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Á�: � {fn} ´«� D S�æX¼ê�, Ù":�­?þ > 3, �þ=k��­?4:. {hn}

´ D S�æX¼ê�, � hn ⇒ h u D, h 6≡ ∞, h 6= 0. e f ′

n
6= hn, K {fn} 3 D S�5.
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Normal families on sequence of omitted functions

YANG Liu, CHEN Qiao-yu

(Department of Mathematics, East China Normal University, Shanghai 200241, China)

Abstract: Let {fn} be a sequence of meromorphic functions on a domain D, all of whose

zeros have multiplicity at least 3,and each of which has a multiple pole. Let {hn} be

a sequence of meromorphic functions on D, such that {hn} converges spherically locally

uniformly to a function h which is meromorphic and zero-free on D. If f ′

n
6= hn, then {fn}

is normal on D.
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½½½nnn D
[6] � F ´«� D S�æX¼êx,Ù¤k":Ú4:þ�­?�. h(z) ´ D

S�æX¼ê,�h(z) 6≡ ∞, h(z) 6= 0. eéuz� f ∈ F , f ′ 6= h. K F 3 D S�5.

�©3®k(J�Ä:þ, �Äò~	¼êí2�¼ê�, ��e¡�(J. y²L§

¥^�
êÆ8B{. ¿�E~1`²~	¼ê��~	¼êkX���ØÓ.

½½½nnn 1 � {fn} ´«� D S�æX¼ê�, Ù":�­?þ > 3, �=k��­?4

:. {hn} ´ D S�æX¼ê�, � hn ⇒ h u D, h 6≡ ∞, h 6= 0. e f ′
n 6= hn, K {fn} 3 D S

�5.

~ 1 � {fn}, {hn}´ü �� ∆ Sü�æX¼ê, Ù¥

fn(z) =
n(z − 1/n)2

2z2
, hn(z) =

1

(z − ei2π/3/n)(z − ei4π/3/n)
.

� hn(z) ⇒ h(z) = 1/z2 6= 0. du fn � hn Ãú�4:�

f ′
n(z) − hn(z) =

− 1
n3

z3(z − ei2π/3/n)(z − ei4π/3/n)
6= 0,

K f ′
n 6= hn. � {fn} 3 z = 0 ?Ø�5.

þ¡�~f�`², ½n1¥é {fn} ":­?��¦ØUü$.

1. Ún

©¥¤�9�ÎÒþ��©ÙnØ¥~��ÎÒ, X: fn ⇒ f u D, L«æX¼ê�

{fn} 3«� D SU¥åS4��Âñu f ; ∆r := {z ∈ C : |z| < r}, ∆′
r := {z ∈ C : 0 < |z| <

r}, r = 1�©OP ∆1, ∆
′
1 � ∆, ∆′; n(r, 1

f )�n(r, f), ©OL«æX¼ê f 3 ∆r S":oê

(O­?)Ú4:oê (O­?). d	, ·��I�e¡A�Ún:

ÚÚÚnnn 1.1
[7] � f(z) ´ C þ����æX¼ê, Ù":Ú4:Øk��	þ�­?,

Q(6≡ 0) ´��kn¼ê. K f ′ − Q kÃ¡õ�":.

ÚÚÚnnn 1.2
[6] � {fn} ´«�S�æX¼ê�, Ù":Ú4:þ�­?. {bn} ´ D S�

�X¼ê�, � bn(z) ⇒ b(z) u D, b(z) 6= 0. e f ′
n 6= bn. K {fn} 3 D S�5.

ÚÚÚnnn 1.3
[8] � {fn}, {hn} þ´«� D S�æX¼ê�, f(z), h(z) þ´«� D S�æ

X¼ê. e fn ⇒ f, hn ⇒ h u D, � f ′
n 6= hn. K3 D S, ½ö f ′ ≡ h, ½ö f ′ 6= h.

yyy ²²² b�3 D S, f ′ 6≡ h. K8Ü E = {z : f(z) = ∞, ½h(z) = ∞}, 9F = E ∪ {z :

f ′(z) − h(z) = 0}þ3 D SÃà:. d^�, k

0 6= f ′
n(z) − hn(z) ⇒ f ′(z) − h(z), uD − E.

Ïd, 1
f ′

n(z)−hn(z) ⇒ 1
f ′(z)−h(z) , uD − F. 5¿� 1

f ′

n(z)−hn(z) ´ D S�X¼ê9 F 3 D

SÃà:, d����nk,

1

f ′
n(z) − hn(z)

⇒
1

f ′(z) − h(z)
, uD.

¤± D S f ′(z) − h(z) 6= 0. e¡`² f, h vkú�4:. ÄK, �3 z0 ∈ D ©O´ f, h

� s ?4:Ú t ?4:. @o�3 z0 ���, 3T��S 1
f ′(z)−h(z) =k": z0 ­?�

max{s + 1, t}. ,��¡, 3 z0 �?Û���S n ¿©�±�, 1
f ′

n(z)−hn(z) k (s + 1 + t) �"

:(O­?). ù� 1
f ′

n(z)−hn(z) ⇒ 1
f ′(z)−h(z) gñ. ¤±, 3 D S f ′ 6= h.
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^½n D �y²�{�±��e¡�Ún1.4.

ÚÚÚnnn 1.4 � {fn} ´«� D S�æX¼ê�, Ù¤k":Ú4:þ�­?. {bn} ´ D

S��X¼ê�, �bn(z) ⇒ b(z)u D,b(z) 6= 0,∞. k ´����ê. e f ′
n 6= bn(z)

zk . K {fn} 3

D S�5.

ÚÚÚnnn 1.5 � F ´ü �� ∆ S�æX¼êx, a ´��k�Eê½ ∞. �z� f ∈ F ,

f 6= a. e F 3 ∆′ S�5, 3 z = 0 ?Ø�5. K�3 F �f� {fn}, ¦� fn ⇒ a u ∆′.

yyy ²²² Äk�Ä a = 0 ��/. -

G =
{

g : g =
1

f
, f ∈ F

}

.

K G´ ∆ S��X¼êx. 5¿� ( 1
f )# = f#, â Marty ½K, G3 ∆′ S�5, 3 z = 0 ?Ø

�5. ��3 G �f� {gn : gn = 1
fn
} ¦� {gn} �?Ûf�3 ∆ 1

2

ØS4��Âñ. ��3

{gn}�f� {gnk
}, gnk

⇒ g,u ∆′. Ù¥ g ½ö´�X¼ê, ½öð� ∞. e g ´�X¼ê,

�Ù3 |z| = 1
2 þ����´ M < ∞. � n ¿©�±�, 3 ∆ 1

2

Sk |gnk
| < 2M , d Montel

½n, �3 {gnk
} �f�3 ∆ 1

2

S4��Âñ. gñ. ¤± gð� ∞. l
 fnk
⇒ 0, u ∆′.

e a ´�"k�Eê. dþ¡�y², �3 F �f� {fn}, ¦� fn − a ⇒ 0 u ∆′. l


fn ⇒ a, u ∆′. e a = ∞. K�3 F �f� {fn}, ¦� 1
fn

⇒ 0 u ∆′. l
 fn ⇒ ∞, u ∆′.

ÚÚÚnnn 1.6 � {fn} ´«� D S�æX¼ê�, Ù4:þ�­?. {hn} ´ D S�æX¼

ê�,� hn ⇒ h, � h 6≡ ∞, h 6≡ 0. e fn 6= 0, f ′
n 6= hn. K {fn} 3 D S�5.

yyy ²²² �âÚn1.2, �I`² {fn} 3 h �":Ú4:?�5. Ø��«� D �ü 

�� ∆, h(z) = zkb(z), Ù¥ b(z) 6= 0,∞, k ´��"�ê. b� {fn} 3 z = 0 ?Ø�5. du

{fn} 3 ∆′ S�5, � fn 6= 0, dÚn1.5, 7�3f� (EP� {fn}) ¦� fn(z) ⇒ 0 u ∆′. n

¿©�±�, k

1

2πi

∫
|z|= 1

2

f
′′

n − h′
n

f ′
n − hn

dz =
1

2πi

∫
|z|= 1

2

h′

h
dz.

�âÌ��n, k

n
(1

2
,

1

f ′
n − hn

)

− n
(1

2
, f ′

n − hn

)

= n
(1

2
,
1

h

)

− n
(1

2
, h

)

= k.

du f ′
n 6= hn, � n(1

2 , f ′
n − hn) = −k. `² k < 0. 
 n(1

2 , hn) = −k � fn�hnvk

ú�4:, � n(1
2 , fn) = 0. ¤± fn(z) 6= ∞, z ∈ ∆ 1

2

. dÚn1.5 �3f� (EP� {fn} ),

fn ⇒ ∞u ∆′
1

2

, gñ. l
 {fn} 3 z = 0 ?�5.

ÚÚÚnnn 1.7 � {fn} ´ü �� ∆ S�æX¼ê�,Ù":�­?þ > 3, �=k��­

?4:.k ´����ê, p(z)´k gõ�ª.{hn} ´ ∆ S�æX¼ê�, f ′
n 6= hn,�÷v:

(i) �3�"Eê�{an}, an → 0, ¦� ak
nhn(anz) ⇒ 1

p(z) u C;

(ii) {Fn : Fn(z) = ak−1
n fn(anz)} 3 C þU¥åS4��Âñu F (z).

K3 Cþ, ½ö F 6= 0, ½ö F ≡ 0.

y ² b�(ØØ¤á, K F (z)´k":�æX¼ê, � F 6≡ 0. du

F ′
n(z) = ak

nf ′
n(anz) 6= ak

nhn(anz) ⇒
1

P (z)
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d^�9Ún1.3, ½ö F ′ ≡ 1
P (z) , ½ö F ′ 6= 1

P (z) . cö� F (z) k­?":gñ.�

F ′(z) 6= 1
P (z) . dÚn1.1, F ′ − 1

P (z) ´kn¼ê.

e F ′ − 1
P (z) ´õ�ª, K F ′ = 1

P (z) + c ( c ��"~ê). ùÚ F (z)� 1
P (z) Ãú�4:

gñ. e F ′ − 1
P (z) ´�õ�ª�kn¼ê. ��

F ′(z) =
1

P (z)
+

c

Q(z)
,

Ù¥ Q(z)´Ä1õ�ª, c ��"~ê. d^� F (z) =k��­?4:, ?�Ú��

F ′ =
(z − b)m + c

P (z)(z − b)m
.

du F (z)k­? > 3�":, K (z − b)m + c k­?":, gñ. l
Ún¤á.

2. ½n�y²

yyy ²²² dÚn1.2, �I`² {fn} 3 h �4:?�5=�. Ø�� D = ∆ �ü �

�, h(z) = b(z)
zk , Ù¥ b(z) 3 ∆ S�X, b(z) 6= 0, b(0) = 1. �

hn(z) =
bn(z)

(z − zn,0)α0(z − zn,1)α1 · · · (z − zn,s)αs
.

Ù¥ αj ´��ê, Σs
j=0αj = k, zn,i 6= zn,j(i 6= j), zn,j → 0 (n → ∞).i, j = 0, 1, · · · , s. du

{fn(z)} Ú {fn(z + zn,0)} ��55�Ó. ?�Ú, ��

hn(z) =
bn(z)

zα0(z − zn,1)α1 · · · (z − zn,s)αs
.

e¡é h �4:­??1êÆ8By² {fn} 3 z = 0 ?�5.

k = 1 �, hn(z) = bn(z)
z . dÚn1.4,k {fn} 3 z = 0 ?�5. b�~	¼ê��4�¼ê

4:­?�u k �, ¼ê�3 z = 0 ?�5. � an ´ zn,j( j = 1, 2, · · · , s) ¥���ö. dÚ

n1.4=I�Ä an 6= 0 ��/. ÏLÀ�f�, Ø�� an = zn,s. K an → 0. -

Fn(z) = ak−1
n fn(anz), z ∈ ∆Rn

, Rn → ∞.

K

F ′
n(z) = ak

nf ′
n(anz) 6= ak

nhn(anz) =
bn(anz)

zα0(z −
zn,1

an
)α1 · · · (z −

zn,s

an
)αs

⇒ h∗(z) u C.

�� 0�h∗(z) �­? > α0 �4:, 1�h∗(z) �­? > αs �4:. 
 Σs
j=0αj = k, ¤± h∗�

�4:­?þ�u k. d8Bb�, {Fn} 3 C þ�5. Ø�� Fn(z) ⇒ F (z) u C. dÚn1.7,

3 Cþ, ½ö F 6= 0, ½ö F ≡ 0. e¡y² {fn} 3 z = 0 ?�5.
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b� {fn} 3 z = 0 Ø�5. e�3 δ > 0, n ¿©�±�k fn(z) 6= 0, z ∈ ∆δ. dÚn1.6,

{fn} 3 ∆δ S�5, gñ. ¤±�3 {fn} �f� (EP� {fn}), cn → 0, ¦� fn(cn) = 0, �

cn ´ {fn} �����":. e¡©ü«�/�Ä.

�/ 1 F 6= 0. Ï� Fn( cn

an
) = 0, � cn

an
→ ∞, cn 6= 0. -

Gn(z) = ck−1
n fn(cnz), z ∈ ∆Rn

, Rn → ∞.

K

G′
n(z) 6=

bn(cnz)

zα0(z −
zn,1

cn
)α1 · · · (z −

zn,s

cn
)αs

⇒
1

zk
u C.

dÚn 1.2, {Gn(z)} 3 C \ {0} þ�5. d {cn} ��E��Gn(z) 6= 0, z ∈ ∆, Gn(1) = 0.

dÚn1.6, � {Gn(z)} 3 ∆ þ�5. l
{Gn(z)} 3 C þ�5. Ø�� Gn(z) ⇒ G(z) u

C. dÚn1.7, 3 Cþ, ½ö G 6= 0, ½ö G ≡ 0. cö� G(1) = 0 gñ,�ö� Gn(0) =

( cn

an
)k−1Fn(0) → ∞ gñ.

�/ 2 F ≡ 0. -

gn(z) = zk−1fn(z), z ∈ ∆.

XJ {gn(z)} 3 z = 0 ?�5. du fn(0) 6= ∞, � gn(0) = 0, l
�3 {gn} �f� (E

P� {gn}), �3�:��� ∆2δ, ¦� |gn(z)| 6 1, z ∈ ∆2δ. Ïd {fn} 3 ∆2δ S�X.

3 |z| = δ þk|fn(z)| =
∣

∣

gn(z)
zk−1

∣

∣ 6
1

δk−1 . d����n, þª3 ∆δ S¤á. d Montel ½

n, {fn} 3 z = 0 ?�5, gñ. Ïd, {zk−1fn(z)} 3 z = 0 ?Ø�5.

2d Montel ½n, ?¿ δ > 0, {zk−1fn(z)} 3 ∆δ �S4��k.. ��3 {zk−1fn(z)}

�f� (EP� {zk−1fn(z)}), dn → 0, ¦� dk−1
n fn(dn) → ∞. 
 Fn(1) = ak−1

n fn(an) →

0. d¼ê |zk−1fn(z)| �ëY5, �3 en → 0, ¦� |ek−1
n fn(en)| = 1. Ø�� en ´¦�

|zk−1fn(z)| = 1 ¤á����ö. -

Hn(z) = ek−1
n fn(enz), z ∈ ∆Rn

, Rn → ∞.

du Fn(z) = ak−1
n fn(anz) ⇒ 0,u C. Fn( en

an
) = (an

en
)k−1ek−1

n fn(en) → 0.

Ï� |ek−1
n fn(en)| = 1, ¤± an

en
→ 0. K

H ′
n(z) 6=

bn(enz)

zα0(z −
zn,1

en
)α1 · · · (z −

zn,s

en
)αs

⇒
1

zk
u C.

dÚn1.2, {Hn(z)} 3 C \ {0} þ�5. d {en} ��E� {Hn(z)} 3 ∆ S�X. XJ {Hn(z)}

3 z = 0 ?Ø�5, dÚn1.5 ��, Hn(z) ⇒ ∞ u ∆′. ,��¡, � Hn ⇒ H u C \ {0}. d

|Hn(1)| = 1, |H(1)| = 1, gñ. �{Hn(z)} 3 C þ�5. � Hn ⇒ H u C. dÚn1.7 , 3 Cþ,

½ö H 6= 0, ½ö H ≡ 0. �ö� |H(1)| = 1, gñ. ¤± H 6= 0.

Ï� Hn( cn

en
) = 0, � cn

en
→ ∞, cn 6= 0. @oÓ�/1��k

Gn(z) = ck−1
n fn(cnz) ⇒ G(z), z ∈ C.



1 2 Ï 
4, �: �~	¼ê��'��5x 159

½ö G 6= 0, ½ö G ≡ 0. cö� G(1) = 0 gñ, �ö� Gn(0) = ( cn

en
)k−1Hn(0) → ∞ gñ.

�d`²b�Ø¤á, � {fn(z)} 3 z = 0 ?�5. �¤8By², K½n1(Ø ¤á.

�� �ö©%a���
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