This article was downloaded by: [Pu, Jixiong]

On: 8 April 2011

Access details: Access Details: [subscription number 936131637]

Publisher Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

Journal of Modern Optics

Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713191304

ng_{em @ptics

Polarisation singularities of non-paraxial Gaussian vortex beams diffracted

by an annular aperture

Yongxin Liu®; Jixiong Pu® Baida Li®

* Institute of Laser Physics and Chemistry, Sichuan University, Chengdu, Sichuan 610064, China ®
College of Information Science & Engineering, Huagiao University, Xiamen, Fujian 361021, China

First published on: 16 March 2011

To cite this Article Liu, Yongxin , Pu, Jixiong and Lii, Baida(2011) 'Polarisation singularities of non-paraxial Gaussian
vortex beams diffracted by an annular aperture’, Journal of Modern Optics, 58: 8, 657 — 664, First published on: 16 March
2011 (iFirst)

To link to this Article: DOI: 10.1080/09500340.2011.564319
URL: http://dx.doi.org/10.1080/09500340.2011.564319

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://ww.informaworld. confterns-and-conditions-of-access. pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, |oan or sub-licensing, systematic supply or
distribution in any formto anyone is expressly forbidden.

The publisher does not give any warranty express or inplied or make any representation that the contents
will be conplete or accurate or up to date. The accuracy of any instructions, formul ae and drug doses
shoul d be independently verified with primary sources. The publisher shall not be liable for any |oss,
actions, clainms, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713191304
http://dx.doi.org/10.1080/09500340.2011.564319
http://www.informaworld.com/terms-and-conditions-of-access.pdf

13:41 8 April 2011

[ Pu, Jixiong] At:

Downl oaded By:

Journal of Modern Optics
Vol. 58, No. 8, 10 May 2011, 657-664

Taylor &Francis
Taylor & Francis Group

Polarisation singularities of non-paraxial Gaussian vortex beams diffracted by
an annular aperture
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Based on the vectorial Rayleigh-Sommerfeld diffraction integrals, the propagation expressions for non-paraxial
Gaussian vortex beams diffracted by an annular aperture are derived, and are used to analyse polarisation
singularities of non-paraxial Gaussian vortex beams in the diffraction field. It is shown that there exist
polarisation singularities including C-points (S}, vortices), S>3 vortices, and S3; vortices. The number and
position of polarisation singularities depend on the waist width of the beam, the off-axis distance of the vortex
and the aperture parameter. The creation and annihilation of polarisation singularities appear as a controlling
parameter — including the waist width, off-axis distance and aperture parameter — varies. When compared with
the free-space propagation, more polarisation singularities may take place in the diffraction field.
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1. Introduction

Recently, singular optics has been extended not only
from fully coherent wave fields (coherent singular
optics) to partially coherent wave fields (correlation
singular optics), but also from scalar wave fields to
vector fields [1-14]. The method in experimental
diagnostics of polarisation singularities by using a
Mach—Zehnder interferometer was proposed by Oleg
V. Angelsky et al. [14]. The polarisation singularities of
strongly focused radially polarised beams was exam-
ined by Schoonover et al., where the different kinds of
polarisation singularities including C-points, L-lines
and V-points formed by radial and longitudinal
electric-field components in the focal region were
analysed [9].

The paraxial approximation is no longer valid
when the beam width is comparable with the wave-
length and/or the far-field divergence angle is large.
It was shown that the polarisation singularities can be
produced by means of the diffraction of Gaussian
vortex beams beyond the paraxial approximation [13].
The purpose of the present paper is to study polari-
sation singularities of non-paraxial Gaussian vortex
beams diffracted by an annular aperture, and to study
the influence of the waist width of the beam, off-axis
distance of the vortex and the aperture parameter on
the number and the position of polarisation
singularities.

2. Theoretical formulation

Consider a linearly polarised Gaussian vortex beam in
the source plane z=0 whose electric field read as

E = E‘C(x/s y/» O)EXs Ev(x/ay/? 0)6}/9 (])

where & and €, are the unit vectors in the x and y
directions,

W(z]

12 2
Ex(‘x/,y/, 0) — exp<_ ﬂ)

x [(x" = xo) + isgn()(" — yo)l",  (2a)

EV(x/ay,a 0) = 07 (2b)

wq 1s the waist width of the Gaussian beam; x, and y,
denote off-axis distances in the x and y directions,
respectively; and / is the topological charge, we take
/=1 in this paper; sgn(-) is the sign function.

Assume that an annular aperture with inner radius
a and outer radius b is placed in the plane z=0, whose
window function is expressed as

1 a2§x/2+y/2§b2
0 otherwise

T(x'y',0) = { 3)

In accordance with the vector Rayleigh-
Sommerfeld diffraction integrals [15], the electric field
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of Gaussian vortex beams diffracted by the annular
aperture in the z plane is expressed as

L ’o o
Ex(an’»Z) = _ZJ J EX(X >V ,O)T(X I 70)

W 3OETD 4y (4a)
0z
1 *© *© ’ / 7 !
E}’(xnynz) = _ZJ J E}’(x s ) DO)T(X 5 ) 90)
W BOETD) 4y (4b)
0z
| R . aG(r,r
Eera=o| | me%mn Ly 020
+ Ey(x',y",0)T(x',y’,0) aG(r d )} x'dy’,
(4c)

where 1’ = x'€ + '€y, r=xE+ )€ + z&,, €, is the
unit vector in the z direction, and [16]

o
Gr.x'y = ZPUKIr = ') )
lr— 1]
2 /2_2 L 2yy’
[P FES — C)

2r

with k=2n/A, 1’ = /X2 + 2, r=/x2+ >+ 22,

On substituting Equations (2), (3), (5) and (6) into
Equations (4a)—(4c), and transforming Cartesian coor-
dinates (x,y,z) into cylindrical coordinates (p,0,z), and
using the following formulas [17]

2
J cos(nb) expliv cos(0)] = 2xi"J,(v), (7
0
0 ( l)m 2m+n
o =Y e G ®)

with J,(-) being the nth Bessel function, after lengthy
but direct integral calculations, we obtain

zlu(y ZX)Z '(I’Vl—‘rl)'

m=0

2 2\m 2m+1
)"k
2gm+2 2,,

x [[(2+m, —d’g) —T(2+m, —bg)]
[ee] 1 (x2 +y2)m k 2m

B qu!m! 2g"+1 <2r>
m=0

X [F(l +m, — bzg) — F(l +m, — azg)],
(9a)

Ex(‘xﬁ y? Z) =

Ey(x.0,7) =0, (9b)
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(%)

where ['(u,v) denotes the incomplete gamma
function, and

ik 1
= — 1
§=3, 7 (10)
q = Xo + iyy. (11)

Equations (9a)—(9¢c) are the analytical expressions
for the non-paraxial Gaussian vortex beams diffracted
by the annular aperture. Although Equations (9a) and
(9¢) contain the infinite series summation, the summa-
tion is convergent and in the numerical computation,
we take the former 30 terms to approximate the infinite
series summation, which fits quite well with the direct
integration of Equations (4a)—(4c). Equations (9a)—(9c)
are more general formulas, not only applicable to the
annular aperture, but also to the circular aperture,
circular screen and the free-space by letting a— 0,
b— o0, and a— 0, b — oo, respectively. In addition,
Equations (9a)—(9c¢) indicate that besides the transverse
electric-field component FE.(x,y,z), the longitudinal
electric-field component E.(x,y,z) appears in the non-
paraxial diffraction field.

In accordance with [9], the conversional description
of the state of polarisation singularities formed by
two transverse components can be used to describe the
state of polarisation and polarisation singularities
formed by transverse and longitudinal components
in vector non-paraxial fields if the definition of the
Stokes parameter is suitably changed, i.e.

so = |E.|*+|E,? (12)

Si = sy (IE-P—|Ed?) (13)
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Figure 1. (a) The polarisation ellipses surrounding the C-points in the plane z=3z, of a non-paraxial Gaussian vortex beam
diffracted by an annular aperture. (b) The corresponding phase map of the complex Stokes field S},. The calculation parameters

are seen in the text.

S> = 25y 'Re(E*E,) (14)

Sy = 25y 'Im(EZEy) (15)

where S+ S5 + 55 = 1. The contour lines of $;=0,
S>=0, and S5=0 can be marked by Z,, Z,, Z; lines,
respectively. The Z; line is also called the L-line. The
complex Stokes fields are given by [6]

S =81 +iS, (16)
Sy =8> + 1S3 (17)
Sz =83 +iS). (18)

The S, vortices (singularities) occur at the inter-
sections of Z; and Z,, i.e. S;» =0,[S3] = 1, which is
also called the C-point. At the C-point, the polarisa-
tion ellipse reduces to a circle; thus the orientations of
the major and minor axes of the polarisation ellipse are
undetermined. S3=+41 (or —1) means right (or left)

handedness, and C-points can be classified into
monstar (singularity index /.= +%), star (I.= —%) and
lemon (/.= —i—%), respectively, based on the local
behavior of the polarisation ellipse [14]. The S>3
vortices appear at the intersections of Z, and Z3, i.e.
S>3 =0,|S;| = 1. The S3; vortices are present as the
intersections of Z3 and Z;, i.e. S3;1 =0,|S,| = 1. The
S>3 vortices and S3; vortices are on the contour lines of
S3=0 (i.e. L-lines), and for such a case the polarisation
ellipse degenerates into a line, thus the handedness of
the polarisation ellipse is undefined [6,7].

3. Numerical calculation results and analysis

Figure 1(a) gives the polarisation ellipses surrounding
the C-points in the plane z=3z, (z, = %— Rayleigh
range) of a non-paraxial Gaussian vortex beam
diffracted by an annular aperture, and the calculation
parameters are wo=12A, xo=y9=0, a=0.8A4,
e=a/b=0.3. Figure 1(b) gives the corresponding
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Figure 2. The contour lines Z;, Z,, Z3 of non-paraxial diffracted Gaussian vortex beams in the z =3z, plane for different values
of the waist width. (@) wo=0.5x, (b) wo=0.6 A, (¢) wo=1.2 A, (d) wo=1.5x.

phase map of the complex Stokes field Sj,. From
Figure 1(a) we see there are two C-points C;, C,, and
two S5, vortices Qy, Q,, which are on the L-line. When
one pays attention to the surrounding polarisation
ellipses of C; and C,, there exist three straight-line
trajectories of the direction of the major axis for both
C; and C,. From Figure 1(h) and according to the sign
principle [19], we can get that the singularity index /. of
C; and C, points are +34, —% corresponding to the
topological charge +1, —1, respectively, and C; is a
monstar, and C, is a star [18].

Figure 2 gives the contour lines Z;, Z,, Z3 of non-
paraxial diffracted Gaussian vortex beams in the
z=13z, plane for different values of the waist width,

which are marked by thin, dashed and thick curves,
respectively.  The  calculation  parameters are
xXo=y0=0, a=0.8%, e=a/b=0.3, and (a) wg=0.52,
(b) wo=0.6 1, (¢) wo=1.2x, (d) wo=1.51. The S;»
vortices (C-points), S,3 vortices and S5; vortices are
shown by circles, squares and triangles, and the black
and white ones correspond to the topological charge
/=—1 and +1, respectively. From Figure 2(a)—(d) we
find that there exist S|, vortices (C-points), S,3 vortices
and S5; vortices in the diffraction field. By varying
waist width from 0.5 to 0.6 A, four pairs of C-points
with equal but opposite topological charge annihilate
each other, which are C3 and Cy4, Cs and Cq4, C; and Cyg,
Cy and Cj. Increasing wy to 1.2 A, another four pairs
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Figure 3. The contour lines Z;, Z,, Z3 of non-paraxial diffracted Gaussian vortex beams in the z=3z, plane for different
values of the off-axis distance yq. (a) yo=0.05x, (b) yo=0.14, (¢) yo=0.24, (dl) yo=0.4 A, (d2), (d3) are the partial enlarged
figures for (d1).
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Figure 4. The contour lines Z,, Z,, Z5 of a non-paraxial diffracted Gaussian vortex beam in the z = 3z, plane for different values

of the inner radius a. (@) a=0.4x, (b) a=0.5%, (¢) a=0.6 1.

of S3; vortices with equal but opposite topological
charge annihilate each other, which are Qs-Qjo.
Finally, with a further increment of wy to 1.5, two
pairs of S,3 vortices (i.e. 0;—01g) and two pairs of S3;
vortices (i.e. Q11—Q14) occur in Figure 1(d). As can be
seen, the creation and annihilation of polarisation
singularities appear, but the handedness of C; and C,
keeps unchanged as the waist width w, varies. C; is
right-handed, while C, is left-handed.

Figure 3 plots the contour lines Z;, Z,, Z3 of non-
paraxial diffracted Gaussian vortex beams in the
z =3z, plane for different values of the off-axis distance
o, where the calculation parameters are a=0.8,

e=alb=0.3, wo=1.2x, xo=0, and (a) yo=0.052, (b)
Yo=0.12, (¢) yo=0.2x, (dl) yo=0.4 1, (d2)~(d3) are
the partial enlarged figure for (d1). It is seen from
Figure 3(a)—(c) that a pair of S»3 vortices O3 and Os
annihilate each other by increasing y, from 0.05X to
0.1, and a new pair of S»3 vortices Og and Oy appears
as yo is increased to 0.2A. In Figure 3(d1)—(d3) for
yo=0.4 A, there exist six C-points, 12 S,3 vortices and
eight S5; vortices. In comparison with Figure 3(c), two
pairs of C-points C3;—Cq4, two pairs of S»3 vortices
010-013 and three pairs of S3; vortices Q;—Qg are
the newly appeared polarisation singularities.
In Figure 3(d2) and (d3) there exist a pair of
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Figure 5. The contour lines Z,, Z,, Z3 of non-paraxial Gaussian vortex beams in the z= 3z, plane for different values of the

off-axis distance. (@) yo=0, (b) yo=0.4 1.

C-points with equal but opposite topological charge,
C3—C4 and Cs5—Cg, respectively. Cs; and Cg are
right-handed, and C; and Cs are left-handed.
Therefore, the off-distance affects the number and
position of polarisation singularities.

Figure 4 gives the contour lines Z;, Z,, Z3 for a
non-paraxial diffracted Gaussian vortex beam in the
z=13z, plane for different values of the inner radius a
of the annular aperture, where the calculation param-
eters are wo=1.2A, xo=y9=0, e=a/b=0.3, and (a)
a=04x, (b)a=0.5%, (¢) a=0.6 1. It is found that the
creation, motion and the annihilation of the polarisa-
tion singularities of the diffraction field appear as the
inner radius of the annular aperture varies. In the
variation of a from 0.4 to 0.5A in Figure 4(a)—(b),
two pairs of S;3; vortices (i.e. 03—Qg) annihilate each
other, and the S,3 vortices O1—04 move. For example,
Os5 and Og move from (—0.16 wg, —17.13 wy), (0.16 wy,
17.13 wg) to (—0.19 wy, —11.06 wy), (0.19 wy, 11.06 wy),
respectively. By increasing a to 0.6 A, two pairs of S3;
vortices (i.e. Q7—010) and two S,z vortices (i.e. O;—05g)
appear in Figure 4(c). Further increasing a to 0.8 X, the
newly appeared L;—L;q and O;—Og annihilate each
other, which can be seen from Figure 2(¢). However,
the handedness of C; and C, keeps unchanged in the
variation of a, i.e. C; is right-handed, while C, is
left-handed.

Figure 5 plots the contour lines Z,, Z,, Z5 for non-
paraxial Gaussian vortex beams in the z =3z, plane for
different values of the off-axis distance, where the
calculation parameters are wo=1.2x1, xo=0, a— 0,
b— o0, and (a) yo=0, (b) yo=0.41. As can be seen,
when the off-axis distance y, is increased from zero to
0.4 1, a new S»3 vortex appear, which is labeled by Oy

in Figure 5(b). As compared with Figure 5(b) and
Figure 3(d1), it is found that there exist two C-points,
four S,z vortices and two S3; vortices in z =3z, in the
free-space propagation (Figure 5(b)), while there are
six C-points, 12 S>3 vortices and eight S3; vortices in
the diffraction field (Figure 3(dl1)). Therefore,
more polarisation singularities may appear in the
diffraction field.

It can be shown that the topological relationship
holds true for the polarisation singularities of non-
paraxial Gaussian vortex beams diffracted by an
annular aperture. The topological relationship
between the topological charge of Stokes vortices is
expressed as [6]

2002l = TR0l = 2Pl (19)

where ) ) specifies summation over all the polarisa-
tion singularities contained within a closed contour line
Z; and Y- denotes summation over the polarisation
singularities on the Z;, o;;;,=1 for §;;; >0 and
o;0=—1 for S;;; <0, /; is the topological charge of
the singularities. For example, we choose the closed
contour line Z, in Figure 3(d2), the left term of
Equation (19) is 2022(2)[13 =2x (—1) X (—1) = 2, the
middle one is Y Po /5 =—1x (=1) +1 x (+1)=2, and
the right one is Y @03/, =—1x (=1)+ 1 x (+1)=2.

4. Conclusion

In this paper, the propagation expressions for
non-paraxial Gaussian vortex beams diffracted by an
annular aperture have been derived, and used to
analyse polarisation singularities of non-paraxial
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Gaussian vortex beams in the diffraction field. It has
been shown that there exist polarisation singularities
including C-points (S, vortices), S»3 vortices, and S3;
vortices, and C-points can be classified into stars,
monstars and lemons. The number and position of
polarisation singularities depend on the waist width,
off-axis distance and aperture parameter. The creation
and annihilation of polarisation singularities may
appear as a controlling parameter including the waist
width, off-axis distance and the aperture parameter
varies. In comparison with the free-space propagation,
more polarisation singularities may take place in the
diffraction field.
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