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Abstract: In this paper, we proved: Let k > 2 be a positive integer, F be a family of

holomorphic functions, all of whose zeros have multiplicities at least k, and let h(z), a1(z),

a2(z), · · · , ak(z) are all nonequivalent to 0 on D. If for any f ∈ F , the following two

conditions are satisfied: (a) f(z) = 0 ⇒ |f (k)(z)+a1(z)f (k−1)(z)+ · · ·+ak(z)f(z)| < |h(z)|;

(b) f (k)(z) + a1(z)f (k−1)(z) + · · · + ak(z)f(z) 6= h(z), where a1(z), a2(z), · · · , ak(z) and f

have no common zeros, then F is normal on D.
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PÒ. �©¥�«� D ⊂ C. éu z0 ∈ C Ú r > 0, ∆(z0, r) = {z : |z−z0| <

r} Ú ∆′(z0, r) = {z : 0 < |z − z0| < r}. ü �P� ∆. P3 D þk fn(z)
χ
⇒ f(z) L«¼

ê� {fn(z)}3 D �?¿;f8þU¥¡ål��Âñu f(z). 
fn(z) ⇒ f(z) L«¼ê
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� {fn(z)}3 D �?¿;f8þUî¼ål��Âñu f(z). ^H(D) L« D þ�¤k�

X¼ê, M(D) L« D þ�¤kæX¼ê. a1(z), a2(z), · · · , ak(z)(6≡ 0) �X�� f Ãú�"

:, Lf(z) = f (k)(z) + a1(z)f (k−1)(z) + · · · + ak(z)f(z), ¡� f ��©õ�ª. ρ(f) L« f �

?.

3©z [1] ¥, 
Æª�y²
Xeü^½n.

½½½nnn PYZ1 �F = {f ∈ M(D)|":­? > k + 3, k > 1, k ∈ Z}, D ⊂ C, h(z)(6≡ 0) ∈

H(D). eé?¿ f ∈ F , f (k)(z) 6= h(z), z ∈ D, KF 3 D þ�5.

½½½nnn PYZ2 �F = {f ∈ M(D)|":­? > k + 2, k > 1, k ∈ Z}, D ⊂ C, h(z)(6≡ 0) ∈

H(D), ¤k":­? > 2. eé?¿ f ∈ F , f (k)(z) 6= h(z), z ∈ D, KF 3 D þ�5.

�©UYïÄþã¯K, ò":­?ü$�
��� k, ¿�ò f (k)(z) U�
'

u f(z) ����©õ�ª, ��
Xe�(J.

½½½nnn 1 �F = {f ∈ H(D)|":­? > k, k > 2, k ∈ Z},D ⊂ C, h(z)(6≡ 0) ∈ H(D), e

é?¿� f ∈ F , e¡�ü�^�¤á:

(a) f(z) = 0 ⇒ |f (k)(z) + a1(z)f (k−1)(z) + · · · + ak(z)f(z)| < |h(z)|,

(b) f (k)(z) + a1(z)f (k−1)(z) + · · · + ak(z)f(z) 6= h(z),

ùp a1(z), a2(z), · · · , ak(z)(6≡ 0) ∈ H(D) �� f Ãú�":, KF 3 D þ�5.

e¡��~`²: �½n 1 ¥�¼ê aj(z), j = 1, 2, · · · , k ´æX¼ê�, (ØØ¤á.

~~~ 1 - D = ∆ ´ü ��, � fn(z) = nzk, h(z) = exp z, ´� fn 3 ∆ þ�X�":�

­?� k, ÏL{üO���

f ′

n(z) = knzk−1, f ′′

n (z) = k(k − 1)nzk−2, · · · , f (k)
n (z) = k!n.

�a1(z) = 1
z
, a2(z) = 1

z2 , · · · , ak−1(z) = 1
zk−1 , ak(z) = c

zk , ùpc = −(k + k(k − 1) + · · ·+ 2k!).

{üO��,

Lfn
(z) = f (k)

n (z) + a1(z)f (k−1)
n (z) + · · · + ak(z)fn(z)

= k!n + k!nz ·
1

z
+

1

z2
·
k!

2!
nz2 + · · · +

c

zk
· nzk = 0.

Ïd, fn(z) = 0 =⇒ z = 0 =⇒ |Lfn
(0)| < | exp 0|, ¿�Lfn

(z) 6= exp z, � fn(z) ÷v½n 1 ¥

�^� (a) Ú(b), �´F = {fn(z)} 3 ∆ þØ�5.

555: 8c�Ø�Ù½n 1¥�¼ê h(z)UÄU�æX¼ê.

1. Ú n

ÚÚÚnnn 1.1 (Pang-Zalcman Ún)[1-3] �F ´ü ��þ�æ(�)X¼êx, k ´��ê.

F ¥z�¼ê�":­?��� k, ��3 A > 1, ¦�é?¿ f ∈ F , 3 f �":?Ñk

|f (k)(z)| 6 A.

XJF 3 z0 ?Ø�5, Ké?¿ 0 6 α 6 k, 7�3:

(1) :� zn, zn → z0; (2) ��¼ê fn ∈ F ; (3) ���ê ρn → 0; ¦�

fn(zn + ρnξ)

ρα
n

= gn(ξ) → g(ξ)
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'u¥¡ålS4��Âñ, Ù¥ g � C þ��~ê�æ(�)X¼ê�÷v

g#(ξ) 6 g#(0) = kA + 1.

ÚÚÚ nnn 1.2
[4] � f ∈ M(C), e f#(z) 3 C þ k ., K ρ(f) 6 2. � f ∈ H(C),

e f#(z) 3 C þk., K ρ(f) 6 1.

ÚÚÚnnn 1.3 � f ∈ H(C), ρ(f) < +∞, ":­? > k, k > 2, k ∈ Z, a 6= 0 ´�~ê.

e ρ(f) 6 1 �÷vXeü�^� :

(a) f(z) = 0 ⇒ |f (k)(z)| < |a|; (b) f (k)(z) 6= a;

K f(z) = b(z−z0)
k

k! , Ù¥ z0 ∈ C, |b| < |a|´~ê.

yyy ²²² � / �: f ´ C þ � � � � ¼ ê. d ρ(f (k)) = ρ(f) 6 1 � f (k)(z) 6= a.

K f (k)(z) − a = B exp(Az) Ù¥ A, B ∈ C∗ ´ü��"~ê. ²O�k

f(z) =
azk

k!
+ ak−1z

k−1 + · · · + a0 + BA−k exp(Az),

Ù¥ ak−1, · · · , a0 ´~ê. u´, �3 zm, zm → ∞, ¦� f(zm) = 0, m = 1, 2, · · · , d f �

":­? > k(> 2) �^�, k f ′(zm) = 0. -P (z) = A−1f ′(z) − f(z), � P ´�õ�ª

� P (zm) = 0, m = 1, 2, · · · , K P (z) ≡ 0, l
 f(z) = C exp(Az), Ù¥ C 6= 0 ´��~ê,

gñ.

�/�: f ´ C þ�õ�ª. d f (k)(z) 6= a, k f (k)(z) = b, Ù¥ b 6= a ´��~ê.

d f �":­? > k (> 2), K f(z) = b(z−z0)
k

k! , Ù¥ z0 ∈ C, |b| < |a|´~ê.

ÚÚÚnnn 1.4 � {fn| fn ∈ H(D), D ⊂ C, ":­? > k}, hn ∈ H(D), hn(z) ⇒ h(z) 3 D þ,

Ù¥ h(z) 6= 0, z ∈ D, k > 2, k ∈ Z. eéz� fn ÷vXeü�^� :

(a) fn(z) = 0 ⇒ |Lfn
(z)| < |hn(z)|; (b)Lfn

(z) 6= hn(z),

K {fn}3 D þ�5.

yyy ²²² |^�y{, b��3 z0 ∈ D, ¦� {fn}3 z0 Ø�5. d hn(z) ⇒ h(z), K

3 z0 �,���S, � n ¿©�±�, k fn(z) = 0 ⇒ |Lfn
(z)| 6 |h(z0)| + 1, Ï� fn �":

­? > k, ¤± f
(j)
n (z) = 0, j = 0, 1, 2, · · · , k − 1.

|^Ún 1.1, � α = k, A = |h(z0)| + 1. Ïd� {fn}�·�f� (­#?Ò�, EP

� {fn}), zn → z0, ρn → 0+, ¦�

gn(ζ) =
fn(zn + ρnζ)

ρk
n

χ
⇒ g(ζ)

3 C þ, Ù¥ g(ζ) ´�~ê��¼ê, ¤k":­? > k �g#(ζ) 6 g#(0) = k (|h(z0)|+1)+1.

äó: 1) g = 0 ⇒ |g(k)| 6 |h(z0)|; 2) g(k) 6= h(z0). ©O`²Xe.

1) e�3 ζ0 ∈ C, ¦� g(ζ0) = 0. Ï� g(ζ) 6≡ 0, l
�3 ζn → ζ0, ¦�� n¿©�

±�,

gn(ζn) =
fn(zn + ρnζn)

ρk
n

= 0,

Ïd fn(zn +ρnζn) = 0, ¤±|Lfn
(zn +ρnζn)| < |hn(zn +ρnζn)|, =|g

(k)
n (zn +ρnζn)| < |hn(zn +

ρnζn)|. Ïd

|g(k)(ζ0)| = lim
n→∞

|g(k)
n (ζn)| 6 |h(z0)|.
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2) b � � 3 ζ0 ∈ C, ¦ � g(k)(ζ0) = h(z0). e g(k) ≡ h(z0), · � k g#(0) 6

k|h(z0)|� g#(0) = k(|h(z0)| + 1) + 1 gñ. Ïdäó¤á.

u´, g(k) 6= h(z0). �3∪(ζ0), ¦� g
(j)
n 3∪(ζ0) Sk.. = ∃M > 0, ¦� |g

(j)
n (ζ)| 6

M, ζ ∈ ∪(ζ0). q Lfn
(zn + ρnζ) = g

(k)
n (ζ) + ρna1(zn + ρnζ)g

(k−1)
n (ζ) + · · · + ρk

nak(zn +

ρnζ)gn(ζ) � aj(zn + ρnζ) ⇒ aj(z0) 3∪(ζ0)S. ¤±

Lfn
(zn + ρnζ) − hn(zn + ρnζ) ⇒ g(k)(ζ) − h(z0).

Kd Hurwitz ½n, � n ¿©�±�, �3 ζn, ζn → ζ0, ¦� Lfn
(zn+ρnζn)−hn(zn+ρnζn) = 0,

gñ, äó�y.

dÚn 1.3, g(ζ) = b(ζ−ζ0)
k

k! , Ù¥ ζ0 ∈ C, |b| 6 |h(z0)|. Ï� g(ζ0) = 0, |g(k)(ζ0)| < |h(z0)|,

k g#(0) = k|b| 6 k|h(z0)|, � g#(0) = k(|h(z0)| + 1) + 1, gñ.

ÚÚÚnnn 1.5 � h ∈ H(D), z0 ´ h(z) �­?� l(> 1) �":, {fn}
∞

n=1 ´��¼ê�, ¦�

{fn}
∞

n=1 Ú h ÷v½n 1 �^�, - {ρn}
∞

n=1 ´���"ê, ¦� ρn → 0, n → ∞. K

(a)
{

fn(z0+ρnζ)

ρk+l
n

}
∞

n=1
3 C∗ þ�5.

,	, 3 C∗ þ (½3C), e fn(z0+ρnζ)

ρk+l
n

⇒ G(ζ), Ù¥ G(ζ) 6≡ 0, K

(b) (i) é?¿ ζ0 ∈ C∗ (½?¿ζ0 ∈ C), G(ζ0) = 0 ⇒ |G(k)(ζ0)| 6 |ζl
0|;

(ii) e G(k)(ζ) 6≡ ζl, K G(k)(ζ) 6= ζl.

yyy ²²² Ø���5, b� z0 = 0, 3 0 ��� ∆(0, δ) S h(z) = zlb(z), Ù¥ b(z) ∈

H(C), b(0) 6= 0, � b(z) 6= 0, z ∈ ∆(0, δ), Ø���5b� b(0) = 1. ½Â rn(ζ) = ζlb(ρnζ),

e¡òy²
{
Gn(ζ) = fn(ρnζ)

ρk+l
n

}
Ú {rn(ζ)}÷vÚn 1.4 �^�.

Äkk rn(ζ) ⇒ ζl � ζl 6= 0 3 C∗. b� Gn(ζ) = 0, Ïd fn(ρnζ) = 0 Ú |f
(k)
n (ρnζ)| <

|(ρnζ)lb(ρnζ)|, � |G
(k)
n (ζ)| < |rn(ζ)|. d f

(k−i)
n (ρnζ) = ρl

nρi
nG

(k−i)
n (ζ), i = 0, 1, · · · , k,

K Lfn
(ρnζ) = ρl

n[G
(k)
n (ζ) + ρna1(ρnζ)G

(k−1)
n (ζ) + · · · + ρk

nak(ρnζ)Gn(ζ)] 6= h(ρnζ) =

(ρnζ)lb(ρnζ). K LGn
(ζ) 6= ζlb(ρnζ) = rn(ζ). K (a) ��y².

b� G(ζ0) = 0, qÏ� G(ζ) 6≡ 0, K�3 ζn → ζ0, ¦�Gn(ζn) = 0, = fn(ρnζn) = 0.

K |f
(k)
n (ρnζn)| < |(ρnζn)lb(ρnζn)|, = |G

(k)
n (ζn)| < |ζl

nb(ρnζn)|. - n → ∞, |G
(k)
n (ζ0)| 6 |ζl

0|,

K (b) � (i) ��y².

ey (ii), Äk5¿�

ζl Lfn
(ρnζ)

h(ρnζ)
=

Lfn
(ρnζ)

ρl
nb(ρnζ)

=
G

(k)
n (ζ) + ρna1(ρnζ)G

(k−1)
n (ζ) + · · · + ρk

nak(ρnζ)Gn(ζ)

b(ρnζ)

χ
⇒ G(k)(ζ),

(1)

Ù¥ Gn(ζ), · · · , G
(k−1)
n 3 ζ0 ���Sk.. qÏ� G(k)(ζ0) = ζl

0, 
 G(k)(ζ) 6≡ ζl. Kd

ª (1), �3 ζn → ζ0, ¦� Lfn
(ρnζn) = [ρl

nb(ρnζn)]ζl
n = h(ρnζn), gñ.

2. ½n 1 �y²

�âÚn 1.4 , F 3 {z ∈ D : h(z) 6= 0}�5 (¤±F 3 D S[�5). �Ä z0 ∈ D, ¦

� h(z0) = 0. Ø���5�±b� z0 = 0 K

h(z) = zlb(z), (2)

Ù¥ (l > 1, l ∈ Z), b(z) 6= 0, b(z) ∈ H(∆(0, δ)). ·��±b� b(0) = 1. � {fn}
∞

1 ⊂ F , e¡

y² {fn}3 z = 0 ?�5.
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|^�y{, b� {fn}3 z = 0 ?Ø�5. Ï� {fn}3 ∆′(0, δ) S�5. Àf�­#?

Ò�, �±b�3 ∆′(0, δ) þ, fn ⇒ F . e F 6≡ ∞, K F (z) ´)Û¼ê, |^����n, F �

±)Ûmÿ� z = 0. ¤±3 ∆(0, δ) þ, fn ⇒ F �b�gñ. Ïdb�3 ∆′(0, δ) þ,

fn ⇒ ∞. (3)

½ÂF1 =
{

Fn = fn

h
, n ∈ N

}
, yF1 3 ∆(0, δ) þ�5=�.

¯¢þ, (­#?Ò�)e3 ∆(0, δ) þ, fn(z)
h(z) ⇒ H(z). Ï�3 ∆′(0, δ) þ, h(z) 6= 0. |

^ª (3), 3 ∆′(0, δ) þk H(z) ≡ ∞. d��5, 3 ∆(0, δ) þ, H(z) ≡ ∞. AO´, � n ¿©

�±�, k fn

h
6= 0. Ï�3 ∆′(0, δ) þ h 6= 0, l
3 ∆′(0, δ) þ fn 6= 0. q�â½n�b�,

é n > 1, k fn(0) 6= 0. Ïd� n¿©�±�, 3 ∆(0, δ) �z�;f8þ, k fn(z) 6= 0. |^

����n(Üª (3), ¬�Ñ3 ∆(0, δ)þ, fn ⇒ ∞. l
�ÑF ´�5.

b�F1 3 z = 0 ?Ø�5. dué?¿�Fn = fn

h
, w, Fn �":­ê��� k, ¿

�Fn = 0 =⇒ fn = 0 =⇒ f
(j)
n = 0, |f

(k)
n | < |h|, j = 0, 1, 2 · · · , k − 1 =⇒ |F

(k)
n | = |f

(k)
n /h| < 1,

¤±dÚn 1.1 (­#?Ò�) �3 zn → 0, ρn → 0+, Ú C þ�Øð�~ê�æX¼ê g(ζ),

¦�3 C þ

gn(ζ) =
Fn(zn + ρnζ)

ρk
n

=
fn(zn + ρnζ)

h(zn + ρnζ)ρk
n

χ
⇒ g(ζ), (4)

g(ζ) �":­? > k, ¿�

g♯(ζ) 6 g♯(0) = k + 1, ζ ∈ C, (5)

­#?Ò�·��±b�
{

zn

ρn

}
∞

n=1
Âñ, ©�ü«�¹.

�¹ A:
zn

ρn

→ ∞. (6)

äó: 1) g(ζ) = 0 =⇒ |g(k)(ζ)| 6 1; 2) g(k)(ζ) 6= 1.

y²äó, 5¿�ª (4)Ú3 ∆′(0, δ) þ h(z) 6= 0. K g ´ C þ��¼ê. e g(ζ0) = 0, Ï

� g(ζ) 6≡ 0, K�3 ζn, ζn → ζ0, ¦� gn(ζn) = 0. Ïd fn(zn + ρnζn) = 0, db�^�k,

f
(j)
n (zn+ρnζn) = 0, j = 1, 2, · · · , k−1, |Lfn

(zn+ρnζn)| < |hn(zn+ρnζn)|, = |f
(k)
n (zn+ρnζn)| <

|h(zn + ρnζn)|, Ïd |g
(k)
n (ζn)| < 1, - n → ∞, � |g(k)(ζ0)| 6 1.

e�3 ζ0 ∈ C, ¦� g(k)(ζ0) = 1.du g(k) 6≡ 1 (ÄK� g#(0) gñ), K3 ζ0 �����

S U(ζ0), � n ¿©�±�, k g
(j)
n 3 U S´)Û�, j = 0, 1, 2, · · · , k. 5¿�

ρi
ng(k−i)

n (ζ) = F (k−i)
n (zn + ρnζ) =

(
fn(z)

h(z)

)(k−i)
∣∣∣∣∣
z=zn+ρnζ

=


f

(k−i)
n (z)

h(z)
+

k−i∑

j=1

(
k−i
j

)
f (k−i−j)

n (z)

(
1

h(z)

)(j)



∣∣∣∣∣∣
z=zn+ρnζ

, i = 0, 1, 2, · · · , k.




f (k−j)
n (z) = [Fn(z)h(z)](k−j) =

k−j∑

s=0

(
k−j
s

)
ρj+s

n g(k−j−s)
n

(
z − zn

ρn

)
h(s)(z),

(
1

h(z)

)(j)

= [z−lb̃(z)](j) = z−l−j [(−1)jl(l + 1) · · · (l + j − 1)̃b(z) + P (z)],
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Ù¥ b̃(z) = 1
b(z) , P (z) ∈ H(∆(0, δ)), P (0) = 0. Ï�3 U þ,

ρj+s
n h(z)(s)z−l−j

∣∣∣
z=zn+ρnζ

= ρj+s
n zl−sQ(z)z−l−j

∣∣
z=zn+ρnζ

=
ρj+s

n

(zn + ρnζ)j+s
Q(zn + ρnζ) ⇒ 0,

Ù¥ Q(z) ∈ H(∆(0, δ)), Q(0) = l(l − 1) · · · (l − s + 1) 6= 0. 3 U þk

f (k−j)
n (z)

(
1

h(z)

)(j)
∣∣∣∣∣
z=zn+ρnζ

=

k−j∑

s=0

(
k−j
s

)
ρj+s

n g(k−j−s)
n

(
z − zn

ρn

)
h(s)(z)

·z−l−j[(−1)j l(l + 1) · · · (l + j − 1)̃b(z) + P (z)]
∣∣∣
z=zn+ρnζ

⇒ 0.

3 U k

f
(k)
n (zn + ρnζ)

h(zn + ρnζ)
⇒ g(k)(ζ),

f
(k−i)
n (zn + ρnζ)

h(zn + ρnζ)
= ρi

ng(k−i)
n (ζ) −

k−i∑

j=1

(
k−i
j

)
f (k−i−j)

n (z)

(
1

h(z)

)(j)
∣∣∣∣∣∣
z=zn+ρnζ

⇒ 0, i = 1, 2, · · · , k.

¤± U þk
Lfn(zn+ρnζ)

h(zn+ρnζ) ⇒ g(k)(ζ). Ïd�3 ζn, ζn → ζ0, ¦�
Lfn(zn+ρnζn)

h(zn+ρnζn) = 1, =

Lfn
(zn + ρnζn) = h(zn + ρnζn), (7)

�½n^�gñ, äó�y.

dÚn 1.3, g(ζ) = b
k! (ζ − ζ0)

k, ζ0 ∈ C, b 6= 1 ´~ê. Ï� g(ζ0) = 0, |g(k)(ζ0)| = |b| 6

1, k g♯(0) 6 k|b| 6 1, � g♯(0) = k + 1 gñ.

�¹ B:
zn

ρn

→ α ∈ C. (8)

Óc¡k: 3 C þ, g(ζ) = 0 =⇒ |g(k)(ζ)| 6 1. - Gn(ζ) = fn(ρnζ)

ρk+l
n

, d (4) ªÚ (8) ª, 3 C þ

k Gn(ζ) ⇒ G(ζ) = g(ζ − α)ζl. ¯¢þ,

fn(ρnζ)

ρk+l
n

=
fn(ρnζ)

ρk
nh(ρnζ)

·
h(ρnζ)

ρl
n

=
fn(zn + ρn(ζ − zn

ρn
))

ρk
nh(zn + ρn(ζ − zn

ρn
))

·
(ρnζ)lb(ρnζ)

ρl
n

,

ζ = −α ´ g � l ­4:, ¿�

G(0) 6= 0,∞. (9)

e¡�â G �5�©�¹?Ø.

�¹(B1) XJ G ´��õ�ª, Ï� {fn}3 z = 0 :Ø�5, K�3��":� z∗n →

0, ¦�

fn(z∗n) = 0. (10)
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ÄK, �3,� δ
′

, 0 < δ
′

< δ ¦�3 ∆(0, δ
′

) S fn(z) 6= 0, @oÏ�3 ∆′(0, δ) S fn(z) ⇒ ∞,

�â����n��, 3 ∆(0, δ′) S fn(z) ⇒ ∞, � {fn}3 z = 0 :Ø�5gñ. Ï G(ζ) ´

õ�ª, �âÚn 1.5 Úª (9) ��, G(ζ) �¤k":­?��� k.e¡©ü«�¹?Ø.

�¹(B1.1) G(k)(ζ) ≡ ζl. du k > 2, ��

G(k−1)(ζ) =
ζl+1

l + 1
+ C, G(k−2)(ζ) =

ζl+2

(l + 1)(l + 2)
+ Cζ + D,

Ù¥ C, D ´ü�~ê.Ï� G �¤k":­?��� k, ¤±éu G�?¿": ζj, �±�

Ñ G(k−1)(ζj) = G(k−2)(ζj) = 0. =

ζ
(l+1)
j

l + 1
+ C = 0,

ζ
(l+2)
j

(l + 1)(l + 2)
+ Cζj + D = 0, (11)

ÏLO���, (l+1)C
l+2 ζj = D. e CD = 0, @o�âª (11), ζj = 0, gñ. Ïd CD 6= 0, �

� ζj = − (l+2)D
(l+1)C , ù`² G �k����": ζ0. Ïd

G(ζ) =
l!(ζ − ζ0)

k+l

(k + l)!
. (12)

du G(k) ≡ ζl, ζ0 = 0, gñ.

�¹(B1.2) G(k)(ζ) 6≡ ζl. �âÚn 1.5��,

G(ζ) = 0 ⇒ |G(k)(ζ)| 6 |ζl|, G(k) 6= ζl.

¤±, G ´���~ê�õ�ª, � G(k)(ζ) = ζl + B, Ù¥ B ´���"~ê. du G �¤

k":­?��� k, éu G �?¿": ζj, G(k−1)(ζj) = G(k−2)(ζj) = 0. Ïd

ζ
(l+1)
j

l + 1
+ Bζj + C = 0,

ζ
(l+2)
j

(l + 1)(l + 2)
+

Bζ2
j

2
+ Cζj + D = 0. (13)

ÏLO���,
lB

2(l + 2)
ζ2
j +

C(l + 1)

l + 2
ζj + D = 0,

dd�� G��õkü�": ζ1, ζ2.

e¡2�â":��¹©ü«�¹?Ø.

�¹(B1.2a) G �k��": ζ1. -

G(ζ) =
l!

(k + l)!
(ζ − ζ1)

k+l, (14)

d G(k)(ζ) = ζl + B, �íÑ l = 1, ζ1 = −B. ¤±

G(ζ) =
(ζ + B)k+1

(k + 1)!
. (15)

�â Hurwitz ½n, �3:� ζn,0 → −B, ¦� Gn(ζn,0) = 0.
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(a1) � 3 δ
′

, 0 < δ
′

< δ, ¦ � é z � n, 3∆(0, δ
′

) S fn(z) � k � � " : zn,0 =

ρnζn,0. - Hn(z) = fn(z)
(z−zn,0)k+1 , Ï� Hn(z) 3 ∆

′

(0, δ
′

) SØ�"�Hn(z) ⇒ ∞, �â���

�n�±íÑ, 3 ∆(0, δ
′

) S Hn(z) ⇒ ∞. �´

Hn(2zn,0) =
fn(2zn,0)

zk+1
n,0

=
Gn(2ζn,0)

ζk+1
n,0

→
1

(k + 1)!
, (16)

gñ.

(a2) éz� δ′ > 0, n ¿©��, fn 3 ∆(0, δ′) S��kü�":, K�3,	�

� : � zn,1 = ρnζn,1 → 0, Ù ¥ zn,1 � ´ fn(z) � " :, � n → ∞�, ζn,1 → ∞, ¿ �

zn,1´ fn(z) �":¥Ø zn,0	ål�:�C�, cn =
zn,0

zn,1
, -Kn(ζ) =

fn(zn,1ζ)

zk+1

n,1

, �âÚ

n 1.5 �, {Kn(ζ)}3 C∗ þ�5.

e {Kn}3 ζ =0 :�5, b�l {Kn}¥��ÑÂñf� {Kn(ζ)}, 3 C þk {Kn(ζ)} ⇒

K(ζ). Ï�Kn(cn) = 0, cn → 0, - n → ∞, �� K(0) = 0. Ï�

Lfn
(zn,1ζ) = zn,1[K

(k)
n (ζ) + zn,1a1(zn,1ζ)K(k−1)

n (ζ) + · · · + zk
n,1ak(zn,1ζ)Kn(ζ)]

6= h(zn,1ζ) = (zn,1ζ)b(zn,1ζ),

¤± LKn
(ζ) 6= ζb(zn,1ζ) = rn(ζ), l
k K(k)(ζ) ≡ ζ, ½ K(k)(ζ) 6= ζ.

e K(k)(ζ) ≡ ζ, Ï� K(0) = 0, �±�Ñ K(ζ) = ζk+1

(k+1)! , ù� K(1) = 0. e K(k)(ζ) 6=

ζ. �âÚn 1.5��, K(ζ) = 0 ⇒ |K(k)(ζ)| 6 |ζ|, @ok K(k)(0) = 0, gñ.

Ïd·��±íÑ {Kn}3 ζ = 0 :Ø�5.qdu3 C
∗ þ Kn(ζ) ⇒ ∞, �´ Kn(1) =

0, gñ.

�¹(B1.2b) G TÐkü�": ζ1, ζ2. d G(k+1) = lζl−1 ��, G �ü�":­?ÑØ

�L k + 2. e G �ùü�":­?ÑT� k + 1, �±b�

G(ζ) =
l!

(k + l)!
(ζ − ζ1)

k+1(ζ − ζ2)
k+1. (17)

du G(k)(ζ) = ζl + B, ÏLO���, l = k + 2, ζ1 + ζ2 = 0, ζ1ζ2 = 0, gñ.

e G �k��":TÐ� k + 1 ­, K�b�

G(ζ) =
l!

(k + l)!
(ζ − ζ1)

k+1(ζ − ζ2)
k. (18)

dª(18), G(ζ) = l!
(k+l)! (ζ − ζ1)

[
ζ2k − k(ζ1 + ζ2)ζ

2k−1 + (kζ1ζ2 +
(
k
2

)
(ζ1 + ζ2)

2)ζ2k−2 + · · ·
]
,

G(k)(ζ) = ζl + B, ÏLO���,

l = k + 1, k(ζ1 + ζ2) + ζ1 = 0, k(ζ1 + ζ2) + kζ1ζ2 + ζ +
(
k
2

)
(ζ1 + ζ2)

2 = 0 (19)

ù`²ζ1 = 0, gñ.

e G �ü�":þTÐ� k ­, K�b�

G(ζ) =
l!

(k + l)!
(ζ − ζ1)

k(ζ − ζ2)
k. (20)

du G(k)(ζ) = ζl + B, ÏLO��� l = k, ζ1 + ζ2 = 0.
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� k > 3 �, k ζ1ζ2 = 0, gñ.

� k = 2 �, k

G(ζ) =
1

12
(ζ − ζ1)

2(ζ + ζ1)
2. (21)

�â Hurwitz ½n, �3:� ζn,1 → ζ1, ζn,2 → −ζ1, ¦� Gn(ζn,j) = 0, j = 1, 2.

e�3 δ
′

, 0 < δ
′

< δ, ¦�éz� n, 3 ∆(0, δ
′

) S fn(z) �kü�": zn,j = ρnζn,j ,

j = 1, 2. -

Hn(z) =
fn(z)

(z − z2
n,1)

2(z − z2
n,2)

2
,

Ï� Hn(z) 3 ∆(0, δ
′

) S�"�)Û, 3 ∆′(0, δ
′

) S Hn(z) ⇒ ∞, �â����n�±íÑ,

3 ∆(0, δ
′

) S Hn(z) ⇒ ∞. �´,

Hn(2zn,1) =
fn(2zn,1)

z2
n,1(2zn,1 − zn,2)2

=
Gn(2ζn,1)

ζ2
n,1(2ζn,1 − ζn,2)2

→
1

12
, (22)

gñ.

Ïd·��±b�éz� δ′ > 0, n ¿©��, fn 3 ∆(0, δ′) S��kn�":, K�3

,	��:�, zn,3 = ρnζn,3 → 0, Ù¥ zn,3 �´ fn(z) ���":, � n → ∞�, ζn,3 → ∞,

¿� zn,3 ´ fn(z) �":¥Ø zn,j, j = 1, 2 	ål�:�C�, cn,j =
zn,j

zn,3
, j = 1, 2, -

Kn(ζ) =
fn(zn,3ζ)

z4
n,3

,

�âÚn 1.5�, {Kn(ζ)}3 C∗ þ�5. e {Kn}3 ζ = 0 :�5, b�l {Kn}¥��Ñ

Âñf� {Kn(ζ)}, 3 C þk {Kn(ζ)} ⇒ K(ζ). Ï� Kn(cn,j) = 0, cn,j → 0, - n → ∞�

� K(0) = 0. du

Lfn
(zn,3ζ) = z2

n,3[K
′′

n(ζ) + zn,3a1(zn,3ζ)K
′

n(ζ) + z2
n,3a2(zn,3ζ)Kn(ζ)]

6= h(zn,3ζ) = (zn,3ζ)2b(zn,3ζ),

= Lkn
(ζ) 6= ζ2b(zn,3ζ), K K

′′

(ζ) ≡ ζ2, ½ K
′′

(ζ) 6= ζ2.

e K
′′

(ζ) ≡ ζ2, Ï� K(0) = 0, �±�Ñ, K(ζ) = ζ4

12 , ù� K(1) = 0gñ!

e K
′′

(ζ) 6= ζ2, �âÚn 1.5��, K(ζ) = 0 ⇒ |K
′′

(ζ)| 6 |ζ2|, @ok K
′′

(0) = 0, gñ.

Ïd·��±íÑ {Kn}3 ζ = 0 :Ø�5. du {Kn}3 ∆ þ�X, 3 C∗ þ Kn(ζ) ⇒

∞, �´ Kn(1) = 0, gñ.

�¹ (B2) e G ´�����¼ê, �âÚn 1.5 ��,

G(ζ) = 0 ⇒ |G(k)(ζ)| 6 |ζl|, G(k) 6= ζl, (23)

du G �?Ø�L 1����¼ê,

G(k)(ζ) = ζl + B exp(Aζ), (24)

Ù¥ A 6= 0, B 6= 0 �~ê, K

G(ζ) =
l!

(k + l)!
ζk+l + ak−1ζ

k−1 + · · · + a0 + BA−k exp(Aζ). (25)



70 uÀ���ÆÆ�(g,�Æ�) 2012 c

w,, G 3 C þkÃ¡õ": ζm. � m → ∞�, ζm → ∞. dª (24)�,

|G(k)(ζm)| = |ζm + B exp(Aζm)| 6 |ζl
m|,

��3 M > 0, éz� m,
∣∣∣ exp(Aζm)

ζl
m

∣∣∣ 6 M. �´, � m → ∞�,

∣∣∣∣
G(ζm)

ζl
m

∣∣∣∣ =

∣∣∣∣
l!

(k + l)!
ζk
m + ak−1ζ

k−1−l
m + · · · + a0ζ

−l
m +

BA−k exp(Aζm)

ζl
m

∣∣∣∣ → ∞,

gñ. ½n�y.
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