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HE Chang-xiang, ZHOU Min

(College of Science, University of Shanghai for Science and Technology,

Shanghai 200093, China)

Abstract: We showed that: If G is a non-bipartite connected graph, then q(G) >
1

n(D+1)
,

where g(G) is the least Q-eigenvalue of G, and D is the diameter of G. Some relations

between the least Q-eigenvalue of G and that of its subgraph were given.
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0 Ú ó

� G = (V, E) ´k n �º:�{üëÏã, Ù¥ V = {v1, v2, · · · , vn}´º:8Ü.

ã G � � � Ý 
 ½ Â�� � n × n Ý 
 A(G) = (aij), Ù ¥ � vi Ú vj � � � aij = 1;

� vi Ú vj Ø��� aij = 0. e G ´��{üã, K A(G) ´��¢é¡� (0, 1) -Ý
�

§�Ìé��þ�����". - d(vi) L« G ¥º: vi �Ý, ã G �.Ê.dÝ
½Â

�L(G) = D(G) − A(G), Ù¥ D(G) = diag(d(v1), d(v2), · · · , d(vn)) ¡�ã G �Ýé�Ý
.

¡ Q(G) = D(G) + A(G)�G �ÃÎÒ.Ê.dÝ
½ Q -Ý
. e G ´ëÏã, K Q(G) ´

����½Ý
, = Q(G) �A�� q1(G) > q2(G) > · · · > qn(G) > 0[1]. ��Bå�, �©

P q(G) = qn(G), ¡�G ��� Q -A��. e G ´�Üã, K L(G) � Q(G) j�q, lk

�Ó�A��. ��¡ q1(G)�G �ÃÎÒ.Ê.dÌ�»½ Q -Ì�». 'uÃÎÒ.Ê.

dÌ�»�ïÄ�ë�©z[2-5]�. 8c'uëÏã��� Q -A���ïÄ�'��. ©

z[6]y²
3�ê�n���Üã¥, ã E(3,n−3) (d C3 l�þ,:�Ñ�^��n− 3 �]

!´���ã)��� Q -A����, l�Ò�Ñ
��Üã��� Q -A������

�êk'���e.. Édéu,·��òïÄ��Üã��� Q -A���e..
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�©�(�Xe: 31 1 !¥, y² q(G) >
1

n(D+1) , Ù¥ n´ G ��ê, D ´ G ��».

31 2 !¥, ©OïÄ G��� Q -A���Ù�:fãÚ�>fã��� Q -A���m�

'X.

1 ��Üã���Q-A���Ù�»�'X

ã G ¥ü:m���ål¡�G��». 3�!¥, ·�|^��Üã�(�A:, �

Ñ
��Üã��� Q -A�� q(G) ����ã��»k'�e..

½½½nnn 1.1 �G´���»�D � n �ëÏã, e G Ø´�Üã, K q(G) > 1
n(D+1) .

yyy ²²² � x = (x1, x2, · · · , xn)T ´ Q(G) = D(G) + A(G) �éAu q(G)�ü A

��þ.  y x ¥Qk�©þ�kK©þ. �â Perron-Frobenius½n, Q(G) ���A�

� q1(G) �3��©þ���A��þ, P�y. du D(G) + A(G)´��¢é¡Ý
, §�

éAuØÓA���A��þ´���, ¤± x � y ��. du y �©þ���, x ��"©

þØ�U���, ½��K, � x Qk�©þ�kK©þ.

Ø�� x1 > 0, � x1 ´ x = (x1, x2, · · · , xn)T ¥ýé����©þ. du
n∑

i=1

x2
i = 1,

 x1 �ýé�q��, ¤± x2
1 >

1
n
. Px ¥¤k�©þéA�:8Ü�X , ¿P Y �Ù{:

�¤�8Ü, = Y = V \X . du G Ø´�Üã, ¤± X , Y ÑØ´Õá8, =�3> vivj , Ù

º: vi, vj éA� x¥�©þ xi, xj Ñ´��½Ñ´���. e¡©ü«�¹5?Ø.

���/// 1 xi > 0, xj > 0

Ø�� v1v2 · · · vi ´: v1 �8Ü {vi, vj}��á´(w, i 6 D + 1), ��Bå�, - j =

i + 1, éw, i, j ���óê. � v1v2 · · · vk ´ v1v2 · · · vivi+1 �f´, : vk éA� x¥�©

þ xk > 0, � k ´óê(ù�� ko´�3�, Ï�§���� i, i + 1 ¥���), k 6 D + 2.

d Cauchy-SchwartzØ�ª, ��

q(G) = xT(D(G) + A(G))x =
∑

vsvt∈E(G)

(xs + xt)
2

>

k−1∑

ℓ=1

(xℓ + xℓ+1)
2

>
1

k − 1

( k−1∑

ℓ=1

| xℓ + xℓ+1 |
)2

>
1

k − 1
[(x1 + x2) + (−x2 − x3) + (x3 + x4) + (−x4 − x5) + · · · + (xk−1 + xk)]2

=
1

k − 1
(x1 + xk)2 >

x2
1

D + 1
>

1

n(D + 1)
.

���/// 2 xi 6 0, xj 6 0

��/1aq, G ¥�3´ v1v2 · · · vk, : vk éA� x ¥�©þ xk 6 0, � k ´Ûê,
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k 6 D + 2. d Cauchy-SchwartzØ�ª, k

q(G) = xT(D(G) + A(G))x =
∑

vsvt∈E(G)

(xs + xt)
2

>

k−1∑

ℓ=1

(xℓ + xℓ+1)
2

>
1

k − 1

( k−1∑

ℓ=1

| xℓ + xℓ+1 |
)2

>
1

k − 1
[(x1 + x2) + (−x2 − x3) + (x3 + x4) + (−x4 − x5) + · · · + (−xk−1 − xk)]2

=
1

k − 1
(x1 − xk)2 >

x2
1

D + 1
>

1

n(D + 1)
.

2 fã���Q-A��

� A ´�� n�¢é¡Ý
, ·�± λ1(A) > λ2(A) > · · · > λn(A) L« A � n �A�

�. ±eÚn´ Courant-Fisher½n3é¡
Ú�Ì�¡����A^.

ÚÚÚnnn 2.1
[1] �A = B + C, A, B, C þ�n �¢é¡Ý
, e C Tk t ��A��, K

k λk(B) > λk+t(A) (1 6 k 6 n − t).

½½½nnn 2.1 � G �� n �ëÏã, 1 6 k 6 n + 1 ´��g,ê, H d G O\��: u, ¿

ò u � G ¥ 1 6 t < k �:�ë���ã, K qk(H) 6 qk−t(G).

yyy ²²² Ø�� u ´ H �1 n + 1 �º:(H ¥Ù{:� G¥:�?Ò�Ó), Ø�

� H ¥� u :����:´ v1, · · · , vt, K

Q(H) =

(

Q(G) O

O O

)

+






It Ot×(n−t) et

O(n−t)×t O(n−t)×(n−t) O(n−t)×1

eT
t O1×(n−t) t




 =

(

Q(G) O

O O

)

+ M .

Ù¥ It� t �ü 
, O�0Ý
, et = (1, 1, · · · 1)T� t��1�þ. ²O� M � n + 1 �A�

��

0, · · · , 0, 1, · · · , 1
︸ ︷︷ ︸

n−t+1

︸ ︷︷ ︸

t−1
, t + 1,

� M Tk t ��A��. dÚn3.1, � qk(H) 6 qk−t(G).

3±þ½n¥, A� t = 1, k = n + 1 =��XeíØ.

íííØØØ 2.1 � G �� n �ëÏã, H ´d G O\��: u, ¿ò u � G ¥��:�ë�

��ã, K q(H) 6 q(G).

½½½ÂÂÂ 2.1 eã G1, G2 ÷v V (G1) = V (G2), ½Âã G1 ∪ G2�V (G1 ∪ G2) = V (G1) =

V (G2), E(G1 ∪ G2) = E(G1) ∪ E(G2).

½½½nnn 2.2 �ã G1, G2 äk�Ó�º:8, �>8pØ��, K q(G1 ∪ G2) > q(G1) +

q(G2).

yyy ²²² � x ´ G1 ∪ G2 éAu q(G1 ∪ G2) �ü A��þ, Kk

q(G1 ∪ G2) = xTQ(G1 ∪ G2)x = xT[Q(G1) + Q(G2)]x

= xTQ(G1)x + xTQ(G2)x > min xTQ(G1)x + min xTQ(G2)x

= q(G1) + q(G2).
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dþ¡ù�½n, �±��XeíØ.

íííØØØ 2.2 � G ��º:ê�u�u 2�ã, e ∈ E(G), K q(G) > q(G − e).

yyy ²²² �ã G ��ê�n, 3½n2.2¥, � G1 = G − e, G2�d P2 Ú (n − 2) ��á

:�¤�ã, K G1 ∪ G2 = G, � q(G2) = 0. d½n2.2�, q(G) > q(G1) + q(G2) = q(G − e).

�,ù�íØ, ��±dQ-Ì���½n��.

3½n 2.2 ¥, G1, G2 Ñ�±w¤´ G��>fã. ù�, ½n 2.2 Ò�±8(��é{:

)¤fã��� Q -A��Ø�L�ã��� Q -A��. =: e V (G1) = V (G2), E(G1) ⊆

E(G2), K q(G1) 6 q(G2). �e5�Ä�:fã��� Q-A����ã��� Q-A���

m�'X. � u ∈ V (G), ± G − u L«d G �K: u 9�: u �'é�¤k>���ã.

½½½ nnn 2.3 � G ´ n � ë Ï ã, (x1, x2, · · · , xn)T ´ � A u q(G) � ü A � � þ,

u ´ G ¥?¿�:, K q(G) > q(G − u)(1 − x2
u).

yyy ²²² e x2
u = 1, (Øw,¤á. �±eb� x2

u < 1 =
∑

v∈V (G−u)

x2
v 6= 0. du

q(G) = xTQ(G)x =
∑

vw∈E(G)

(xv + xw)2

=
∑

vw∈E(G−u)

(xv + xw)2 +
∑

v∈NG(u)

(xv + xu)2,

q

P

vw∈E(G−u)

(xv+xw)2

P

v∈V (G−u)

x2
v

> q(G − u), =

∑

vw∈E(G−u)

(xv + xw)2 > q(G − u)
∑

v∈V (G−u)

x2
v = q(G − u)(1 − x2

u),

lk

q(G) > q(G − u)(1 − x2
u) +

∑

v∈NG(u)

(xv + xu)2 > q(G − u)(1 − x2
u).

±þ½n¥�Ø�ª3�o�¹e���ÒQ? �,éJéÑ�Ò¤á�¿�^�, �

�´U�Ñ�
¿©^��, X G ´�Üã, x2
u = 1 �. 3k
�ÿ(X3AÏãa¥Ïéä

k�� Q -A���4ã) (Ø¥î�Ø�Ò¤á�^�½N�k^?. �e5, ·�Ò�Ñ

��î�Ø�Ò¤á�¿©^�.

ÚÚÚnnn 2.2
[2] e G ´ëÏã, K q(G) = 0 ��=� G ´�Üã.

½½½nnn 2.4 � G ´ n �ëÏã, � G Ø´�Üã, (x1, x2, · · · , xn)T ´�Au q(G) �ü 

A��þ. e: u ÷v xu = min{x1, x2, · · · , xn}, K q(G) > q(G − u)(1 − x2
u).

yyy ²²² d ½ n 2.3 � y ² �, ·� � I y ²
∑

v∈NG(u)

(xv + xu)2 > 0. e Ø ,, b

�
∑

v∈NG(u)

(xv + xu)2 = 0, K k é ? ¿ v ∈ NG(u) Ñ k xv = −xu. d � q(G)xu =

duxu +
∑

v∈NG(u)

xv =
∑

v∈NG(u)

(xu + xv) = 0§du GØ´�Üã, q(G) 6= 0, � xu = 0. ,	d

u x = (x1, x2, · · · , xn)T � q1(G) �A��þ��, � x ¥Qk�©þ�kK©þ, d xu ��

{� xu < 0. gñ.
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ÚÚÚnnn 2.3 � G ´ n �ëÏã, ��Ý� δ, e (x1, · · · , xn)T ´�Au q(G) �ü A�

�þ, K

min{x2
1, · · · , x2

n} 6
2δ2

q2(G) + 2(n − δ − 1)δ2
.

yyy ²²² � σ2 = min{x2
1, · · · , x2

n}. e σ2 = 0, (Øw,¤á. �±eb� σ2 > 0,

� u ∈ V (G) � d(u) = δ, Kk

q2(G)σ2
6 q2(G)x2

u =
(

δxu +
∑

i∈N(u)

xi

)2

6 2δ
( ∑

i∈N(u)

x2
i + δx2

u

)

6 2δ2
( ∑

i∈N(u)

x2
i + x2

u

)

= 2δ2
(

1 −
∑

j∈V (G)\N [u]

x2
j

)

6 2δ2[1 − (n − 1 − δ)σ2]

= 2δ2 − 2(n − 1 − δ)δ2σ2.

�σ2 6
2δ2

q2(G)+2(n−δ−1)δ2 .

d½n 2.3Ú±þÚn, �±��

½½½nnn 2.5 � n �ëÏã G ���Ý� δ, qn(G) = q(G), (x1, · · · , xn)T ´�Au q(G) �

ü A��þ. e: u ÷v x2
u = min{x2

1, · · · , x2
n}, K

q(G) > q(G − u)
[

1 −
2δ2

q2(G) + 2(n − δ − 1)δ2

]

.
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