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Abstract. In this paper, the concept of sparse differential resultant for a differentially
essential system of differential polynomials is introduced and its properties are proved.
In particular, a degree bound for the sparse differential resultant is given. Based on
the degree bound, an algorithm to compute the sparse differential resultant is proposed,
which is single exponential in terms of the order, the number of variables, and the size
of the differentially essential system.
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1. Introduction

The resultant, which gives conditions for a system of polynomial equations to have com-
mon solutions, is a basic concept in algebraic geometry and a powerful tool in elimination
theory [2, 5, 6, 7, 11, 15, 19, 21, 25]. The sparse resultant was introduced by Gel’fand,
Kapranov, and Zelevinsky as a generalization of the usual resultant [11]. The first effective
method to compute the sparse resultant was given by Sturmfels [25, 26]. A Sylvester style
matrix based method to compute sparse resultants was first given by Canny and Emiris
13, 7].

The differential resultant for two nonlinear differential polynomials in one variable was
studied by Ritt in [22, p.47]. General differential resultants were defined by Carra’ Ferro using
Macaulay’s definition of algebraic resultants [4]. But, the treatment in [4] is not complete.
For instance, the differential resultant for two generic differential polynomials with degrees
greater than one is always zero if using the definition in [4]. Differential resultants for
linear ordinary differential polynomials were studied by Rueda and Sendra in [24]. In [10], a
rigorous definition for the differential resultant of n + 1 generic differential polynomials in n
variables was presented.

A generic differential polynomial with order o and degree d contains an exponential
number of differential monomials in terms of o and d. Since most of the differential poly-
nomials encountered in practice do not contain all of these monomials, it is useful to define
the sparse differential resultant which can be considered as the differential analog for the
algebraic sparse resultant [5, 7, 11, 25].

In this paper, the concept of sparse differential resultant for a differentially essential
system consisting of n + 1 differential polynomials in n variables is introduced and its prop-
erties similar to that of the Sylvester resultant are proved. In particular, we give a degree
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bound for the sparse differential resultant, which also leads to a degree bound for the dif-
ferential resultant. Based on the degree bound, we give an algorithm to compute the sparse
differential resultant R. The complexity of the algorithm is single exponential of the form
O(n?37650() ((m+ 1)deg(R))O(Sl), where s, m,n, and [ are the order, the degree, the number
of variables, and the size of the differentially essential system respectively. We prove that
deg(R) < (m~+1)"st"*t1 8o an upper bound of the complexity is O(n3-376 50 (4-1)0(ns*D)
The sparseness is reflected in the quantities [ and deg(R).

In principle, the sparse differential resultant can be computed with any differential elim-
ination method, and in particular with the change of order algorithms given by Boulier-
Lemaire-Maza [1] and Golubitsky-Kondratieva-Ovchinnikov [12]. The differentially essential
system already forms a triangular set when considering their constant coefficients as the
leading variables, and the sparse differential resultant is the first element of the character-
istic set of the prime ideal generated by the differentially essential system under a different
special ranking. Therefore, the change of order strategy proposed in [1, 12] can be used.
In our case, due to the special structure of the differentially essential system, we can give
specific bounds for the order and degree needed to compute the resultant, which allows us
to reduce the problem to linear algebra directly and give explicit complexity bounds.

As preparations for the main results of the paper, we prove several properties about the
degrees of the elimination ideal and the generalized Chow form in the algebraic case, which
are also interesting themselves.

The rest of the paper is organized as follows. In Section 2., we prove some preliminary
results. In Section 3., we define the sparse differential resultant and give the properties of
it. And in Section 4., we present an algorithm to compute the sparse differential resultant.
In Section 5., we conclude the paper by proposing several problems for future research.

2. Degree of elimination ideal and generalized Chow form

In this section, we will prove several properties about the degrees of elimination ideals
and generalized Chow forms in the algebraic case, which will be used later in the paper.
These properties are also interesting themselves.

2.1. Degree of elimination ideal

Let P be a polynomial in K[X] where X = {x1,...,2,}. We use deg(P) to denote the
total degree of P. Let Z be a prime algebraic ideal in K[X] with dimension d. We use
deg(Z) to denote the degree of Z, which is defined to be the number of solutions of the zero
dimensional prime ideal (Z,Lq,...,Ly), where L; = u;o + Z?:1 wijz; (1 = 1,...,d) are d
generic primes [15]. That is,

deg(Z) = |V(Z,Ly,...,Ly)|. (1)

Clearly, deg(Z) = deg(Z,Ly,...,L;) for i = 0,...,d. deg(Z) is also equal to the maximal
number of intersection points of V(Z) with d hyperplanes under the condition that these
points are finite [9]. That is,

deg(Z) =max{|V(Z)N HyN---N Hy| : H;areaffine
hyperplanes with |V(Z)NHiN---N Hy| < oo} (2)
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We investigate the relation between the degree of an ideal and that of its elimination ideal
by proving Theorem 2.2.

Lemma 2.1 Let Z be a prime ideal of dimension zero in K[X] and I, = I N K|x1, ...,z
the elimination ideal of T with respect to 1, ...,z . Then deg(Zy) < deg(Z).

Proof: Since both Z and Zj, are prime ideals of dimension zero, deg(Z;) = |V(Zy)| and
deg(Z) = |V(Z)|. To show deg(Zy) < deg(Z), it suffices to prove that every point of V(Zj) can
be extended to a point of V(Z). Let (&1,...,&) € V(Zx). For any point (1, ...,7,) € V(Z),
(M, ...,mk) is a zero point of Zy. So we have K(&1,...,&) = K(n1,...,mx). By [27, Propo-
sition 9, Chapter 1, §3|, there exist &xy1,...,&, such that K(&1,...,&,) = K1, ..., ).
Thus, (&1,...,&,) is a zero of Z, which completes the proof. O

Theorem 2.2 LetZ be a prime ideal in K[X] and I, = INK|x1,...,xzx]| for any 1 < k < n.
Then deg(Zy) < deg(Z).

Proof: Suppose dim(Z) = d and dim(Zy) = d1. Two cases are considered:

Case (a): di = d. Let P; = wjo + ujpnz1 + - - +uppxy (i = 1,...,d). Denote u = {u;; : i =
1,...,d;j=0,...,k}. Then by [15, Theorem 1, p. 54, J = (Zy,P1,...,Py) is a prime ideal
of dimension zero in K (u)[zy,...,zx] and has the same degree as 7. We claim that

1) (Z,Py,...,Py) N K(u)[z1,...,25] = J.

2) (Z,Pq,...,Py) is a 0-dimensional prime ideal.

To prove 1), it suffices to show that whenever f is in the left ideal, f belongs to J.
Without loss of generality, suppose f € K[u][x1,...,x,]. Then there exist h;,q; € K[u][X]
and g; € 7 such that f = )", hig + Zle q;P;. Substituting u;p = —u;121 — -+ — Uy into
the above equality, we get f =Y, g € Z. Thus, f € I. But f = fmod(Py,...,Py), so
f € (Zk,Py,...,Py), which proves 1).

To prove 2), suppose (1, ...,&,) is a generic point of Z. Denote Uy = {uio,...,udo}-
Then Jp = (Z,P1,...,Pg) C K(u\Uy)[X, U] is a prime ideal of dimension d with a generic
point (&1,...,&n, — Z?:l ui&G, oo, — Z;?:l ugi&j). Since dy = d, there exist d elements in
{&, ... &k} algebraically independent over K. So by [10, Lemma 2.12], — Z§:1 u1&G, .,
- Z?Zl ug;&; are algebraically independent over K(u\Up). Thus, Jo N K(u\Uy)[Up| and 2)
follows.

By Lemma 2.1, deg(J) < deg(Z,Py, ...,Pq). So by (2), deg(Z) > |[V(Z,Py,...,Py)| >
deg(J) = deg(Zy).

Case (b): di < d. Let L; = wjo +ujixy + -+ uinxy (i = 1,...,d —dy). By [15, Theorem
1, p. 54], J = (Z,L4,..., Lg—q,) € K(u)[X] is a prime ideal of dimension d; and deg(J) =
deg(Z), whereu = {u;; :i=1,...,d—dy;5=0,...,n}. Let Jp, = TN K(u)z1,...,zx]. We
claim that J; = (Zy) in K(u)[z1,...,zx]. Of course, Ji D (Zj). Since both Ji and (Z) are
prime ideals and dim((Zy)) = dy, it suffices to prove that dim(Jx) = dj.

Suppose (&1,...,&,) is a generic point of Z, then (&1,...,&) is that of Z. Let Jy =
(I, Ll, e yLd—dl) g K(u\Uo)[X, Uo], then (51, ceey gn, — Z?:l uljgj, ey Z?:l ud_dmfj)
is a generic point of it, where Uy = {u1o,...,uq—q, 0} Since dim(Zy) = di, without loss of
generality, suppose 1, ...,&4, is a transcendental basis of K (1,...,&)/K and &1,..., &4,
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Ekt1s s Ehr(d—dy) 18 that of K(&1,...,&,)/K. Then by [10, Lemma 2.12], it is easy to
show that Jp N K (u\Uy)[z1,...,2z4,, U] = (0), and J N K(u)[x1,...,z4] = 0 follows. So
dlm(jk) = d1 and jk = (Ik)

Since dim(Jx) = dim(J), by case (a), deg(Jx) < deg(J) = deg(Z). And we also have
deg(Jx) = deg((Zx)) = deg(Zx). As a consequence, deg(Zy) < deg(Z). O

In this article, we will use the following result.

Lemma 2.3 [18, Proposition 1, p.151] Let F1, ..., F,, € K[X] be polynomials generating an
ideal T of dimension r. Suppose deg(Fy) > --- > deg(Fy,) and let D := [[;—} deg(F;). Then
deg(Z) < D.

2.2. Degree of algebraic generalized Chow form
Let Z be a prime ideal in K[X] with dimension d,

o « .
P; = u;o + E Uay..an®]' -y (1=0,1,...,d)
1<oi+-4an<m;

generic polynomials of degree m;, and u; the vector of coefficients of P;. Philippon [21]
proved that
(I,PQ,... ,]P)d) ﬁK[uo,. . .,ud] = (G(uo,...,ud)) (3)

is a prime principal ideal and G(uy, ..., uy) is defined to be the generalized Chow form of Z,
denoted by GChow(Z).

In this section, we will give the degree of the generalized Chow form in terms of the
degrees of 7 and that of P; by proving Theorem 2.5.

At first, we will give another description of the degree for a prime ideal. In (3), when P;
becomes generic primes

n
L; = vio + Evijxj(i =0,1,.. .,d),
j=1

the generalized Chow form becomes the usual Chow form, denoted by Chow(Z). That is
(Z,Lo,...,Lg) N K[vo,...,vg = (Chow(Z)) (4)
where v; is the set of coefficients of ;. A basic property of Chow form is that [15]
deg(Z) = deg,,Chow(Z) (i =0,...,d). (5)

In the following lemma, we will give the degree of an ideal intersected by a generic primal.
To prove the lemma, we apply the following Bezout inequality (see [13] or [9]): Let V, W be
affine algebraic varieties. Then

deg(V NW) < deg(V)deg(WW). (6)

Lemma 2.4 Let T be a prime ideal in K[X] with dim(Z) =d > 0 and P a generic polyno-
mial. Then deg(Z, P) = deg(P)deg(Z).
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Proof: Firstly, we prove the lemma holds for d = 1. Let v be the vector of coefficients of
P, m = deg(P), and J = (Z,P) C K(v)[X]. Then by [15, p. 110], J is a prime algebraic
ideal of dimension zero. Let Ly be a generic prime with ug the vector of coefficients. By (4),
(J,Lo)NK(v)[ug] = (Chow(J)). Here, we choose Chow(7) to be an irreducible polynomial
in K[v,ug]. From (5), we have deg(J) = deg,,,Chow(J).

Let M = (Z,Lg) C K(ug)[X]. Then M is a prime ideal of dimension zero with deg(M) =
deg(Z). And (M, P)NK (ug)[v] = (GChow(M)) where GChow(M) € K[v,ug] is irreducible.
Clearly, GChow(M) = ¢ - Chow(J) for some ¢ € K* and GChow(M) can be factored as

deg(Z)
GChow (M) = A(ug) H P(&r),

T=1

where &; are all the elements of V(M). Now, specialize P to LT* where L; = w19 + ujiz1 +
-+ 4 U1p Ty is a generic prime. Then we have GChow (M) = A(uy) Hiigl(z) L7(&;). Clearly,
deg(GChow(M),ug) = deg(J). Since Chow(Z) = B(uy) Hﬁe:gl(z) Li(&;) for some B € Ku|
is irreducible and GChow(M) € K[ug, u1], there exists g € K[ug]* such that GChow(M) =
g+ (Chow(Z))™. So, deg(GChow (M), up) > mdeg(Chow(Z),ug) = mdeg(Z). And by Bézout
inequality (6), deg(Z, P) < deg(Z)deg(P), so deg(Z, P) = deg(Z)deg(P).

For the case d > 1, let Ly,...,Ly_1 be generic primes, then Z; = (Z,Ly,...,Lg_1) is
a prime ideal of dimension one and deg(Z;) = deg(Z). By the case d = 1, deg(Zy, P) =
deg(Z;)deg(P). So deg(Z,P) = deg(Z,P,Lq,...,Lg—1) = deg(Z1,P) = deg(Z,)deg(P) =
deg(Z)deg(P).

O

We now give the degree of the generalized Chow form.

Theorem 2.5 Let G(uy,...,uy) be the generalized Chow form of a prime ideal T of dimen-
sion d w.r.t. Po,...,Pq. Then G is of degree deg(Z) [ deg(P;) in each set u;.
J#i

Proof: 1t suffices to prove for i = 0.

If d = 0, then G has the expression G(ug) = Hﬁe:gl(z) Py(&r), where & € V(Z). Clearly,
deg(G,ug) = deg(Z).

We consider the case d > 0. Let Jo = (Z,Py,...,Pq) C K[ui,...,uq,X] and J = (Jp) C
K(ui,...,ug)[x1, ...,zy]. Then J is a prime ideal of dimension zero and by Lemma 2.4,
deg(J) = deg(Z) H?Zl deg(P;). We claim that G(ug,...,uy) is also the generalized Chow
form of J, hence deg(G,up) = deg(J) = deg(Z) Hle deg(P;). Since G(uy,...,uq) is the
generalized Chow form of Z, we have (Z,Po,...,Pq) N K[ug, ...,uq] = (G(uy,...,ug)) =
(Jo,Po) N K|ug,...,ug]. Let Gi(ug,...,ug) € K|uy,...,uy| be the generalized Chow form
of J and irreducible. Then (J,Py) N K(uy,...,uy)[ug] = (G1). So G € (G1). But G,Gy
are irreducible polynomials in K[ug,...,uy], so G = ¢G; for some ¢ € K* and G is the
generalized Chow form of 7. Il

3. Sparse differential resultant

In this section, we define the sparse differential resultant and prove its basic properties.



6 W. Li, X.S. Gao, C.M. Yuan

3.1. Definition of sparse differential resultant

Let F be an ordinary differential field and F{Y} the ring of differential polynomials in the
differential indeterminates Y = {y1,...,yn}. For any element e € F{Y}, we use e¥) = ke
to represent the k-th derivative of e and el¥] to denote the set {e® : i = 0,...,k}. Details
about differential algebra can be found in [16, 23].

The following theorem presents an important property on differential specialization,
which will be used later.

Theorem 3.1 [10, Theorem 2.14] Let U = {uy,...,u,} be a set of differential indetermi-
nates, and P;(U,Y) € F{U,Y} (i = 1,...,m) differential polynomials in the differential
indeterminates U = (uy,...,u) and Y = (y1,...,9yn). Let YO = (49,49,...,42), where v
are in some differential extension field of F. If Pi(U,Y%) (i = 1,...,m) are differentially
dependent over F(U), then for any specialization U to U° in F, P,(U°,Y)) (i = 1,...,m)
are differentially dependent over F.

To define the sparse differential resultant, consider n + 1 differential polynomials with
differential indeterminates as coefficients

l;

P; =uio+ Y uipMy (i =0,...,n) (7)

k=1
where M;, = (Y[i)®k is a monomial in {y1,...,Yn,..., ygsi), e ,yﬁlsi)} with exponent vector
o, where |a;x| > 1. The set of exponent vectors S; = {0,y : k = 1,...,1;} is called the

support of P;, where 0 is the exponent vector for the constant term. The number |S;| = I; +1
is called the size of P;. Note that s; is the order of IP; and an exponent vector of IP; contains
n(s; + 1) elements.

Denote u = {ut : 4 = 0,...,n;k = 1,...,1;}. Let n1,...,n, be n elements which are
differentially independent over Q(u) and denote n = (n1,...,m,), where Q is the field of
rational numbers. Let

l;
Gi=—> ur(n*)** (i=0,...,n). (8)
k=1
Then, we have

Lemma 3.2 d.tr.degQ(u)(Co,...,C:)/Q(u) = n if and only if there exist n monomials
M, (i = 1,...,n) in (7) such that v; # r; for i # j and My, (n) = (nl*ril)*riki are
differentially independent over Q(u).

Proof: “ <7 Without loss of generality, we assume r; = i(i = 1,...,n) and M, (n)(i =
1,...,n) are differentially independent. It suffices to prove that (1,...,(, are differentially
independent over Q(u). Suppose the contrary, i.e. (i,...,(, are differentially dependent.
Now specialize u;j to —d;x,. By Theorem 3.1 and (8), M, (n)(i = 1,...,n) are differentially
dependent, which is a contradiction.

“ =" Suppose the contrary, i.e., M, (n)(i =1,...,n) are differentially dependent for
any n different r; and k; = 1,...,l,,. Since each (,, is a linear combination of M, ,(n)
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(ki=1,...,lz,), Gy -+, G, are differentially dependent, which contradicts to the fact that
d.tr.deg Q{u)(Go, - » Ca)/Qu) = 1. 0

Definition 3.3 A set of differential polynomials of form (7) satisfying the condition in
Lemma 3.2 is called o differentially essential system.

A differential polynomial f of form (7) is called quasi-generic ([10]) if for each 1 < i < mn,
f contains at least one monomial in F{y;} \ F. Clearly, n + 1 quasi-generic differential
polynomials form a differentially essential system.

Now let [Py, ...,PP,] be the differential ideal generated by P; in Q(u){Y, uoo,...,uno}-
Then it is a prime differential ideal with a generic point (11,...,7n,Co,.-.,(s) and of di-
mension n. Clearly, Z = [Py, ..., P, NQ(u){ugo, ..., uno} is a prime differential ideal with a
generic point ((p,...,(,). As a consequence of Lemma 3.2, we have

Corollary 3.4 7 is of codimension one if and only if {P;,i = 0,...,n} is a differentially
essential system.

Since Z is of codimension one, by [23, line 14, p. 45], there exists an irreducible differential
polynomial R(u;ug,- .., uno) € Q(u){ugo, ..., uno} such that
[Po,...,Pn] ﬂ@(u){uoo,...,ung} = sat(R) (9)

where sat(R) is the saturation ideal of R. More explicitly, sat(R) is the whole set of dif-
ferential polynomials having zero pseudo-remainders w.r.t. R. And by clearing denomina-

tors when necessary, we suppose R € Q{u;uqo, ..., uno} is irreducible and also denoted by
R(u;ugo, . .., uno). Let u; = (wio, wit, ..., u,) be the vector of coefficients of P; and denote
R(ug,...,u,) = R(u;ugp,...,unp). Now we give the definition of sparse differential resultant
as follows:

Definition 3.5 R(up,...,uy) € Q{uy,...,u,} in (9) is defined to be the sparse differential
resultant of the differentially essential system Py, ..., P,.

The following properties can be proved easily.

1. When all P; become generic differential polynomials, the sparse differential resultant
is the differential resultant defined in [10].

2. R(ug,...,u,) is the vanishing polynomial of ({p,...,(,) with minimal order in each
u;o. Since R € Q{u;uqo, . .., uno} is irreducible, ord(R, u;) = ord(R, u;0).

3. Suppose ord(R,u;) = h; > 0 and denote o = """ ; h;. Given a vector (qo,...,qn) €
N+ with Yio@ = g, if ¢ < o, then there is no polynomial P in sat(R) with
ord(P,u;) = ¢g;.- And R is the unique irreducible polynomial in sat(R) with total order
q = o up to some a € Q. This property will be used in our algorithm to search the
sparse differential resultant.

Remark 3.6 Note that we cannot define the sparse differential resultant as the algebraic

)

sparse resultant of IP’l(-k constdered as polynomaials in y§] ). The reason is that the supports of

P; and ng) do not satisfy the conditions for the existence of the algebraic sparse resultant
[11, p. 252].
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3.2. Properties of sparse differential resultant

Following Kolchin [17], we introduce the concept of differentially homogenous polynomi-
als.

Definition 3.7 A differential polynomial p € F{yo,...,yn} is called differentially homoge-
nous of degree m if for a new differential indeterminate \, we have p(Ayo, \y1 ..., A\yn) =
)\mp(y(b Yts- - yn)

The differential analog of Euler’s theorem related to homogenous polynomials is valid.

Theorem 3.8 [16, p.71] f € F{yo,y1,--.,Yn} is differentially homogenous of degree m if
and only if

Zz<k+7’> (kaf(yo,..., )_{mf r=90

Y; k+ B

e 8y( r) 0 r#0
Sparse differential resultants have the following property.

Theorem 3.9 The sparse differential resultant is differentially homogenous in each w; which

is the coefficient set P;.

Proof: Suppose ord(R,u;) = h; > 0. Since R(u;y,...,(,) = 0, differentiate this identity
w.r.t. uz(f) respectively, we have

ZE 4 SR (—(le)in) + BB (= (o)) i9)) + 2B ((nl)yia)") + - 4 SRS () (o) M =0 (09)

i 8{@ ) [ 0
st 0+ SR ) + QO ) )+ S () (D)) M T =0 ()
25+ 0 + 0 + gﬁ,(f@)((n[s,i])au)) FRE 82(1; ) () () P2 =0 (20)
Gt 0+ 0 + 0 ot S G (@) P =0 ()
ij [3
In the above equations, ai(’“) and a‘zi) (k=0,...,h;;j=1,...,1;) are obtained by replacing
ij
wio by ¢; (1 =0,1,...,n) in each 8‘Z< w and 8(k> respectively.

. l; k+r (k) IR
Now, let us consider Y/ (>~ (G )Uij PNGOR
ij

In the case r = 0, adding (0%) x u;; + (1%) X uf; + -+ + (hs*) X ug“) for j from 1 to I,
we obtain

li li . (hi) OR —0
Zuw Ous; + guw o’ Z ul] um CZ C Cl aC/ e 6(1-(]”) .
l;
So the differential polynomial ]Z: uz] + Z U;J aauR + Z U;IJ 38]/?7 +ooet ]ZOU;I g 88(12 )
vanishes at (ugo, - .., un0) = (Co,...,(n). So it can be divisible by R, i.e. Z ZZ: k) aaf%)
=0 k=0 Yij

= mR for some m € Z.
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In the case r # 0,

(r%) x (D)ug + (r+ 1x) x (r+1)u<, bt () x (M)

Ui
=(; )uma o + (rﬂ)“ua G0 +-t ( )“Egh F AR+ B(Zm (_ uij((n[si])aij)>

o (h
T Si|\ij r si] ) i s\, s h;—r
(o)~ Pt o)) o 2 (g e
IR )
u”a (T) + (T—H)uwa ?ﬁrl) +- ( ! u(h 7T)aa(lj) + ( )aqm( uij((n[si])a”))

) N (hq_T)
+(Tﬂ%(—uz-j<<n[5/]>a~)) e () g (= s (o))

So, we have 37, (] )“wa R +320 (Ttl)“ua (a~+1>Jr +35 (% )“(;“ T)aagjf?ﬂr(:) i
ij

actm
+("1) Z/ad’““’ Tt (}:f)

Thus, it follows that the polynomial Z] 0 ( )u”a @ + Z] o (T+1)u”8 ?ﬁl) + -+

r

(hi=r) _OR _
G g =

Zé‘izo (}:})ufj 71“)86(]3') is identically zero, for it vanishes at (uoo, - - -, Unp) = (Co, ...,Cn) and
u,

can not be divisible by R.
From the above, we conclude that

au(lﬁr) | mR r=20
ij

§=0 k>0

From Theorem 3.8, R(uy,...,u,) is differentially homogenous in each u; and the theorem
is obtained. O

As in algebra, the sparse differential resultant gives a necessary condition for a system
of differential polynomials to have solutions, as shown by the following theorem.

Theorem 3.10 Let R(uy,...,u,) be the sparse differential resultant of Py, ..., P, defined

in (7). Suppose ord(R,ug) = hg > 0 and denote Sy = %. Suppose that when u; (i =
Uoo

0,...,n) are specialized to sets v; which are elements in an extension field of F, P; are

specialized to Py (i = 0,...,n). If P, = 0(i = 0,...,n) have a common solution, then

R(vo,...,vn) = 0. Moreover, if Sp(vo,...,vy) # 0, in the case that P; = 0(i = 0,...,n)
have a common solution £, then for each k, we have
OR

(3u[()zo)

((g)lsolyor = (Vos -+, V) [SR(V0, -, Vi), (10)

where agy are the exponent vectors defined in (7).

Proof: Since R(uy,...,u,) € [Po,...,P,], R(vo,...,vs) € [Po,...,P,]. Soif P; = 0(i =
0,...,n) have a common solution, then R(vy,...,Vvy,) should be zero.
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Since R(u; (o, ..., () = 0, differentiating this equality w.r.t. uék °) for k > 0 in two sides,
we get

OR OR
oy T 5 ey (170 =0 (11)

Qugy’  0¢ °
where %Ifw and ghm are obtained by substituting ;g by ¢; in ‘91,?0) and aﬁo respectively.
So the polynomial a(fo) + (ho)( Ylsolyeor ¢ [IPO,...,P”]. Thus, if 5 is a common
solution of P; = 0, then the polynomlal (()ZO) (Vo «-oy Vi) + %(vo, oy V) (=Y [s0]yeror
vanishes at £. Hence, the equality (10) follows. O
Moreover, if Py contains the linear terms y; (¢ = 1,...,n), then the above result can be

strengthened as follows.

Corollary 3.11 Suppose Py has the form

Po = ugo + Zumyz + Z ugi (Yolyoor, (12)
i=n+1
If R(vo,...,vs) =0 and Sg(vo,...,vs) # 0, then P; = 0 have a common solution.

Proof: From the proof of the above theorem, we know that for k& from 1 to n,

OR OR

5“(()}/:;0) du 80 o !
Clearly, A is linear in y. Suppose the differential remainder of P; w.r.t. Aq,..., A, in

order to eliminate y1,...,yy is g;, then SEP; = g;mod [Ay, ..., A,] for a € N. Thus, g; €
[Po,...,P,] N Q(u){ugo, - -.,uno} = sat(R). So we have S%]P’i = Omod [Ay,..., Ay, R] for

some b € N. Now specialize u; to v; for ¢ = 0,...,n, then we have
S8 (vo,...,vp)P; = 0mod [Ay, ..., A, (13)
Let & = %(VO,...,vn)/%(vo,...,vn) (k =1,...,n), and denote & = (&1,...,&).
Yok _ YUgo . .
Then from equation (13), P;(§) = 0. So, & is a common solution of Py, ..., P,. O

In the following, we consider the factorization of the sparse differential resultant. Denote
ord(R,u;) by h; (i =0,...,n), and suppose hy > 0. We have the following theorem.

Theorem 3.12 Let R(uyg,...,u,) be the sparse differential resultant of Pg,...,P,. Let
deg(R, ué}éo)) =tg. Then there exist &, for Tt =1,... tg and k =1,... 1y such that

to lo
R=AT](uo+ Y uoxlri) ™, (14)
=1 k=1

ol glhnly g ho

where A is a polynomial in Fluy ™, ..
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Proof: Now consider R as a polynomial in u((]go) with coefficients in Qg = Q(Ufzoul[hl] \

[()iéo)})' Then, in an algebraic extension field of Qg, we have

to
h
R= AT - =)

=1

where tg = deg(R, uéoo)) Note that z, is an algebraic root of R(ugéo)) = 0 and a derivative

for z; can be naturally defined to make F(z;) a differential field. From R(u;{p,...,(,) =0,
(ho)

if we differentiate this equality w.r.t. uy, ’, then we have

OR . OR
8U(()}]:0) aC(()hO)

(fn[so})%k -0 (15)

where <1§> and gh y are obtained by substituting u;o by ; i in — h ~5 and aff respectively.

Now multlply equation (15) by ugx and for k from 1 to [y add all of the equations obtained
together, then we get

ZUOk = (16)

ho
0 Co UOk

Thus, the polynomial G; = Uooa (ho) + Z uOka (h 5 vanishes at (ugo, . - ., Uno) = (Co, -+, Cn)-
Lok

Since ord(G7) < ord(R) and deg(Gl) = deg(R) there exists some a € F such that G; = aR.

(ho)

Settlng Uy, = %zr in both sides of G, we have ugoR-o + ZLOZI uor R+ = 0, where Ry =

8u(h0) |ug’30):z . Denote & = Rr/Rro. Thus, ugo + 220:1 uorérr = 0 under the condition
0k T

lo
ug(;O) = zr. As a consequence, z; = _(kzl UOkirk) (ho) . Thus, (14) follows. O

Again, if Py contains the linear terms y; (i = 1,...,n), then the above result can be
strengthened as follows.

Theorem 3.13 Suppose Py has the form (12). Then there exist & (T = 1,...,to; k =
1,...,n) such that

R=A H (Uoo + Zuoém + Z uoi (£1°)) a01>

i=n+1

=A H Po(fT)(hO), where & = (§r15 -+, &n)-

Moreover, & (1 =1,...,tg) lies on Py1,... ,P,.

Before giving a proof of this theorem, we need the following lemma.

Lemma 3.14 LetZ be a zero dimensional prime differential ideal in F{yi,...,yn}. Suppose
Py has the form (12) with coefficients vector ug. Then the followings hold.
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1. There exists an irreducible differential polynomial F € F{ug} such that [Z,Po] N
F{up} = sat(F).

2. There exist £41, ..., & Such that

Fe BH <uOo+zqugﬂ+ S° () )
i=n-+1
=BH%@
T=1

where & = ({71, -+, &), ord(F,ug) = to and ty = deg(F, ugé)).
3. & = (&1, &m) (T=1,... ty) are zeros of T.

Proof: Let & = (&1,...,&) be a generic point of Z. Denote u = up\{ugp}. Let ¢ =
— > uoi& — Zé“znﬂ upi (£0120i . Then (&1,...,&,,¢) is a generic point of [Z,P] C
F(u){Y,upp}. Since 7 is of dimension 0, ¢ is differentially dependent over F(u), which
implies that [Z,Po] N F{u){ugo} # 0. So [Z,Pp] N F{up} is a prime differential ideal of codi-
mension 1. Thus, there exists an irreducible F' € F{ug} such that [Z,Po]NF{ug} = sat(F).

Suppose ord(F,ugy) = h. Regarding F' as an algebraic polynomial in u(()lé), then in an
algebraic extension field of F (u[h],u([)%_l]), we have

=B H uoo — 2;), where g = deg(F, ué}é)).

Note that z; is an algebraic root of R(ué}é)) = 0 and a derivative for z; can be naturally

defined to make F(z;) a differential field. From R(u;() = 0, if we differentiate this equality
(h)

w.r.t. ug,’ , then we have
oF OF

+ (—plsolyaor — ¢ (17)
8u(()},? a¢h)

where 8(35” and % are obtained by substituting ugy by ¢ in aiﬁ) and a‘zﬁ) respectively.
0k 00

Now multiply equation (17) by wgg, then for & from 1 to lp, add all of the equations
obtained together, then we get

oF -
WC—FZUOka D) + Z u()k (h =0 (18)
k=1

Uk  k=n+1

Thus, the polynomial G; = ugg (h> + Z UQk (h) + Z Uk 8(h> vanishes at ugg = (. Since
Ougy =1 Ok  k=n-t1 Loy,
ord(G1) < ord(F) and deg(G1) = deg(F), there exists some a € F such that G1 = aF. Set-

ting ugol) = 2, in both sides of G, we have ugoFro+ Y p_; worFri + 22021 uor Frr, = 0, where
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F. = aa(h) (h) . Denote &, = R’Tk/RTO for k =1,...,1g. Thus, ugy + 22021 uopérr = 0

(h)

under the condition wy, = zr. As a consequence, zr = —( > u()kak)(h)

( [80])0101'.

To complete the proof of 2), it remains to show that for ¢ =n + 1 to I, 5” =

From equation 17, we have §; = )/6§<h) and ( so] a0i — (h)/ag(m So])am _
n S k) (coi) 4
[T5=1 ITilo (y]( ))( ’ )]k, then
f[ ﬂ O ) Oy o O O
j=1k=0 C 8u(()?) ¢

@/ n so N
So there exists some a € N, such that G; = (aifz)) ( I 11 ((885” aafz))(k))(am)”k -
00 j=1k= U Uoo

885” 865‘)) is a polynomial in Q{up} and G; € sat(F'). Now substituting u(()léer) = 2™
U uOO

for m > 0 into Gj, then & =[5, [1;2, ((&-5)®) (e01) e (f[so )@0i Thus, 2) is proved.
Now we are going to show that & is a zero point of Z. For any polynomial p € Z,

p(&1,---,&n) = 0. So p( o (h /6C(h) ey aF) /8C(h> = 0. It follows that there exist some a €
oF oF oF 8F

N such that G = 8ué,é))ap(aué,{) 0l 5ul 5y <h)) € F{up} Nsat(F). Thus, p(&) = 0.

O

Proof of Theorem 3.13. Let Z = [Py,...,P,] C F(ui,...,u,){Y}. Since ord(F,ug) > 0,
7 is a prime differential ideal of dimension 0. It is clear that the sparse differential resultant R
also satisfies [Z]NF(uy,...,u,){ug}. From Lemma 3.14, the theorem follows immediately.(]

4. Algorithm to compute sparse differential resultant
In this section, we give an algorithm to compute the sparse differential resultant with
single exponential complexity.

4.1. Degree bounds for sparse differential resultant

In this section, we give an upper bound for the degree and order of the sparse differential
resultant, which will be crucial to our algorithm to compute the sparse resultant.

Theorem 4.1 Let Py, ..., P, be a differentially essential system of form (7) with ord(P;) =
si and deg(P;) = m;. Let R(uy,...,uy) be the sparse differential resultant of P; (i =
0,...,n). Suppose ord(R,u;) = h; for each i. Then the following assertions hold:

1) hj <s—s; fori=0,...,n where s =" ;5.

2) R can be written as a linear combination of P; and their derivatives up to order h,;.
Precisely,

n  h;
R(ug,...,u,) = Z Z GikIP’gk)

1=0 k=0
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for some Gy, € Quy ho] . ,uw”],Y[h}] where h = max;{h; + s;}.
3) deg(R) < [l o(mi + )Mt < (m + 1)+ ywhere m = max; {m;}.

Proof: 1) Let 6; = — 3> win(n*N* (i = 0,...,n) where n = (11,...,7,) is the generic
1<]|e|<m;

point of the ideal [0], and W; = uio + 3.  win(YF)® is a generic polynomial of order
1<]|a|<m;

s; and degree m;. Then from the property of differential resultant ([10, Theorem 1.3.]), we

know the minimal polynomial of (0, ..., #,) is of order s — s; in each u;9. Now specialize all

the u;q such that 6; are specialized to the corresponding (;. By the procedures in the proof

of Theorem 3.1, we can obtain a nonzero differential polynomial vanishing at (o, ..., ()

with order not greater than s — s; in each variable u;y. Since R is the minimal polynomial

of (Coy---,Cn), ord(R,u;) = ord(R, ui0) < s — ;.

l;

2) Substituting w0 by P; — > uik(Y[si})aik into the polynomial R(u;ugo,...,uno) for

k=1
1=20,...,n, we get
R(u7 uoo, - - - >un0)
lo In
= R(w;Py — > ugrp(Ylohyoor P, — 5wy (Ylenl)ank)
k=1 k=1
= Yo Yo G + T(u,Y)
lo ln
for G € Q{ug,...,u,, Y} and T = R(u;— > ugp(Ylol)yaor 5™, (Ylsnh)onr) €
k=1 k=1
[Po, ..., Py]N < {Y}. Since [Py, ...,P,]NQ(u){Y} = [0], T = 0 and 2) is proved. Moreover,

h [h hn
@l Py Al ull ]]:(R(uo,.. S )

3) Let Jp = (IP’([)hO},...,IP’[h”) C Quy [ho gL”],Y] where Y are the y; and their
derivatives which effectively appear in ]P’[ } ]P’[h"}. Then by Lemma 2.3, deg(Jy) <
17y (mi + 1)+ and (R(ug, ..., u,)) = Jo N Q[ hol . ul"]] is the elimination ideal of
Jo. Thus, by Theorem 2.2,

deg(R) < deg(J0) < [J(mi + 1) (19)
=0
Together with 1), 3) is proved. O

The following theorem gives an upper bound for degrees of differential resultants, the
proof of which is not valid for sparse differential resultants. In the following result, when we
estimate the degree of R, only the degrees of P; in Y are considered, while in Theorem 4.1,
the degrees of P; in both Y and u;; are considered.

Theorem 4.2 Let F; (i =0,...,n) be generic differential polynomials in Y = {y1,...,yn}
with order s; and degree m; and s =Y. ;s;. Let R(uy,...,uy) be the dz’ﬁerentz’al resultant
of Fo,...,F,. Then deg(R,u;) < %= s’“'H HZ 0m; sitl for each k=0,...,n.
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Proof: Without loss of generality, we consider k£ = 0.

By [10, Theorem 6.8], ord(R,u;) =s—s;(i =0,...,n) and R € (Fo[sfs‘ﬂ, cee Fif*s"]) C
Q[Y!, u([]sfso]7 .. ,uLf*S"]]. Let 79 = (Fl[sfsl], e ,Fr[ffs”}) C Q()[Y)], where 1 = U?Zlugsfsi}.
Clearly, Z% is a prime ideal of dimension s — sg.

Let Po,...,Ps_s, be independent generic polynomials of degree mg in Y8l with v; coef-
ficients of P;. Denote v = U;_°v;\{vio} where vjy is the constant term of P;.

Suppose 7 is a generic point of Z%. Let ¢; = —P;(n) + vio and (; = jS )(?7) + u(l) (1 =
0,...,8—350). Clearly, ¢; and (; are free of v;gp and u(()g respectively. Let G(VO, ceey Vogy) =
G(V;000,- -5 Vs—s0,0) € QU;vop,...,vs_g,] be the generalized Chow form of Z® Then
G(V;v00, - - ., Vs—sy,0) is the vanishing polynomial of ({p, . .., (s—s,) over Q(u, V). Now special-
ize v; to the corresponding coefficients of Fj @ Then (; are specialized to ;. By [14, p.168-
169], there exists a nonzero polynomial H (u [s=s0 \u[s o ug, . ué% “0)) ¢ Qlug ls=sol
ul™ s"}] such that

1) Huf Nl ¢, . G y) = 0 and

2) deg( ) < deg(G).

Clearly, H € (F(gs_so], .. F[S_S"]) N Q[u, [S_SO] . [S_S"]] Since (F[S_SO] e F[S_S"]) N
Q[ugs_so],...,uf_sn]] = (R), R divides H. Thus deg(R, u[s 50]) < deg(H, u[s SO]) <
deg(G(vo,...,Vs—s,)). And by Theorem 2.5, for each ¢ deg(G, vl) = deg(Z%)mg~ 50 Since
7 is generated by (F[s a1l o S"]) in Q()[YF], deg(Z%) < [11, mS 5! by Lemma
2.3. So, deg(R,ug) < = 50“ H m; 81“. O

4.2. Algorithm

If a polynomial R is the linear combination of some known polynomials F;(i =1,...,s),
that is R = ) ;_, H;F;, then a general idea to estimate the computational complexity of R
is to estimate the upper bounds of the degrees of R and H;F; and to use linear algebra to
find the coefficients of R.

For sparse differential resultant, we already gave its degree in Theorem 4.1. Now we will
give the degrees of the expressions in the linear combination.

Theorem 4.3 Let Py, ..., P, be a differentially essential system with order s; and degree m;
respectively. Denote s = ;" s;, m = max|_{m;}. Let R(uy,...,u,) be the sparse differ-
ential resultant of Py, ..., P, with ord(R,u;) = h; for each i. Then R has a representation

n h;
R(UO, PN ,un) = Z Z GUPZ(J)

i=0 j=0

where Gi; € Q[u [ho] .,uq[f"],Y[h}] and h = max{h; + s;} such that deg(GU}P’Z(-j)) < (m+
1)deg(R) < (m + 1)”S+”+2.

Proof: By Theorem 4.1 and its proof, R can be written as R(ug, ..., u,) = > ., ZZ":O Gik]P’Ek).
To estimate the degree of sz]P’(k)
uno) in R(uo, ..., u,). Consider one monomial M =u” [, Hk o(u; ulF )) it with |y| = d and

we need only to consider every monomial M (u; ugo, - - . ,
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d+ >0, Z]k“:o d;;; < deg(R), where u” represents a monomial in u and their derivatives
with exponent vector . Using the substitution in the proof of Theorem 4.1, we have

n h;

L d.
K3 (k) ik
Mo ) =0 T[T (B S uwt) )
i=0 k=0 j=1
When expanded, every term has total degree bounded by d + >, ZZ;O(mz + 1)d; in
ugho], ..,ul) and Y with h = max{h; + s;}. Since d + S Soh (my A+ 1) dyy, < (m+
D(d+>70, EZ":O dir) < (m + 1)deg(R), applying Theorem 4.1, the theorem is proved. [

The following result gives an effective differential Nullstellensatz under certain conditions.

Corollary 4.4 Let fo,...,fn € F{y1,...,yn} have no common solutions with ord(f;) =
Siy§ = 1o 8i, and deg(fi) < m. If the sparse differential resultant of fo, ..., fn is nonzero,

then there exist Hij € F{y1,...,yn} s.t. 300> 02y Hijfi(j) =1 and deg(Hijfi(j)) < (m+
1)ns+n+2'

Proof: When P; are the differentially essential system with the same supports as f;, it is

clear that R(uy,...,u,) has the property stated in Theorem 4.3, where u; are coefficients of
P;. The result follows directly from Theorem 4.3 by specializing u; to the coefficients of f;.
O

Now, we give an algorithm SDResultant to compute sparse differential resultants. The
algorithm works adaptively by searching R with an order vector (ho,...,h,) € N**! with
h; < s —s; by Theorem 4.1. Denote o = Z?:o h;. We start with o = 0. And for this o,
choose one vector (hyg,...,h,) at a time. For this (hg,...,h,), we search R from degree
D = 1. If we cannot find an R with such a degree, then we repeat the procedure with degree
D+1until D > (m+1) [ y(m;+1)"*+1 In that case, we choose another (ho, ..., hy,) with
Yoo hi = o. Butif for all (ho, ..., h,) with h; < s—s; and I ; h; = 0, R cannot be found,
then we repeat the procedure with o+ 1. In this way, we need only to handle problems with
the real size and need not goto the upper bound in most cases.

Theorem 4.5 Algorithm SDResultant computes the sparse differential resultant with the
following complexities:

1) In terms of deg(R), the algorithm needs at most
O(n®370s0M)[(m + 1)deg(R)|°U*)) Q-arithmetic operations, where | = Y"1 ((I; + 1) is the
size of all P;.

2) The algorithm needs at most O(n33750() (m 4 1)0s*)) Q-arithmetic operations.

Proof: In each loop of Step 3, the complexity of the algorithm is clearly dominated by
Step 3.1.2. where we need to solve a system of linear equations P = 0 over Q in cg and

cij. It is easy to show that |co| = (Dzrffl) and |c;;| = ((m+1)DZT;z;:S+"(h+1)), where
L =>5",(hi +1)(l +1). Then P = 0 is a linear equation system with N = (DZEI_I) +
Yoo + 1)((m+1)DZT:Z?}§:1L)+”(hH)) variables and M = ((mﬂgfi(ﬁff)(hﬂ)) equations. To

solve it, we need at most (max{M, N })“ arithmetic operations over QQ, where w is the matrix
multiplication exponent and the currently best known w is 2.376.
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Algorithm 1 — SDResultant(Py,...,P,)

Input: A differentially essential system Py, ..., P,.
Output: The sparse differential resultant R(u,...,u,)
of ]P’(), N ,Pn.

1. For i =0,...,n, set s; = ord(P;), m; = deg(P;), u; = coeff(P;) and |u;| =1; + 1.
2. Set R = 0, 0=0,s=>1",si, m=max;{m;}.
3. While R =0 do
3.1. For each vector (hg,...,h,) € N*T! with Yiohi=oand h; <s—s; do
3.1.1. U = gul™ h = max;{h; +s;}, D = 1.
3.1.2. WhﬂeR_OandDgHZ: (m; + 1)+ do
3.1.2.1. Set Ry to be a homogenous GPol of degree D in U.
3.1.2.2. Set ¢y = coeff(Ry, U).
3.1.2.3. Set H;;(i =0,...,n;5 =0,...,h;) to be GPols of degree (m+1)D —m; —1
in Y, U.
3.1.2.4. Set c;; = coeff(H,;, YW U 7).
3.1.2.5. Set P to be the set of coefficients of Ry(ug,...,u,) —> ", ZJ o Hi IP’(]
as a Pol in Y" U,
3.1.2.6. Solve the linear equation P = 0 in variables ¢y and c;;.
3.1.2.7. If ¢¢ has a nonzero solution, then substitute it into Ry to get R and go to
Step 4., else R = 0.
3.1.2.8. D:=D+1.
3.2. o:=o0+1.
4. Return R.

/*/ Pol and GPol stand for ordinary polynomial and generic ordinary polynomial.

/*/ coeff(P, V) returns the set of coefficients of P as an ordinary polynomial in variables V.

The iteration in Step 3.1.2. may go through 1 to deg(R), and the iteration in Step 3.1.
at most will repeat [[_o(s — s;) < s"! times. And by Theorem 4.1, Step 3 may loop from
0 = 0 to ns. The whole algorithm needs at most

deg(R)

SIS (max{M, N})>*™

0=0 h;<s—s; D=1
> h;j=o

< 0478500 (i + 1)deg(R)]OH)

arithmetic operations over Q. In the above inequalities, we assumes that (m + 1)deg(R) >
L + n(s 4+ 1) and use the fact that L cannot exceed I(s + 1) and [ > (n + 1)2, where
=37 +1). Our complexity assumes an O(1)-complexity cost for all field operations
over Q. By 3) of Theorem 4.1, deg(R) < [[1_o(m;+1)"*! < (m+1)"+"+1 50 the algorithm
has complexity O(n337650() (4 1)0(ls?)),
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5. Conclusion and problem

In this paper, the sparse differential resultant is defined and its basic properties are
proved. In particular, degree bounds for the sparse differential resultant and the usual dif-
ferential resultant are given. Based on these degree bounds, we propose a single exponential
algorithm to compute the sparse differential resultant.

In the algebraic case, there exists a necessary and sufficient condition for the existence
of sparse resultant in terms of the supports [26]. It is interesting to find such a condition for
sparse differential resultants.

It is useful to represent the sparse resultant as the quotient of two determinants, as done
in [5] in the algebraic case. In the differential case, we do not have such formulas, even in the
simplest case of the resultant for two generic differential polynomials in one variable. The
treatment in [4] is not complete. For instance, let f, g be two generic differential polynomials
in one variable y with order one and degree two. Then, the differential resultant for f,g
defined in [4] is zero, because all elements in the first column of the matrix M (d,n, m) in [4,
p.5b43] are zero. Furthermore, it is not easy to fix the problem.

The degree of the algebraic sparse resultant is equal to the mixed volume of certain
polytopes generated by the supports of the polynomials [20] or [11, p.255]. A similar degree
bound is desirable for the sparse differential resultant.

There exist very efficient algorithms to compute the algebraic sparse resultants ([7, 8]).
How to apply the principles behind these algorithms to compute sparse differential resultants
is an important problem.
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