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0 Introduction

In the recent years increasing attention has been paid to the study of differential and

partial differential equations involving variable exponent conditions. The interest in studying

such problems was stimulated by their applications in elastic mechanics, fluid dynamics and

calculus of variations. For more information on modelling physical phenomena by equations
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involving p(x)-growth condition we refer to [1–3]. The appearance of such physical models was

facilitated by the development of variable exponent Lebesgue and Sobolev spaces, Lp(x) and

W 1,p(x), where p(x) is a real-valued function. Variable exponent Lebesgue spaces appeared for

the first time in literature as early as 1931 in an article by Orlicz[4]. The spaces Lp(x) are special

cases of Orlicz spaces Lϕ originated by Nakano[5] and developed by Musielak and Orlicz[6,7],

where f ∈ Lϕ if and only if
∫

ϕ(x, |f(x)|)dx < ∞ for a suitable ϕ. Variable exponent Lebesgue

spaces on the real line have been independently developed by Russian researchers. In that

context we refer to the studies of Tsenov[8], Sharapudinov[9] and Zhikov[10,11].

Recently, Fan and Han[12], by using the fountain theorem and the dual fountain theorem,

respectively, studied the existence of solutions for p(x)-Laplacian equations in RN , assumed

that perturbation terms f1(x, u), f2(x, u) satisfy concave-convex nonlinearity and obtained the

existence and multiplicity of solutions. More recently, applying the mountain pass theorem,

Fu[13] constrained the nonlinear term f(x, u) in superlinear case and obtained the existence of

solutions for p(x)-Laplacian problem in an exterior domain Ω in RN with the Dirichlet boundary

condition. Fu and Zhang[14] got at least two non-trivial weak solutions for the p(x)-Laplacian

problem in RN via global minimizer method and the mountain pass theorem, assumed that

the nonlinear term f(x, u) in sublinear case. Fu and Zhang[15], with the aid of the symmetric

mountain pass theorem, got the multiplicity of solutions when one of the perturbation terms

f1(x, u), f2(x, u) is superlinear and satisfies the Ambrosetti-Rabinowitz type condition and the

other one is sublinear. Motivated by their works, the aim of this paper is to discuss the existence

and multiplicity of the following p(x)-Laplacian equation in RN

−∆p(x)u + |u|p(x)−2u = f1(x, u) + f2(x, u), x ∈ RN , u ∈ W 1,p(x)(RN ), (0.1)

where N > 2, p : RN → R is Lipschitz continuous, 1 < p− 6 p+ < N, fi : RN×R → R satisfies

Carathedory conditions (i = 1, 2). Our goal will be to obtain the existence and multiplicity of

solutions for (0.1) in the generalized Sobolev spaces W 1,p(x)(RN ) by using the fountain theorem

and the dual fountain theorem, respectively, under f1(x, u) and f2(x, u) satisfy appropriate

conditions. These results extend some of the results in [12–15]. We point out the presence

in (0.1) of the p(x)-Lapalce operator. This is a natural extension of the p-Laplace operator.

However, such generalizations are not trivial since the p(x)-Laplace operator possesses a more

complicated structure than p-Laplace operator, for example it is inhomogeneous. For related

results involving the Laplace operator, see [16, 17].

1 Preliminary

Let Ω be an open domain of RN , denote:

L∞
+ (Ω) = {p ∈ L∞(Ω) : ess inf

x∈Ω
p(x) > 1}.

For p ∈ L∞
+ (Ω), let

p+ = ess sup
x∈Ω

p(x), p− = ess inf
x∈Ω

p(x).
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On the basic properties of variable exponent Lebesgue and Sobolev spaces Lp(x)(Ω) and

W 1,p(x)(Ω), we refer to [18–22]. In the following, we display some facts which we will use

later.

Denoted by P (Ω) the set of all measurable real functions defined on Ω, elements in P (Ω)

which are equal to each other almost everywhere are considered as one element.

For p ∈ L∞
+ (Ω), define

Lp(x)(Ω) = {u ∈ P (Ω) :

∫
Ω

|u|p(x) dx < ∞},

with the norm

|u|Lp(x)(Ω) = |u|p(x) = inf
{

λ > 0 :

∫
Ω

∣

∣

u(x)

λ

∣

∣

p(x)
dx 6 1

}

,

and

W 1,p(x)(Ω) = {u ∈ Lp(x)(Ω) : |∇u| ∈ Lp(x)(Ω)},

with the norm

‖u‖W 1,p(x)(Ω) = |u|p(x) + |∇u|p(x).

Denoted by W
1,p(x)
0 (Ω) the closure of C∞

0 (Ω) in W 1,p(x)(Ω).

In this paper we will use the following equivalent norm on W 1,p(x)(Ω):

‖u‖ = inf
{

λ > 0 :

∫
Ω

∣

∣

∇u(x)

λ

∣

∣

p(x)
+

∣

∣

u(x)

λ

∣

∣

p(x)
dx 6 1

}

.

Proposition 1.1[23,24] The space Lp(x)(Ω) is a separable, uniformly convex Banach

space, and has conjugate space Lq(x)(Ω), where 1/q(x) + 1/p(x) = 1. For u ∈ Lp(x)(Ω) and

v ∈ Lq(x)(Ω), we have

∣

∣

∫
Ω

uv dx
∣

∣ 6

( 1

p−
+

1

q−

)

|u|p(x)|v|q(x) 6 2|u|p(x)|v|q(x).

Proposition 1.2[12] The spaces W 1,p(x)(Ω) and W
1,p(x)
0 (Ω) all are separable and reflex-

ive Banach spaces.

Proposition 1.3[12,23,25] Denote

ρ(u) =

∫
Ω

|u|p(x) dx, ∀u ∈ Lp(x)(Ω).

Then

(1) For u 6= 0, |u|p(x) = λ ⇔ ρ(u
λ
) = 1;

(2) |u|p(x) < 1(= 1; > 1) ⇔ ρ(u) < 1(= 1; > 1);

(3) |u|p(x) > 1 ⇒ |u|p
−

p(x) 6 ρ(u) 6 |u|p
+

p(x); |u|p(x) < 1 ⇒ |u|p
−

p(x) > ρ(u) > |u|p
+

p(x);

(4) |uk|p(x) → 0 ⇔ ρ(uk) → 0; |uk|p(x) → ∞ ⇔ ρ(uk) → ∞.

Proposition 1.4[12,23,25] Denote

I(u) =

∫
Ω

(|∇u|p(x) + |u|p(x)) dx, ∀u ∈ Lp(x)(Ω).
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Then

(1) For u 6= 0, ‖u‖ = λ ⇔ I(u
λ
) = 1;

(2) ‖u‖ < 1(= 1; > 1) ⇔ I(u) < 1(= 1; > 1);

(3) ‖u‖ > 1 ⇒ ‖u‖p−

6 I(u) 6 ‖u‖p+

; ‖u‖ < 1 ⇒ ‖u‖p−

> I(u) > ‖u‖p+

;

(4) ‖uk‖ → 0 ⇔ I(uk) → 0; ‖uk‖ → ∞ ⇔ I(uk) → ∞.

Proposition 1.5[12,23,26] If f : Ω × R → R is a Caratheodory function and satisfies

|f(x, s)| 6 a(x) + b|s|
p1(x)

p2(x) , for any x ∈ Ω, s ∈ R,

where a(x) ∈ Lp2(x)(Ω), and b > 0 is a constant, p1(x), p2(x) ∈ L∞
+ (Ω), then the Nemytsky

operator from Lp1(x)(Ω) to Lp2(x)(Ω) defined by (Nf (u))(x) = f(x, u(x)) is a continuous and

bounded operator.

Proposition 1.6[12] If p : Ω → R is Lipschitz continuous and p+ < N , then for q ∈

L∞
+ (Ω) with p(x) 6 q(x) 6 p∗(x), there is a continuous embedding W 1,p(x)(Ω) → Lq(x)(Ω),

here

p∗(x) =







Np(x)
N−p(x) , if p(x) < N,

∞, if p(x) > N.

For α, β ∈ P (Ω), use the symbol α ≪ β to denote ess inf
x∈Ω

(β(x) − α(x)) > 0.

Proposition 1.7[12] Let Ω be a bounded domain in RN , p ∈ C(Ω), p+ < N . Then for

any q ∈ L∞
+ (Ω) with q ≪ p∗, there is a compact embedding W 1,p(x)(Ω) → Lq(x)(Ω).

2 Assumptions and statements of the main result

For simplicity we write X = W 1,p(x)(RN), denote by un ⇀ u the weak convergence of

sequence un to u in X , denote by c and ci the generic positive constants.

u ∈ X is called a weak solution of (0.1) if

∫
RN

(|∇u|p(x)−2∇u∇v + |u|p(x)−2uv) dx =

∫
RN

(f1(x, u) + f2(x, u))v dx, ∀ v ∈ X.

The functional associated to problem (0.1) is

ϕ(u) =

∫
RN

|∇u|p(x) + |u|p(x)

p(x)
dx −

∫
RN

F1(x, u) dx −

∫
RN

F2(x, u) dx, ∀ v ∈ X,

where Fi(x, u) is denoted by

Fi(x, u) =

∫u

0

fi(x, s) ds, i = 1, 2.

By Lemma 2.2, Lemma 2.3 below, it is easy to see that the functional ϕ defined above is of

class C1(X,R), then

〈ϕ′(u), v〉 =

∫
RN

(|∇u|p(x)−2∇u∇v + |u|p(x)−2uv) dx −

∫
RN

(f1(x, u) + f2(x, u))v dx,
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so the critical points of ϕ are just the weak solutions of problem (0.1). Write

J(u) =

∫
RN

|∇u|p(x) + |u|p(x)

p(x)
dx, Ψi(u) =

∫
RN

Fi(x, u) dx, i = 1, 2,

then ϕ = J − Ψ1 − Ψ2. Now we state the assumptions on perturbation terms f1(x, u), f2(x, u)

for problem (0.1) are as follows:

(F1) fi : RN × R → R satisfies Caratheodory conditions and

|fi(x, u)| 6 ai(x)|u|αi(x)−1,

where 0 6 ai(x) ∈ Lri(x)(RN )
⋂

L∞(RN ), ri, αi ∈ L∞
+ (RN ), 1 < α−

2 6 α+
2 < p− 6 p+ <

α−
1 , α1 ≪ p∗, 1

ri(x) + αi(x)
p∗(x) = 1. denote a = infx∈RN (p(x) − α2(x)).

(F2) There is a positive constant µ > p+ satisfying a0 = infx∈RN (µ− p(x)) > 0 such that

0 < µF1(x, u) 6 f1(x, u)u, ∀x ∈ RN , u 6= 0.

(F3) ∃ δ > 0, 0 < b0 ∈ C(RN ,R), q0 ∈ L∞
+ (RN ), q+

0 < p− such that

f2(x, t) > b0(x)tq0(x)−1 for x ∈ RN , 0 < t 6 δ,

and F2(x, t) > 0 for x ∈ RN .

(F4) fi(x,−u) = −fi(x, u), ∀(x, u) ∈ RN × R, i=1,2.

Our main results as follows:

Theorem 2.1 Under assumptions (F1)–(F4), then

(1) Problems (0.1) have solutions {±uk}∞k=1 such that ϕ(±uk) → +∞ as k → ∞.

(2) Problems (0.1) have solutions {±vk}∞k=1 such that ϕ(±vk) < 0, ϕ(±vk) → 0 as k → ∞.

Before giving our proofs we first give several lemmas that will be used later.

Lemma 2.2[12] J ∈ C1(X,R) and the derivative operator, denote by J ′,

J ′(u)v =

∫
RN

(|∇u|p(x)−2∇u∇v + |u|p(x)−2uv) dx, ∀u, v ∈ X.

J is a convex functional, J ′ : X → X∗ is a strictly monotone, bounded homeomorphism, and

is of (S+) type, namely, un ⇀ u and lim supn→∞ J ′(un)(un − u) 6 0 implies un → u.

Lemma 2.3[12] Suppose

|f(x, u)| 6

m
∑

i=1

bi(x)|u|qi(x)−1, ∀(x, u) ∈ RN × R,

where bi(x) > 0, bi ∈ Lri(x)(RN ) ∩ L∞(RN ), ri, qi ∈ L∞
+ (RN ), qi ≪ p∗, and there are si ∈

L∞
+ (RN ) such that

p(x) 6 si(x) 6 p∗(x),
1

ri(x)
+

qi(x)

si(x)
= 1.

Then Ψ ∈ C1(X,R) and Ψ, Ψ′ are weakly-strongly continuous, i.e., un ⇀ u implies Ψ(un) →

Ψ(u) and Ψ′(un) → Ψ′(u).
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Remark 2.4[12] Under the conditions in Lemmas 2.2 and 2.3, ϕ′ = J ′ − Ψ′
1 − Ψ′

2 is the

sum of a (S+) type map and a weakly-strongly continuous map, so ϕ′ is of (S+) type. To verify

that ϕ satisfies (PS) condition on X , it is enough to verify that any (PS) sequence is bounded.

As X is a separable and reflexive Banach space, there exist (see [27]) {en}∞n=1 ⊂ X and

{fn}∞n=1 ⊂ X∗ such that

(i) 〈fn, em〉 = δm
n , as n = m, δm

n = 1; as n 6= m, δm
n = 0;

(ii) X = span{en : n ∈ N}, X∗ = spanW∗

{fn : n ∈ N}.

For k = 1, 2, · · · , denote

Xk = span{ek}, Yk =
k

⊕

j=1

Xj , Zk =
⊕

j>k

Xj . (2.1)

Lemma 2.5[12] Assume that Ψ : X → R is weakly-strongly continuous and Ψ(0) =

0, γ > 0 is a given positive number. Set

βk = sup
u∈Zk,‖u‖6γ

|Ψ(u)|,

then βk → 0 as k → ∞.

We will use the following the fountain theorem and the dual fountain theorem to prove

Theorem 2.1.

Proposition 2.6[12] (Fountain theorem, see [12, 28]) Assume

(A1) X is a Banach space, ϕ ∈ C1(X,R) is an even functional, the subspaces Xk, Yk and

Zk are defined by (2.1).

If for each k ∈ N , there exist ρk > rk > 0 such that

(A2) inf
u∈Zk,‖u‖=rk

ϕ(u) → +∞ as k → ∞;

(A3) max
u∈Yk,‖u‖=ρk

ϕ(u) 6 0;

(A4) ϕ satisfies (PS)c condition for every c > 0. Then ϕ has a sequence of critical values

tending to +∞.

Proposition 2.7[12] (Dual Fountain theorem, see [12, 28, 29]) Assume (A1) is satisfied

and there is a k0 > 0 so as to for each k > k0, there exist ρk > rk > 0 such that

(B1) inf
u∈Zk,‖u‖=ρk

ϕ(u) > 0;

(B2) bk := max
u∈Yk,‖u‖=rk

ϕ(u) < 0;

(B3) dk := inf
u∈Zk,‖u‖6ρk

ϕ(u) → 0 as k → ∞;

(B4) ϕ satisfies (PS)∗c condition for every c ∈ [dk0 , 0). Then ϕ has a sequence of negative

critical values converging to 0.

Remark 2.8[12] ϕ satisfying the (PS)∗c condition means that any sequence {unj
} ⊂ X

such that nj → ∞, unj
∈ Ynj

, ϕ(unj
) → c and (ϕ|Ynj

|)(unj
) → 0, then {unj

} contains a

subsequence converging to critical point of ϕ.

Lemma 2.9 If the assumptions in Theorem 2.1 hold, then ϕ satisfies (PS)∗c condition

for every c ∈ R.
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Proof Suppose {unj
}nj>1 ⊂ X such that

nj → ∞, unj
∈ Ynj

, ϕ(unj
) → c, (ϕ|Ynj

)′(unj
) → 0.

Then for nj large enough, we can find M1 > 0 such that

|ϕ(unj
)| 6 M1. (2.2)

Since (ϕ|Ynj
)′(unj

) → 0, we have 〈ϕ′(unj
), unj

〉 → 0. In particular, the sequence

{〈ϕ′(unj
), unj

〉}nj>1 is bounded. Thus there exists M2 > 0 such that

|〈ϕ′(unj
), unj

〉| 6 M2. (2.3)

We claim that the sequence {unj
}nj>1 is bounded.

ϕ(unj
) =

∫
RN

( |∇unj
|p(x) + |unj

|p(x)

p(x)
− F1(x, unj

) − F2(x, unj
)
)

dx

=

∫
RN

(( 1

p(x)
−

1

µ

)

(|∇unj
|p(x) + |unj

|p(x)) − F1(x, unj
) +

1

µ
f1(x, unj

)unj

− F2(x, unj
) +

1

µ
f2(x, unj

)unj
+

1

µ
(|∇unj

|p(x) + |unj
|p(x))

−
1

µ
f1(x, unj

)unj
−

1

µ
f2(x, unj

)unj

)

dx.

From the assumptions (F1) and (F2), implies

ϕ(unj
) >

∫
RN

( a0

µp+
(|∇unj

|p(x) + |unj
|p(x)) −

(a2(x)

µ
+

a2(x)

α2(x)

)

|unj
|α2(x)

)

dx

+
〈

ϕ′(unj
),

unj

µ

〉

>

∫
RN

( a0

2µp+
(|∇unj

|p(x) + |unj
|p(x))

)

dx +
〈

ϕ′(unj
),

unj

µ

〉

+

∫
RN

( a0

2µp+
(|∇unj

|p(x) + |unj
|p(x)) −

( 1

µ
+

1

α−
2

)

a2(x)|unj
|α2(x)

)

dx.

We claim that there exists c0 > 0 such that

∫
RN

( a0

2µp+
(|∇unj

|p(x) + |unj
|p(x)) −

( 1

µ
+

1

α−
2

)

a2(x)|unj
|α2(x)

)

dx > −c0.

In fact, denote L = max
{

1,
(

2Ap+(α−

2 +µ)

a0α
−

2

)
1
a
}

, Ω1 = {x ∈ RN : |u(x)| > L}, Ω2 = RN\Ω1,

where A = sup
x∈RN

a2(x). For ∀u ∈ W 1,p(x)(RN)

∫
Ω1

( a0

2µp+
|unj

|p(x) −
( 1

µ
+

1

α−
2

)

a2(x)|unj
|α2(x)

)

dx

>

∫
Ω1

( a0

2µp+
|unj

|p(x) −
( 1

µ
+

1

α−
2

)

A|unj
|α2(x)

)

dx > 0.
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By Young’s inequality, for ∀ ε ∈ (0, 1), we have

a2(x)|unj
|α2(x)

6

(a2(x)

ε

)r2(x) 1

r2(x)
+ (ε|unj

|α2(x))
p∗(x)
α2(x)

α2(x)

p∗(x)
.

Then we obtain that
∫
Ω2

( a0

2µp+
|unj

|p(x) −
( 1

µ
+

1

α−
2

)

a2(x)|unj
|α2(x)

)

dx

>

∫
Ω2

( a0

2µp+
|unj

|p(x) −
( 1

µ
+

1

α−
2

) |a2(x)|r2(x)

εr2(x)r2(x)
−

( 1

µ
+

1

α−
2

) |unj
|p

∗(x)ε
p∗(x)
α2(x) α2(x)

p∗(x)

)

dx.

Let ε < min

{

1,

(

a0α
−

2 p∗−Lp−
−p∗+

2α+
2 p+(µ+α−

2 )

)

α
+
2

p∗−

}

, then

∫
Ω2

( a0

2µp+
|unj

|p(x) −
( 1

µ
+

1

α−
2

)

a2(x)|unj
|α2(x)

)

dx > −

∫
Ω2

( 1

µ
+

1

α−
2

) |a2(x)|r2(x)

εr2(x)r2(x)
dx = −c0.

From (2.2), (2.3) and Proposition 1.4, we conclude that

M1 +
1

µ
M2 > ϕ(unj

) −
〈

ϕ′(unj
),

unj

µ

〉

>

∫
RN

( a0

2µp+
(|∇unj

|p(x) + |unj
|p(x))

)

dx − c0 >
a0

2µp+
‖unj

‖p−

− c0,

which implies that the sequence {unj
}nj>1 ⊂ X is bounded. By passing a subsequence if

necessary, we can assume unj
⇀ u0 in X as nj → +∞. As X =

⋃

nj

Ynj
, we can choose vnj

∈ Ynj

such that vnj
→ u0. Hence

lim
nj→∞

ϕ′(unj
)(unj

− u0) = lim
nj→∞

ϕ′(unj
)(unj

− vnj
) + lim

nj→∞
ϕ′(unj

)(vnj
− u0)

= lim
nj→∞

(ϕ|Ynj
)′(unj

)(vnj
− u0) = 0.

Noting that ϕ′ = J ′ − Ψ′
1 − Ψ′

2 is of (S+) type, we have

unj
→ u0 and ϕ′(unj

) → ϕ′(u0).

Next, we prove ϕ′(u0) = 0. Taking arbitrary wk ∈ Yk, when nj > k, we have

〈ϕ′(u0), wk〉 = 〈ϕ′(u0) − ϕ′(unj
), wk〉 + 〈ϕ′(unj

), wk〉

= 〈ϕ′(u0) − ϕ′(unj
), wk〉 + 〈(ϕ|Ynj

)′(unj
), wk〉.

Taking limit on the right-hand side of the equation above, we obtain

〈ϕ′(u0), wk〉 = 0, ∀wk ∈ Yk.

So we have ϕ′(u0) = 0. Therefore, ϕ satisfies (PS)∗c condition for every c ∈ R. Thus we

complete the proof.
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Proof of conclusion (1) Let us verify for ϕ the conditions in the fountain theorem 2.6

item by item. Obviously, because of the assumptions of (F4), ϕ is an even functional. Similar

to the process of verifying the (PS)∗c condition in the proof of Lemma 2.9, we can get the

boundedness of {‖un‖}, then ϕ satisfies (PS)c condition by Remark 2.4. We will prove that if

k is large enough, then there exist ρk > rk > 0 such that (A2) and (A3) hold.

(A2) For k = 1, 2, · · · , write

θk
i = sup

v∈Zk,‖v‖61

∫
RN

ai(x)

αi(x)
|v|αi(x) dx, i = 1, 2. (2.4)

Then θk
i > 0 and θk

i → 0 as k → ∞. Choosing u ∈ Zk and ‖u‖ > 1, we have

ϕ(u) =

∫
RN

|∇u|p(x) + |u|p(x)

p(x)
dx −

∫
RN

F1(x, u) dx −

∫
RN

F2(x, u) dx

>

∫
RN

|∇u|p(x) + |u|p(x)

p(x)
dx −

∫
RN

a1(x)

α1(x)
|u|α1(x) dx −

∫
RN

a2(x)

α2(x)
|u|α2(x) dx

>
1

p+
‖u‖p−

− ‖u‖α
+
1 θk

1 − ‖u‖α
+
2 θk

2 .

For sufficiently large k, we have θk
2 < 1

2p+ . As α+
2 < p−, we get

ϕ(u) >
1

2p+
‖u‖p−

− ‖u‖α
+
1 θk

1 .

Taking rk =
(

p−

2p+α
+
1 θk

1

)

1

α
+
1

−p−

, let u ∈ Zk and ‖u‖ = rk, for sufficiently large k,

ϕ(u) >

( p−

2p+α+
1

)

p−

α
+
1

−p− α+
1 − p−

2p+α+
1

( 1

θk
1

)

p−

α
+
1

−p−

.

Now θk
1 → 0 and α+

1 > p− implies

inf
u∈Zk,‖u‖=rk

ϕ(u) → +∞ as k → ∞.

(A3) Condition (F2) implies F1(x, tu) > tµF1(x, u), ∀ t > 1. Choosing v ∈ Yk such that

‖v‖ = 1, then for any t > 1, we have

ϕ(tv) =

∫
RN

|∇tv|p(x) + |tv|p(x)

p(x)
dx −

∫
RN

F1(x, tv) dx −

∫
RN

F2(x, tv) dx

6
1

p−
tp

+

−

∫
RN

F1(x, tv) dx 6
1

p−
tp

+

− tµ
∫
RN

F1(x, v) dx.

By virtue of
∫
RN F1(x, v) dx > 0 and µ > p+, there exist ρk > rk such that t = ρk concludes

ϕ(tv) 6 0, and then

max
u∈Yk,‖u‖=ρk

ϕ(u) 6 0.

Thus we complete the proof of Theorem 2.1(1).

Proof of conclusion (2) We use the dual fountain Theorem 2.7 to prove it. Obviously,

because of the assumptions of (F4), ϕ is an even functional and satisfies (PS)∗c condition (see
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Lemma 2.9). We need only to prove there exist ρk > rk > 0 such that for sufficiently large k

we have (B1)–(B3).

(B1) Let θk
i be defined by (2.4), When v ∈ Zk and ‖v‖ = 1 and 0 < t < 1, we have

ϕ(tv) >
1

p+
tp

+

− θk
1 tα

−

1 − θk
2 tα

−

2 .

For sufficiently large k we have θk
1 < 1

2p+ , as α−
1 > p+, thus

ϕ(tv) >
1

2p+
tp

+

− θk
2 tα

−

2 . (2.5)

Taking ρk = (4p+θk
2 )

1

p+
−α

−

2 , then for sufficiently large k, let t = ρk < 1, v ∈ Zk with ‖v‖ = 1,

we have ϕ(tv) > 0. So for sufficiently large k,

inf
u∈Zk,‖u‖=ρk

ϕ(u) > 0.

(B2) Since W
1,p(x)
0 (Ω) is the closure of C∞

0 (Ω) in W 1,p(x)(Ω), we may choose {Yk : k =

1, 2, · · · }, a sequence of finite dimensional vector subspaces of W
1,p(x)
0 (Ω) defined by (2.1), such

that Yk ⊂ C∞
0 (Ω) for all k. As the norms on Yk are equivalent each other, there exists ǫk ∈ (0, 1)

such that v ∈ Yk with ‖v‖ 6 ǫk implies |v|L∞(Ω) 6 δ. Set

Sk
ǫk

= {v ∈ Yk : ‖v‖ = ǫk},

the compactness of Sk
ǫk

with condition (F3) concludes the existence of a constant dk such that

∫
Ω

b0(x)|v|q0(x)

q0(x)
dx > dk, ∀ v ∈ Sk

ǫk
.

For v ∈ Sk
ǫk

and for any 0 < t < 1, we have

ϕ(tv) 6

∫
Ω

|∇tv|p(x) + |tv|p(x)

p(x)
dx −

∫
Ω

F2(x, tv) dx

6
1

p−
tp

−

ǫp−

k −

∫
RN

b0(x)tq0(x)|v|q0(x)

q0(x)
dx

6
1

p−
tp

−

ǫp−

k − tq
+
0 dk.

From q+
0 < p−, there exists tk ∈ (0, ρk) such that ϕ(tv) < 0. Let rk = tkǫk < ρk, hence we get

bk := max
u∈Yk,‖u‖=rk

ϕ(u) < 0.

(B3) Because Yk ∩ Zk 6= ∅ and rk < ρk, we have

dk := inf
u∈Zk,‖u‖6ρk

ϕ(u) 6 bk := max
u∈Yk,‖u‖=rk

ϕ(u) < 0.

From (2.5), for v ∈ Zk, ‖v‖ = 1, 0 6 t 6 ρk and u = tv

ϕ(u) = ϕ(tv) >
1

2p+
tp

+

− θk
2 tα

−

2 > −θk
2tα

−

2 > −θk
2ρ

α
−

2

k > −θk
2 ,
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hence

dk := inf
u∈Zk,‖u‖6ρk

ϕ(u) → 0 as k → ∞.

Thus we complete the proof of Theorem 2.1(2).
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