K c .
if U=je (UK, A4)". Then E(Z;) =1,1<i<d, and

5 (s 1)

_ 3 GE (1g1§§d(lwilzi)1(U=j)>

Je{k* 1<k<K}IU(UK_ | Ay)

K
= : > ; R
kilggg&l%l + lz;], xe

je(UE_ A"

It is easy to see that this D-norm is idempotent, which completes the proof.

The set of all idempotent trivariate D-norms is, for example, given by

max(|z[, [y[,[2])
max(|z|, |y[) + ||
1@y, 2)llp = { max(|z], |2]) + |y|
max(ly[, |z[) + ||

|z + [yl + |2

O

where the three mixed versions are just permutations of the arguments and might

be views as equivalent.

5. TRACKS OF D-NORMS

The multiplication of D-norms D, D®) .. on R? can obviously be iterated:

i po = Hlpesn e, po s neN.

This operation is commutative as well. In this section we investigate such D-norm

tracks ||-||1—[TL1 pi, € N. We will in particular show that each track converges to

an idempotent D-norm if ||-|| ) = |||/ p, @ € N, for an arbitrary D-norm D on R

We start by establishing several auxiliary results. The first one indicates in

particular that multiplication of D-norms decreases the dependence among the

components of the corresponding sms rv.
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Lemma 5.1. We have for arbitrary D-norms ||| o), || pey on R?

Il b pey Z max ([l poy s M-l pear ) -

Proof. Let ZM, Z?) be independent generators of ||| pay, ||| pe. We have for
x € R? by conditioning on Z(® as in equation (3

_ 1) 7(2) — @)
(5) ||CC||D(1)D(2) =F (HCEZ Z HOO) =K (H.’BZ HD(I)) '
Note that
_ (2) - @)
(6) 2l poy = HwE (Z >HD(1) - HE (:cZ )HD(I) ’
Put
T(@)=|2lpn, ek

Then T is a convex function by the triangle inequality and the homogeneity satisfied

by any norm. We, thus, obtain from Jensen’s together with equations (&) and (@)
lzlpwpe =E (HmZ@)HDm)
—E (T (mz<2>))
(e (e5)

=[#(=2),.,

= |zl pa) -
Exchanging Z(") and Z®) completes the proof. O

Proposition 5.2. Let ||| 5y, n € N, be a set of arbitrary D-norms on R?. Then
the limit of the track

nlggo HmHHL1 pw =: f(z)

exists for each & € R? and is a D-norm, i.e., f(:) = || p-
Proof. From Lemma [5.1] we know that for each & € R? and each n € N

el o < lelignss po -
As each D-norm is bounded by the Ly-norm, i.e., [|&(/f;» po < |2, the sequence
(EdIem , p@» 1 € N, is monotone increasing and bounded and, thus, the limit
=
nlggo Hany:l pw =: f(x)

exists in [0,00). The triangle inequality and the homogeneity of f(-) are obvious.
The monotonicity of the sequence lim,,_, ||a:||1—[11 pe implies that f(x) =0 <=

x = 0 and, thus, f(-) is a norm on R% The characterization of a D-norm as
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established by Hgfmanﬂ dzogﬁ) (see [Falk et alJ 2!!1!1, Theorem 4.4.2)) implies that

f(-) is a D-norm as well. O

If we set D) for each n € N equal to a fixed but arbitrary D-norm, then the

limit in Proposition (.2]is an idempotent D-norm.
Theorem 5.3. Let ||-||, be an arbitrary D-norm on RY. Then the limit
. . d
T [l po = lallp . @R
is an idempotent D-norm on R%.

Proof. We know from Poposition that ||| . is a D-norm on R% Let Z* be
a generator of this D-norm and let ZM, Z®) . be independent copies of the

generator Z of |-, independent of Z* as well. Then we have for each € R?

]l pn = £ (

by Lemma 5.l as well as for each k € N

n

wHZ(i)

i=1

) Th—oo ||$||D*

o0

||fB||Dn

n

k
—FE sz(i) H VA%
i=1

J=k+1
oy mf[lz<i>j_1f[“z<j> @) (an)
e [ oI (e (a0 ) (0 )
_E<mz*ﬁz<i>

i=1

)

by the monotone convergence theorem. We, thus, have

lallp- = E( OO)

for each k € N. By letting k tend to infinity and repeating the above arguments

k
ez [[ 2%
i=1

we obtain

|zl p. = E <

which completes the proof. O

D*D* >

k
xz* [[ 2"
i=1

) Thooo E([l227]| p.) = |

o0
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If the initial D-norm |-, has no complete dependence structure among its
margins, i.e., if its CDF is empty, then the limiting D-norm in Theorem [5.3]is the
Li-norm. Otherwise, the limit has the same CDF as ||-|| .

The limit of an arbitrary track H-||1—[?:1 pas € N, is not necessarily idempotent.
Take, for example, an arbitrary and non idempotent D-norm ||||g) and H||%) =
IIll; @ > 2. But it is an open problem, whether the limit of a track is again

idempotent if ||-|| 5y # ||| for infinitely many i € N.
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