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0 Introduction

In the recent years increasing attention has been paid to the study of differential and
partial differential equations involving variable exponent conditions. The interest in studying
such problems was stimulated by their applications in elastic mechanics, fluid dynamics and

calculus of variations. For more information on modelling physical phenomena by equations
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involving p(z)-growth condition we refer to [1-3]. The appearance of such physical models was
facilitated by the development of variable exponent Lebesgue and Sobolev spaces, LP(*) and
Whp() where p(z) is a real-valued function. Variable exponent Lebesgue spaces appeared for
the first time in literature as early as 1931 in an article by Orlicz*. The spaces LP(*) are special
cases of Orlicz spaces L¥ originated by Nakanol® and developed by Musielak and Orlicz[® 7,
where f € L¥ if and only if [ ¢(z,|f(z)|)dz < oo for a suitable ¢. Variable exponent Lebesgue
spaces on the real line have been independently developed by Russian researchers. In that
context we refer to the studies of Tsenov!®!, Sharapudinov!®! and Zhikov!'%-11.

Recently, Fan and Han!'?!| by using the fountain theorem and the dual fountain theorem,
respectively, studied the existence of solutions for p(x)-Laplacian equations in RY, assumed
that perturbation terms fi(x,u), fa(x, u) satisfy concave-convex nonlinearity and obtained the
existence and multiplicity of solutions. More recently, applying the mountain pass theorem,
Ful'® constrained the nonlinear term f(z,u) in superlinear case and obtained the existence of
solutions for p(x)-Laplacian problem in an exterior domain § in R" with the Dirichlet boundary
condition. Fu and Zhang!'¥ got at least two non-trivial weak solutions for the p(z)-Laplacian
problem in R" via global minimizer method and the mountain pass theorem, assumed that
the nonlinear term f(z,w) in sublinear case. Fu and Zhang!'] with the aid of the symmetric
mountain pass theorem, got the multiplicity of solutions when one of the perturbation terms
fi(x,u), fa(x,u) is superlinear and satisfies the Ambrosetti-Rabinowitz type condition and the
other one is sublinear. Motivated by their works, the aim of this paper is to discuss the existence

and multiplicity of the following p(z)-Laplacian equation in RY
—Apzyu + |u|p(w)_2u = fiz,u) + fo(z,u), z€RN, we Wl’p(’v)(RN)7 (0.1)

where N > 2, p: RY — R is Lipschitz continuous, 1 < p~ < p* < N, f; : RV xR — R satisfies
Carathedory conditions (i = 1,2). Our goal will be to obtain the existence and multiplicity of
solutions for (0.1) in the generalized Sobolev spaces W () (RN) by using the fountain theorem
and the dual fountain theorem, respectively, under fi(x,u) and fo(x,u) satisfy appropriate
conditions. These results extend some of the results in [12-15]. We point out the presence
in (0.1) of the p(z)-Lapalce operator. This is a natural extension of the p-Laplace operator.
However, such generalizations are not trivial since the p(z)-Laplace operator possesses a more
complicated structure than p-Laplace operator, for example it is inhomogeneous. For related

results involving the Laplace operator, see [16, 17].

1 Preliminary

Let Q be an open domain of RY, denote:

L) ={pe L>™(Q): ess irelgp(:zr) >1}.

For p € L (), let

pT =esssupp(z), p~ =essinf p(z).
€N e
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On the basic properties of variable exponent Lebesgue and Sobolev spaces LP(I)(Q) and
WP (Q), we refer to [18-22]. In the following, we display some facts which we will use
later.

Denoted by P(€) the set of all measurable real functions defined on 2, elements in P(2)
which are equal to each other almost everywhere are considered as one element.

For p € LY (1), define

LP@(Q) = {u e P(Q) : J [uP@® dz < oo},
Q
with the norm
[u] o) (@) = |tlp(z) = inf {x>o0: J ‘@VD(I) dz < 1},
Q

and
WLP@(Q) = {u e LP@(Q) : |Vu| € LP(Q)},

with the norm
[ullwpe @) = [tlp@) + [Vulp)

Denoted by W, ’p(m)(Q) the closure of C§°(€2) in WP (Q).

In this paper we will use the following equivalent norm on Wl’p(x)(ﬂ):
\Y z b
Jull = int {2 >0 | S50 4 )M p g <1y,

1123,24]

Proposition 1. The space Lp(w)(Q) is a separable, uniformly convex Banach

space, and has conjugate space L1®)(Q), where 1/q(z) + 1/p(z) = 1. For u € LP®)(Q) and
v € LI®)(Q), we have

11
\JQ wwde| < (— o) [0l < 2Nty Vlaco)-

Proposition 1.2['2l  The spaces W?(*)(Q) and Wol’p(m)(ﬂ) all are separable and reflex-
ive Banach spaces.

Proposition 1.3[!2:23:25]  Denote
p(u) = J WP®) dz,  Vu e LPO(Q),
Q

Then
1) For u # 0, |ulpq) = A & p(%) = 1;
) <

(1)

(2) fulye) < 1= 1> 1) ¢ pu) < L(= 1> 1) ] )
(3) [ulpay > 1= [l < p(w) < Jullpy ; [ulpia) < 1= fully, > plu) > [ul?f, ;
(4) [uklpz) = 0 plur) = 03 [ukpz) — 00 < p(ug) — oo.

Proposition 1.4[12:23:251  Denote

I(u) = J (IVu|P® + |[uP@)dz, Yue LP@(Q).
Q
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Then
(1) For u#0, llu] = A I(2) = 1
(2) Jlul < 1(=1;>1) e I(u) < 1(=1;>1);
- + - +
B) lull > 1= Jlull? < I(uw) <P lu] <1=llul? > 1(u) = [ul|”;
(4) fJukl] = 0 < I(ug) — 0; ||ug|| — oo < I(ug) — oo.
Proposition 1.5[12:23:26] If f:(Q x R — R is a Caratheodory function and satisfies
(x)
|f(z,8)| < a(z) —i—b|s|%7 for any x € Q,s € R,

where a(z) € LP2@)(Q), and b > 0 is a constant, p;(z), p2(z) € LP(), then the Nemytsky
operator from LP+(*)(Q) to LP2(*)(Q) defined by (Ny(u))(x) = f(x,u(r)) is a continuous and
bounded operator.

(12 If p : @ — R is Lipschitz continuous and p* < N, then for ¢ €
L () with p(r) < g(z) < p*(z), there is a continuous embedding WP (Q) — LI1=)(Q),

here

Proposition 1.6

Np(z) if N
* —p(x)? p(I) < I
pr) = NP

00, if p(x) = N.

For o, 8 € P(2), use the symbol o < ( to denote ess inf (5(z) — a(z)) > 0.
€N

Proposition 1.7"2  Let Q be a bounded domain in RV, p € C(Q),pt < N. Then for
any ¢ € L(Q2) with ¢ < p*, there is a compact embedding W@ (Q) — L1@)(Q).

2 Assumptions and statements of the main result

For simplicity we write X = W1HP@)(RN), denote by u,, — u the weak convergence of
sequence u, to u in X, denote by ¢ and ¢; the generic positive constants.

u € X is called a weak solution of (0.1) if

J (|Vu[P®=2VuVo + [uP @~ 2y) dz = J (fi(z,u) + fa(z,uw))vdz, VveX.
RN RN

The functional associated to problem (0.1) is

p(z) p(w)
(p(u):J [Vul?™ + Jul d:z:—J Fl(x,u)dx—J Fy(x,u)dz, VveX,
RN p(x) RN RN

where F;(z,u) is denoted by

Fo) = | fesds i=1.2
0

By Lemma 2.2, Lemma 2.3 below, it is easy to see that the functional ¢ defined above is of
class C1(X,R), then

(o' (u),v) = JRN (IVulP@=2VuV + [ulP®~2uw) do — JRN (fi(z,u) + fa(x,u))vdw,
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so the critical points of ¢ are just the weak solutions of problem (0.1). Write

p(x) p(z)
)= [ T
RN

dzx, \Ifiuzj Fi(z,u)dx, 1=1,2,
o) = | File)

then ¢ = J — ¥; — Uy, Now we state the assumptions on perturbation terms f1(z,u), fa(z,u)
for problem (0.1) are as follows:
(F1) fi: RY x R — R satisfies Caratheodory conditions and

fi(z,w)| < ag(z)|u]* @1,

where 0 < a;(z) € L@RN)NL®RY), ri,a; € LPRY), 1 <a; <af <p™ <pt <
a;(x)

ay, a1 K p*, ﬁ + 25y = 1. denote a = inf cp~ (p(x) — as(x)).
(F2) There is a positive constant u > p* satisfying ap = inf g~ (1 — p(z)) > 0 such that

0 < uFy(z,u) < fi(z,u)u, VYore RN u#o0.
(F3) 36 >0,0<by € CRY,R), g € LY(RY), ¢qf <p~ such that
fa(x,t) = bo(x)t® @ for z e RV, 0 < t < 6,

and Fy(z,t) > 0 for z € RV.
(Fy) fi(z,—u) = —fi(z,u), VY(r,u) € RN xR, i=12.
Our main results as follows:
Theorem 2.1 Under assumptions (F1)—(F4), then
(1) Problems (0.1) have solutions {fuy}72 ; such that ¢(tui) — +oo0 as k — oo.
(2) Problems (0.1) have solutions {£uv}72 ; such that p(£vi) < 0, ¢(+vy) — 0ask — oo.
Before giving our proofs we first give several lemmas that will be used later.
Lemma 2.20'2  J € C*(X,R) and the derivative operator, denote by .J’,

J (u)v = J' (IVu|P®=2VuVo + [u|P®2u)dz, Yu,ve X.
RN

J is a convex functional, J' : X — X* is a strictly monotone, bounded homeomorphism, and
is of (S+) type, namely, u, — v andlimsup,,_, . J'(un)(u, — u) < 0 implies u, — wu.
Lemma 2.3"%  Suppose

@, u)] <D bi(@)u] )7, W(z,u) € RN xR,
i=1
where b;(z) > 0, b; € L"@(RN) N L2RN), r;,q; € LP(RY),q; < p*, and there are s; €
L (RYN) such that
1 qi(x) _
ri(z)  six)
Then ¥ € C1(X,R) and ¥, ¥’ are weakly-strongly continuous, i.e., u,, — u implies ¥(u,,) —
U(u) and U (u,) — U'(u).

p(z) < si(x) < p*(@),
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Remark 2.4/'?l  Under the conditions in Lemmas 2.2 and 2.3, ¢’ = J' — ¥} — W} is the
sum of a (S+) type map and a weakly-strongly continuous map, so ¢’ is of (S+) type. To verify
that ¢ satisfies (PS) condition on X, it is enough to verify that any (PS) sequence is bounded.

As X is a separable and reflexive Banach space, there exist (see [27]) {e,}22; C X and
{fn}se; C X* such that

(1) (fn,em) =07, asn=m, 61" =1;as n #m, 6" = 0;

(ii) X =span{e,:n € N}, X* =span"” {fn,:n € N}.

For k=1,2,---, denote

k _
Xy =span{er}, Yi=@PX;, Zi=PX;. (2.1)
Jj=1 jzk

(12]

Lemma 2.5 Assume that ¥ : X — R is weakly-strongly continuous and ¥(0) =

0,7 > 0 is a given positive number. Set

Be=sup  [¥(u)],
u€Z; [lull<y

then B — 0 as kK — oo.

We will use the following the fountain theorem and the dual fountain theorem to prove
Theorem 2.1.

Proposition 2.6['2) (Fountain theorem, see [12, 28]) Assume

(A1) X is a Banach space, ¢ € C*(X,R) is an even functional, the subspaces Xy, Y) and
Zy, are defined by (2.1).

If for each k € N, there exist py > ri > 0 such that

(A2) inf o(u) — 400 as k — oo;
UE Z,||lull=rk

(A3) max  ¢(u) <0
€Yk, [lull=pk

(A4) ¢ satisfies (PS), condition for every ¢ > 0. Then ¢ has a sequence of critical values
tending to +o0.

Proposition 2.7!'?l  (Dual Fountain theorem, see [12, 28, 29]) Assume (A1) is satisfied
and there is a kg > 0 so as to for each k > kg, there exist px > r > 0 such that

(Bl  inf  p(u) > 0;
UE Zy, ||ull=ps

(B2) by := max  ¢(u) < 0;
u€Yy, [|ull=r
(B3) dy, := inf o(u) — 0 as k — oo;

uEZp,||ull<pr
(B4) ¢ satisfies (PS)Z condition for every ¢ € [dk,,0). Then ¢ has a sequence of negative

critical values converging to 0.

Remark 2.81'2 ¢ satisfying the (PS)} condition means that any sequence {u,,} C X
such that n; — oo,un; € Yy, p(un;) — c and (@|Yy,|)(un;) — 0, then {u,,} contains a
subsequence converging to critical point of (.

Lemma 2.9 If the assumptions in Theorem 2.1 hold, then ¢ satisfies (PS)¥ condition
for every ¢ € R.
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Proof Suppose {un, }n,>1 C X such that
nj — 00, Un, € Yn,, @un,) —c,  (¢Yn,) (tn,) — 0.
Then for n; large enough, we can find M; > 0 such that
lo(un,; )| < M. (2.2)

Since (¢|Yn;) (un;) — 0, we have (¢'(un,),un;) — 0. In particular, the sequence
{{¢' (un; ), tn;) }n;>1 is bounded. Thus there exists My > 0 such that

|<<p/(unj)5unj>| < M2- (23)

We claim that the sequence {uy,; }n;>1 is bounded.

|vunj |p(1) |unj|p(;n)
P\Un; ) = I Ly Un; I y Un; d
( ]) J N ( (fL') 1( u J) 2(17 U ])) x

- o(z)  u Vunp(z)+ u"p(z) - F Ly Un,; +_f Ty Up; )Un;
JRN ((p(iv) 1 ( n [, [) 1( ;) 7 1( §)Un;
1 1 Y .
— Fy(x,un;) + ;fg(:v, Un, )Un, + ;(|Vunj [P 4 i, (@)
1 1
- ;fl(x’u"j)u"j - ;f2(xaunj)unj) dz.

From the assumptions (F1) and (Fg), implies

) > [ (V0 0 i ) = (22 22 o)
+ (¢l ) =)
> (2,up+ (lvu"J |p @ + |un, |p(m))) dz + <<p'(unj), u;j >

+J (G (910, ), ) = (5 =) [
2

We claim that there exists c¢g > 0 such that

an 1 1
Jo (oo (19, P ) = (4 2= Y, 22 e > e

_ 1
In fact, denote L = max{l, (M a},Ql = {z € R : |u(z)| > L},Q2 = RV\Qy,

a0a2

where A = sup as(z). For Vu € Wr@) (RN)

zeRN
% p(@) _ ( 1 ) a2<m>)
U, — — Up, dx
J'Ql (Z/Ler | ! | Qo | |

= J ( a0 |unj|p(x) - (l + L_)A|unj|a2(z)) dz > 0.
Q

2upt oo
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By Young’s inequality, for Ve € (0,1), we have

ra(z) 1 p*(z) v (x)
a2\ )| Unp,. 042(17) g (az(x)) 2 + ElUnp,; a2(z) az(@) 2 .
2(@)]n,| ) g el ) B S
Then we obtain that
ao p(a) (1 1 ) az<z>)
U, — =+ —)az(x)|un, dx
ngz (2up+| /| By 2(2)lun|
p*(x)

1 1 r2(x) 1 1 . |27 (@) gz
>JQ ( 901y ) — (_+_) |az(z)|"™'") (_+_)Iu ;P Pgee Oéz(x))dx'
2

2upt ooy ) em2@ry(z) U p*(x)

+
Y2

— = — _p*t *—
Let € < min {1, (M) ! }, then

203 pt(ptoy)

o (o, I = (5 + = a2 ) o> |
Qo

2pp™ B ag Q2

dx =

2 e )

(1+ 1 )Iaz(x)l’““’

ay /) er2(@)p, (x)

From (2.2), (2.3) and Proposition 1.4, we conclude that

1 Unp,;
My +—Ms > <P(Unj) - <@/(unj)a . >
0 0
Qg
2up™

”unj ”Zf — Co,

ao z .
> JRN (2/Lp+ (lvu"f |p( )+ |unj|p( ))) dz —co >

—Cp-

which implies that the sequence {u,,}n;>1 C X is bounded. By passing a subsequence if

necessary, we can assume u,, — ug in X asn; — +o0o. As X = (JY,,,, we can choose v,,, € Yy,

such that v,; — ug. Hence
hm spl(unj)(unj - UO) = hm QOI(’U,nj)(’U,nj - Unj) + hm Sol(unj)(vnj - UO)
= hm (Soly’ﬂ])l(unj)(vnj - UO) = O

Noting that ¢’ = J' — U] — ¥} is of (S+) type, we have
Up, = ug and @' (un,) — ¢ (ug).
Next, we prove ¢’ (ug) = 0. Taking arbitrary wy € Yy, when n; > k, we have

(' (uo), wi) = (&' (u0) = @' (tn; ), wi) + (&' (un, ), wi)
= (¢'(u0) = @' (un; ), wi) + ((#lYn,) (tn; ), wi).

Taking limit on the right-hand side of the equation above, we obtain

(¢ (uo), wg) =0, Vwy €Y.

So we have ¢'(ug) = 0. Therefore, ¢ satisfies (PS) condition for every ¢ € R. Thus we

complete the proof.
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Proof of conclusion (1) Let us verify for ¢ the conditions in the fountain theorem 2.6
item by item. Obviously, because of the assumptions of (Fy), ¢ is an even functional. Similar
to the process of verifying the (PS)! condition in the proof of Lemma 2.9, we can get the
boundedness of {||u,||}, then ¢ satisfies (PS). condition by Remark 2.4. We will prove that if
k is large enough, then there exist py > 7 > 0 such that (A2) and (A3) hold.

(A2) For k=1,2,---, write

ai(x)

0F = sup J @ dz, i =1,2. (2.4)
vezy o<1 Jry @i(T)

Then 6 > 0 and 6% — 0 as k — co. Choosing u € Z;, and |lu > 1, we have

|VulP) 4 |u|p) & —J
RN

o(u) = J Fi(z,u) do — J Fy(w,u) dz

RN p(z) RN
p(z) p(z)
> J' |Vu| + |ul dx_J a1(z) |u|a1(z) dx_J as () |u|a2(z) dz
RN p(z) Ry 1(x) Ry Q2(x)
1 ot ot
> — oF ullP — (]| 0F — [Jul|*= 65.

For sufficiently large k, we have 65 < 2;%' As af < p~, we get

1

- +
plw) 2 gzl = llull™ 07
_ 1
Taking r, = (MW) =" let u € Zj and ||Ju|| = r, for sufficiently large k,
— p_ + — P
p af p— % —P | P
o) 2 () " Sprar o)
~ \2ptaf 2ptal \6F

Now 6% — 0 and af > p~ implies

in o(u) — 400 as k — 0.
u€Z, |lull=rk

(A3) Condition (Fs) implies Fy(x,tu) > t*Fi(z,u), Vt > 1. Choosing v € Y}, such that
|lv|| = 1, then for any ¢ > 1, we have

tv) = tv)de — Fy(z,tv)d
o(tv) J'RN @) (z,tv) da JRN o (z, tv) da
1

< —t —J Fi(z,tv) dz <
p RN

|Viv|P(®) + |tv|p(fﬂ) J'
L

- t“J' Fi(z,v)da.
RN

By virtue of IRN Fy(x,v)dz > 0 and pu > p*, there exist px > ry such that ¢t = pj concludes
©(tv) < 0, and then

max  ¢(u) <0.
wEYy, |lull=pk

Thus we complete the proof of Theorem 2.1(1).
Proof of conclusion (2) We use the dual fountain Theorem 2.7 to prove it. Obviously,

because of the assumptions of (Fy4), ¢ is an even functional and satisfies (PS)* condition (see
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Lemma 2.9). We need only to prove there exist px > 7 > 0 such that for sufficiently large k&
we have (B1)—(B3).
(B1) Let 6F be defined by (2.4), When v € Z;, and |lv|| =1 and 0 < t < 1, we have

1 _ _
pltv) > —t7" — oFtor — o5toz |
p

For sufficiently large k we have 0 < 21’%, as a; > p', thus

1 _
o(tv) > 2?151’* — ohtee (2.5)

1
Taking pp = (4pT05)?"~22 | then for sufficiently large k, let t = pp < 1,v € Zj, with |Jv]| = 1,
we have ¢(tv) > 0. So for sufficiently large k,

inf o(u) = 0.

UE Zy, ||ull=ps

(B2) Since Wol’p(x)(ﬂ) is the closure of C§°(Q2) in W1P()(Q), we may choose {V} : k =
1,2,---}, a sequence of finite dimensional vector subspaces of Wol’p(z) (Q) defined by (2.1), such
that Y3, C C§°(R2) for all k. As the norms on Y}, are equivalent each other, there exists ¢, € (0, 1)
such that v € Y, with [|v|| < ex implies [v|pe ) < 4. Set

Sé, ={v € Yi: vl = e},

the compactness of S’fk with condition (F3) concludes the existence of a constant dj such that

qo ()
J de >d, VveSE.
Q qo(x)

For v S’fk and for any 0 < ¢t < 1, we have

tolP@) L |ty |PE)
p(tv) < J Vo™ + [t dx —J Fy(x, tv) dx
Q p(x) Q

< itp’ &P _J' bo ()90 (®) |90 (®)
RN qo()

dz
< —tr & — 19 dy.
From qf < p~, there exists t; € (0, px) such that p(tv) < 0. Let r = trer < px, hence we get

by ;= max  (u) <O0.

uE Yk, ||ull=rk

(B3) Because Y, N Zx # 0 and r, < pg, we have

dy = inf u) < b =

i o(u) < by max (u) <O0.
u€Zp,|lull<pr u€Yp, [lull=rk

From (2.5), for v € Zy, ||v|| =1, 0 < ¢ < p, and u = tv

1 B _ _
p(u) = p(tv) > ZF#’* —05t% > 0512 > —03p,* > —03,
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= inf o(u) =0 as k— oc.
uEZ, [|ull<pr

Thus we complete the proof of Theorem 2.1(2).
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