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The focus-shaping technique of a cylindrically polarized vortex beam by a high numerical-aperture lens
is reported. Such a polarized vortex beam is decomposed into radial and azimuthal polarization. It is
shown that the total intensity distribution in the focal region is dependent not only on the numerical-
aperture maximal angle and the polarization rotation angle but also on the topological charge. By
choosing the proper combination of parameters, the adjustably confined flat-topped focus and focal
hole can be obtained. The focus-shaping technique may find wide applications, such as optical tweezers,
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1. Introduction

Study and applications of the optical vortex beam have
recently generated great research interest, which has resulted
in a new branch of singular optics in modern optics [1-7].
Optical vortex beams possess wave-front dislocations, where the
phase values are undefined (also referred to as phase singula-
rities) and the amplitude vanishes to zero. Such beams
can be generated by using the spatial light modulators (SLMs)
or the spatial phases plates (SPPs) [3] and possess a helical
phase structure of exp(in¢), where ¢ is the polar coordinate
in the plane perpendicular to the beam axis and n is the so-called
topological charge. It is further known that such an optical
vortex beam carries orbital angular momentum (OAM) and each
photon has a magnitude of nA OAM [4,5] and can be used to
trap and rotate particles [6]. On the other hand, the radially
and the azimuthally polarized beams are of particular importance
in many application fields due to the unique cylindrical symmetry
of polarization. Various methods for generation of such
polarized beams have been suggested. For instance, the alter-
native methods include twisted nematic liquid crystals with
specially designed alignment layers [8], segmented filters with
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properly oriented half-wave plates [9] and so on. Recently,
the focusing properties of a polarized beam and a circularly,
radially, azimuthally or linearly polarized vortex beam by a
high numerical-aperture (NA) lens have been discussed [10-16].
The study of coherent superposition of radially and azimuthally
polarized components has also generated interest [21]. As yet,
to the best of our knowledge, the focus shaping of a cylindrically
polarized vortex beam by a high NA lens is little studied.
With an increasing number of new applications, it is of great
importance to explore the focus shaping of such polarized vortex
beams.

In this paper, we study the focus-shaping technique of a
cylindrically polarized vortex beam by a high NA lens.
Such a beam can be generated by the combination of SLM and
two half-wave plates and can be decomposed into a linear
superposition of radially polarized and azimuthally polarized
components. Numerical simulation shows that total intensity
distribution in the vicinity of the focus is dependent not
only on the NA maximal angle and the polarization rotation
angle but also on the topological charge n. The adjustably confined
flat-topped focus and focal hole can be obtained by choosing
the proper combination of parameters. Specifically, an added
advantage of using an optical vortex beam is that it allows us to
transfer angular momentum to atoms and colloids, thus opening
up new applications of such small flat-topped focus and focal
holes.
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2. Theoretical model

The optical vortex beam possessing cylindrical polarization is
generated by a beam passing SLM and polarization rotator. Fig. 1
shows the polarization pattern of the polarization rotator. Instead
of a radial polarization or an azimuthal polarization, each point of
the optical vortex beam has a polarization rotated by ¢¢ from its
radial direction. A simple polarization rotator consisting of two
half-wave plates can be used to perform such a conversion [14,18].
By simply rotating one of the half-wave plates, we can control the
polarization rotation angle ¢ of the optical vortex beam. Thus,
the optical vortex beam possessing cylindrical polarization can be
expressed as Ej, = AP(r)exp(ing)(cos¢ee +singdoe,,), where P(r) is
the axially symmetric amplitude distribution of the beam and A is
a constant. Since the optical vortex beam possesses cylindrical
polarization, such beam may appropriately be called a cylindri-
cally polarized vortex beam. In contrast to a cylindrical vector
beam, the phase of the cylindrically polarized vortex beam is
helical: there is a phase difference between different points of the
beam profile and the cylindrically polarized vortex beam has
OAM. If the beam is the no-vortex mode (i.e., n = 0), then the
resulting beam will be a degenerate cylindrical vector beam mode,
which has no OAM.

In this paper, we assume that the cylindrically polarized vortex
beam is incident upon a high NA lens. Since this beam can be
expressed as a linear superposition of radial polarization and
azimuthal polarization, the field near the focus can be expressed
as a linear combination of the focal fields of radial polarization
and azimuthal polarization. Using the same analysis method as
that in Refs. [14,19,20], the focal field of a cylindrically polarized
vortex beam can be written as

Eout(r, 9,2) = Erer + Eze; + Egey, (1)

where e, e, and e, are the unit vector in the radial, longitudinal
and azimuthal directions, respectively. E, E, and E, are the
amplitudes of the three orthogonal components, respectively and
can be expressed as

i o p2n
E(r,p,2) = 2—17':cos gbo/o /0 ~/cos 6sin(20)P(0)

x €0os(¢p — @) exp(in¢) exp[ik(z cos 0
+rsinfcos(¢p — @))]dpde (2)

i o 2n
E/r,¢,2) = %cos b0 / V/cos Osin®0P(0) exp(ing)
0 0
x explik(z cos 6 + rsin 0 cos(¢p — ¢))]d¢ do, (3)

Fig. 1. The polarization pattern of the polarization rotator. An optical vortex beam
passes the polarization rotator, as a result the vortex beam possess cylindrical
polarization. ¢ is the polarization rotation angle from the purely radial
polarization.
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Using the following formulae:
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We obtain the following expressions:
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where 1, ¢ and z are the radial, azimuthal and longitudinal
coordinates of the observation point in the focal region,
respectively. k = 27// is wave number, P(0) is the pupil apodiza-
tion function and o = sin~!(NA) is the maximal angle determined
by the numerical aperture of the lens. J,, J,+1 and J,_; the Bessel
function of the first kind with order n, n+1 and n—1, respectively.
n is the topological charge of the vortex beam. Note that all optical
intensity are independent of ¢, which means the intensity distri-
bution maintains cylindrical symmetry. With these Eqgs. (7)-(9),
we can calculate the intensity distribution corresponding to
different components (E,, E; and E,,) as well as the total intensity
in the vicinity of focus. For all the examples in this paper, we
choose as P(0)=1, A= 1. The polarization rotation angle ¢¢
changes from 0 to n/2 and the length unit is normalized to
wavelength /.

3. Focus shaping and numerical simulation
3.1. Radially and azimuthally polarized vortex beams

Fig. 2(a) shows the intensity distribution in the focal plane for
¢o=0° NA=sin(80°) and topological charge n =1, which
corresponds to a radially polarized vortex incident beam. The
two-dimensional intensity distributions at the vicinity of the
focus are shown in Fig. 2(b-d). In Fig. 2, the more whiteness
indicates the higher intensity (the same applies to the other
figures). The total intensity is the sum of the azimuthal intensity,
radial intensity and longitudinal intensity. In this case, the
azimuthal component disappears and only the radial and long-
itudinal components are present. One can see that the radial
component distribution is a highly confined focal spot and
the longitudinal component distribution is a highly confined
focal hole. The radial component has only half of the width
(approximately) of the total intensity distribution, and the total
intensity is nonzero on the optical axis [11,15]. In contrast to the
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Fig. 2. (a) Intensity distribution at the focal plane and (b)-(d) intensity distribution in the vicinity of the focus for a radially polarized vortex beam. The parameters are

chosen as n = 1, o = sin"!(NA) = 80°, ¢o = 90°.
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Fig. 3. (a) Intensity distribution at the focal plane and (b) total intensity distribution in the vicinity of focus for an azimuthally polarized vortex beam. The focal field only
has an azimuthal component. The radial and longitudinal components are zero. Here ¢o = 90° and the other parameters are the same as those in Fig. 2.

focus profiles for the radial case (i.e., n =0 case) discussed in
Refs. [9,14,20], the focus profiles for the radially polarized vortex
beam (i.e.,, n=1 case) are different. That is, the longitudinal
component distribution has an on-axis minimum (see Fig. 2c).
This phenomenon is easily understood by analyzing the Bessel
function J,, of Eq. (8).

Fig. 3(a) plots the intensity distribution in the focal plane for
¢o=90°, NA=sin(80°) and n=1, which correspond to an

azimuthally polarized vortex incident beam. The two-dimensional
intensity distribution is shown in Fig. 3(b). It is seen that the
azimuthally polarized vortex beam has no radial and longitudinal
component and the total intensity distribution on the optical axis
has a maximum [11]. Hence, such azimuthally polarized vortex
beams can obtain a highly confined focal spot. The focal spot size
(0.394, o = 90°) is slightly larger than that obtained in Ref. [12]
(smallest focal spot: 0.364, « = 90°). However, in our study, the
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incident beam is a vortex one, so that the focal spot possesses
OAM. However, it must be emphasized that this result forn =1 is
contrary to that for n = 0 analyzed in Refs. [14,20]. This behavior
is easily understood by analyzing the Bessel functions J,,«; and J,_4
of Eq. (9). When r = 0, substituting Eq. (9) into Eq. (1) gives

o
Eout(r,9,2) = Ey(r, 9, 2)ey, = [IAeXp(ig) / ~/cos 0 sin OP(0)
Jo

x explik(z cos 0)]d0]e,
= A(i cos @e, — sin @e)

x / " /cos 0sin 0P(0) exp[ik(z cos 0)]d0 (10)
0

Thus, in this part of the focal region, the wavefield is circularly
polarized and the axial intensity is here equivalent to that of an
ordinary beam without vortices. From Eq. (9), we can also note
that n = 1 is the only value of n that gives rise to a nonzero optical
intensity on the optical axis.
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3.2. Flat-topped focus

From Figs. 2 and 3, we notice that the longitudinal polarization
component has only one focal hole in the focal region. For the
radial and azimuthal polarization components, however, focal
spots are located in the center of the focal hole. Because the size of
this focal spot is similar to the size of the dark core of the focal
hole, we can obtain a flat-topped total intensity distribution at the
focus by adjusting the weightings of the three-field components
by adjusting ¢o. This adjusting of ¢o can be achieved using the
pure polarization rotators, as described previously. Fig. 4(a and c)
shows the intensity distribution in the focal plane for ¢¢ = 0°,
NA = sin(60°) and ¢o = 31.2°, NA = sin(80°), which correspond to
a cylindrically polarized vortex incident beam. The two-dimen-
sional total intensity through the focus (in the r-z plane) is shown
in Fig. 4(b and d). One can see that the flat-topped total intensity
distribution in the focal plane is obtained by adjusting the two
parameters ¢o and «. The flat-topped focus sizes for different
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Fig. 4. (a), (c) Intensity distribution at the focal plane, (b) and (d) total intensity distribution in the vicinity of focus for different values of « and ¢o. Here (a), (b) ¢o = 90°,
o = sin"'(NA) = 60°; (c), (d) ¢o = 31.2°, o = sin~'(NA) = 80°. The other parameters are the same as those in Fig. 2.

Table 1
Comparison of the flat-topped focus sizes for different values of « and n

NA maximal angle « (deg) 60
Polarization rotation angle ¢, (deg) n=1 0
Flat-topped focus size (1) 118
Polarization rotation angle ¢, (deg) n=0 33
Flat-topped focus size (1) 1.28

65 70 75 80 90

17 24 28.2 31.2 34.2
114 11 1.06 1.04 1.02
38 40.5 42.2 44.2 46.2
1.24 118 112 11l 1.06

The flat-topped focus sizes denote full-width at half-maximum (FWHM) of total intensity profiles.
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values of o and n are also shown in Table 1. Here the focus sizes
denote full-width at half-maximum (FWHM) of total intensity
profiles shown in Fig. 4(a). It is found that the flat-topped
focus sizes decrease and the maximum intensity increases with
the increase in o and ¢,. In contrast to cylindrical vector beams
(i.e., n = 0, no-vortex) [14], for a fixed o, the flat-topped focus size
in the n = 1 case (such as o = 80°, FWHM = 1.044) is smaller than
the one obtained in the n =0 case (such as o = 80°, FWHM =
1.12) and each photon of the flat-topped focus in the n =1 case
has an OAM of magnitude #.

The flat-topped focus obtained above may find some applica-
tions such as improved printing filling factor, improved uniformity
and quality in materials processing, micro-lithography, and so on.
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In our calculations, we have used a very simple pupil apodization
function. However, the pupil apodization provides another degree
of freedom to shape the focus. It is possible to improve the quality
of the flat-topped focus by using a more complex pupil
apodization function.

3.3. Focal hole

As shown above, we can note that n = 1 or n = 0 gives rise to a
nonzero optical intensity on the optical axis. However, for all other
topological charges n> 1, the polarized vortex beam is zero on the
optical axis due to destructive interference. Such behaviors
are presented in Fig. 5 for different values of ¢,. In this case,
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Fig. 5. (a), (c) and (e) Intensity distribution at the focal plane, (b), (d) and (f) total intensity distribution in the vicinity of focus for different values of ¢o. Here (a), (b)

¢$o=0°

(c), (d) ¢po =507 (e), (f) po = 90°. The other parameters are the same as those in Fig. 2.
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Fig. 6. (a) The focal hole size (FWHM) and (b), the intensity peak value at the focal plane for different values of n. Here o = sin~!(NA) = 80°.

a dark channel along the optical axis, i.e., a focal hole, is achieved.
It can be seen that the focal hole sizes (FWHM) reduce with
the increase in ¢o. When ¢, is from 0 to 50°, the side lobes are
less pronounced; however, the side lobes become more pro-
nounced as ¢ continues to increase. Especially, when ¢q=
90°(i.e., azimuthally polarized vortex), the FWHM is only 0.311
(o« =90°), and the FWHM is almost the same as the one obtained
using an azimuthally polarized beam combined with an annular
phase filter (i.e., the smallest focal hole FWHM = 0.34, see
Ref. [15]), although the first few side lobes are rather large. Thus,
there is a tradeoff between side lobes and confinement and
adjusting ¢ may optimize this ratio. For example, when ¢ = 50°
(Fig. 5c), the side lobes almost vanish and the FWHM = 0.4/4.
Moreover, the focused light also belongs to the class of ‘diffraction
free’ beams discussed in [17], and there is almost no broadening of
the focal hole in the vicinity of the focal plane, and possesses the
characteristics of the vortex. In addition, the focal hole sizes
(FWHM) and the intensity peak values of the focal hole at the
focal plane are shown in Fig. 6 for different values of n. It can be
found that for a fixed ¢¢ value, the focal hole sizes increase and
the intensity peak values decrease with increasing n; and for a
fixed n value, the larger the values of ¢y, the smaller the focal hole
sizes and the intensity peak values.

Using the above-mentioned method, we can easily change the
focal total intensity distribution from a focal spot shape to a
controllable focal hole shape by adjusting the polarization
rotation angle ¢o and the topological charge n. Because such a
focal hole possesses the characteristics of the vortex and also
allows the transfer of angular momentum to a particle trapped or
guided by the dark region, it may be used in a variety of particles
guiding, trapping and inducing rotation.

4. Conclusions

We have described a novel beam-shaping technique—focus
shaping—using cylindrically polarized vortex beams. It is shown
that the total intensity distribution in the vicinity of the focus is
dependent not only on the NA maximal angle « and the

polarization rotation angle ¢ but also on the topological charge
n of the incident polarized vortex beams. At some particular
conditions, the adjustably confined flat-topped focus can be
generated for the n =1 case. However, for all other topological
charges n>1, the adjustably confined focal hole can be obtained
due to destructive interference. The focus-shaping technique may
find wide applications, such as optical tweezers, laser printing and
material processing.
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