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Abstract: To the quantum enveloping algebra U, (sl2(C)) of type A Lie algebra Az, Jantzen
gave the defining relations of SLq(2) arising from the representations of Ug(sl2(C)) by the
R-matrix. This paper studied the similar question to Uy (sp(8)) of type C Lie algebra sp(8)
which is more difficult than type A, and gave the realization of O(Spq(8)) arising from the
representations of Ug(sp(8)) via Jantzen’s approach.
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0 Preliminaries

Let C(v;j)i,j=1,2,...s denote the free algebra with generators v;;, i’ =9 —1,p; =i —5(py =
—piifi<i),er=eca=es=e=1c=¢€ =¢ =€ =€ = —1; D = (dij),dij = €0;5:¢",
ki = edjidmn,i,j,m,n=1,2,--- .8 T(k) =1,k > 0; T(k) =0,k < 0. I(K) be the two-sided
ideal of C(v;j)generated by the elements

Lj E : ji Ik .
I’rsz,n = K,Jd’Ukm’Uln - Kmnvikvjl, i, 7, m,n =1, 2’ . ’87
k,l
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where
Ky =" 2 6imbn + (0 = )T (m = 1) (0min — kip)-
Let A(K) denote the quotient algebra C(v;;)/ I(K). That is A(K) is the algebra generated by

elements v;5,7,j = 1,2, --- 8. subject to the relations
Z Kﬁvkmvm = Z Kffnvikvjl .
kil k,l

Let V = (v;;)sxs, then the algebra O(Sp,(8))[? be difined as the quotients of the algebra A(K),
by the metric condition
VDV!D ' =DV!D™IV = [;.

Iy is the 8 x 8 identity matrix. Let g be a complex semisimple Lie algebra. Let ® be the root
system of g and II be the prime root system with respect to a fixed Cartan subalgebra. Let W
be the Weyl group of ®. If ® is irreducible, then there is a unique W-invariant scalar product
(,) on the vector space generated by ® over the reals such that (a, &) = 2 for all short roots «
in ®. If ® is of type Cp, then (o, @) = 2 for the short roots and (o, o) = 4 for the long roots.
Set for each o € ®,

(o, @)

dazw e{L,2}, qa=q%=q =

The quantized enveloping algebra U,(g)(Let us abbreviate U = U,y(g)) is defined as the K-
algebra with generators E,, Fu, Ko, K, (o € II), then there is on U a unique Hopf algebra
structrue (A, e, S)'=3l. Let UT(U™) be the subalgebra of U with generators E,(F,), U° be
the subalgebra with generatora K, , K, . The maps

U-U’@Ut — U, UteU9U- — U,
U QU2QU3 = UIU2U3, U QU2®U3 = UiU2us,
are isomorphisms of vector spaces. We denote USY, UZ are the image of U~ ®@ U and UT @ U°.

Theorem 0.11")  There exists a unique bilinear pairing (,) : US? x U>® — K, such that
for all z, 2’ € UZ°, y,y/ € USY, all p,v € Z®, and all o, B € 11,

(y,2a’) = (A(y), 2’ @), (yy',2)=(yoy,A),
(K,uv Kv) = qi(#’u)a (Faa Eﬁ) = _5aﬁ(QO¢ - q(;l)ila ;
(K., E,) =0, (Fa, K,)) = 0.

Assume that char(K)=0 and that ¢ is not a root of unity, then the restriction of (,) to UZ, x
Ut (n € Z®, pu > 0) is nondegenerate. Choose for each p € Z®, pu > 0 a basis uff, ub, - -- ,uﬁf(#)
of U, then we can find a basis v}, v}, - - 'vf(#), of UZ,, such that (vj',u}) = d;; for all 4 and j.
Set

r(p)

O,=> vou eUsU, 0= 0,

i=1 u>0

By linear algebra ©,, does not depend on the choice of the basis (uf);. We set Og = 1 ® 1,

©, =0, if 4 < 0. Let M and M’ be finite dimensional U-modules. We have

@#(M)\(X)M;\/)CM)\,#@M;\/_HL, )\,/\IGA,MGZ(I).
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Since the set of weights of M is finite, there are only finitely many p € Z® that are different
weights of M. Therefore we have ©,(M ® M') = 0 for almost all © and we can define a linear
transformation

O=0um: MM — MeM.

We define for all finite dimensional U-modules M and M’ bijective linear maps:

P: MeM — MeM, f: MeM — MM,

mem +—— m Qm, mem' +—  f(Ap)mem,

where f: A X A — K*, with

f()‘ + v, /J') = qi(l’”u)f()‘vﬂ)v f()‘vu + I/) = qi(yy)\)f()‘vﬂ) .

forall \,u € A,v € ZP .
Theorem 0.2[!]  For all finite U-modules M, M’ the map

R=©ofoP: M&M-—MeM

is an isomorphism of U-modules!.

If f, g € U°(subspace in the dual space of U ), v € U, and A(u) = >, u; ® uj, then we
can define the product fg(u) = %; f(u;)g(ul). Let g = sp(2n), M is the 2n-dimensional verctor
space, as the module of the representation of U = U,(g), We can define matrix coefficients
cfm € U° for all m € M, f € M*, such that ¢y n(v) = f(vm), v € U, then the space of
U* spanned by all ¢y, (for all finite dimensional U-modules M and all m, f) is closed under
multiplication. It contains the ring identity € of U°, so this space is a subalgebra of U°.

Let M be a finite dimensional U-module, Choose a basis eq, €2, - - ,e,, and denote by c¢;;
the matrix coefficients with ue; = >, ¢ij(u)e;, j =1,2,--- ,n,u € U. Let M’ be another finite

/

dimensional U-module, with basis e}, €5, - -, e;,, and correspongding matrix coefficients ci;, R:

M @ M — M ® M’ is an isomorphism of U-modules, satisfying

R(e; @ e;) = Z Rllen, ®e].
hl

Theorem 0.3[!  'We have for all i, j,r, s

rs ./ _ hl /
E Ryjcpicly = E Rij CrhCy -
h,l h,l

1 Main result

For M = C8, as the module of the vector representation of U,(sp(8)), choose a basis of M:
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and let

Eo, = Es8, Eo, =FEs_i6-i — Eio-i0-i, (2
Fo, =FEgy, Fo =FEs i5-i—Eg9_i10-4, (2
Ko, = D5_iDg ', Dy D3, 2<i<A4,
K,, = DiD;”.

Where D; is the diagonal matrix ¥,¢% E;;, F;; is the 8 x 8 matrix with 1 in the (i, j)-position

and 0 elsewhere,a; is the longest root. Then we have

Fos_ei=¢€iy1, FEay_,€i11=¢; (1<i<4),
)
Foesri = —€ayi, Egeari = —esyy, (2 <i<4).
Mesii =Cei, (1 <Z<4),
M76i74 :Cel-, (5§’L§8)

cij are the matrix coefficient of M, to any u € Uy(sp(8)), we have ue; = >, cij(u)e;,

Cit1,i(Fos ;) =1, ciiv1(Bay ;) =1, 1<i<A4,

Cavizyi(Fo,) = =1, ca3piari(Ba,) = -1, 2<i<4,
Cii(Ka,) = q%oi % 1oi 1 <i<4,2<5 <4,
Cii(Ka;) = ¢ i+ 7%4 0 5 <i<8,2< <4,
Ci(Kq,) = ?0ra=i700ima) 1 < <8

4 .
For g = sp(8), wy = 8483828182838483828182838281828[1] as a reduced expression of the

longest element of the Weyl group of g, then 81 = a4, 82 = a3+ aq, 03 = as + a3 + aq, 04 =
a1 +2az+2a3 4204, 5 = a1tz +az+ay, B = a1 +2a2+az+ag, B = a1+ 202 +2a3 + ag,
Bs = az,fBo = az + a3, 10 = 202 + 2a3 + a1, 411 = az + az + a1, 612 = 202 + az + aq,
B13 = aa, B4 = 2a0 + a1, P15 = as + a1, P16 = a1 are all the positive roots of g. If we only

reserve the positive(negative) root vectors of g that have effect on the R-matrix, we have

X1 =FEa,, Xo=FE4FEuo, —q 'Eq,Ea,, X3=FEuy,Fo,Buay,+q *Eua,Eu,Ea,,

Xy =-q¢?E0, B0y BayFo, EayEoyFEoyy, Xs=FEa,EayFayBay — ¢ *Foy EayEoyFa,,
X6 =Fo,B0;EayBoy oy + ¢ °Eay By EayEay Ea,,

X7 =FEuo,Fa,E0,Ea,FoyFoy — ¢ %FoyFoyFoy EayEayEa,,

Xs=E.,, Xo=Fo,Fa, —q¢ 'Ea,Fes, X10=q *FEa;FEayEBo,FayFBa,,

X11 = EayFBayFoy, + ¢ 2Ea,FoyFoyy, X12 = EuayFayEo,Eay, — ¢ *EayFa, FoyFas,

X13=FEa,, Xiu=—q '‘Ea,E0,Fa,, Xi5=FEo,Fo, — ¢ *Ea,Fa, Xi6 = FEa,.
Yi =F.,, Yo=FuyFo, —qFo,Foy, Ys=Fo,Fo,Fo, +q*Fa,Fo,Fa,,
Yi=—®Fy,Fo,FayFo,FoyFasFoy, Ys=Fo Fo,Fo,Fu, —¢"Fo,Fo,Fa,Fa,,
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Ys = FoyFoy, Fuy FoyFoy + @°Foy FoyFoyFo, Fasy,

Yy = FoyFoyFoy FayFoayFoy —¢®Fy,Fo,FoyFo, Foy Fl,,

Ys = Fay, Yo=Fn,Foy — qFo,Foy, Yio = ¢*FayFayFa, FayFa,,

Yi1 = Fa,FoyFoy + ¢°FoayFoy Foyy, Yio = FayFo FoyFoy — ¢ FoyFoyFo Fay,
Yis = Fo,, Yia=—qFa,FoFrny, Yis=Fa Foy—¢*Fa,Fy, Yig=Fy,.

Note For convinence, we take Fj ,...;, as FailFaiz"'Faika take FEj i,..i; as

Eail Eai2 T Eozil » Qivigiz--ip = Qo Qaiy Qo * Gy oy = qM
Let

O =101+ (¢ 2~ 1)(1+P)Fi®F1+(¢ ' —q) o @Es+ (¢ —q) Fs@ B3+ (¢ ' —q) Fy @ Ey+
(@' =) F12@En+(g ' —q)Fo1 @ E1a+ q12(1— ¢ ) Fio® Ero+ g (1— ¢ 3 Fo1 ® Ea1 + (¢ —
q)F32@Ea3+(q ' —q) Fa3® E3a+q32(1—q %) F3o® Es2+qa3(1—q %) Fag®@ Eas+ (¢~ ' —q) F4®@ Egs+
(¢ —q)Fas®E34+q3a(1—q ) Fsa @ Bsa+qu3(1— ¢ ?) Fas @ Eaz + (¢ —q) F321 @ Braz + (¢ —
q)Fi23 @ Es21 +q321(—1)*(1— ¢ %) F321 @ Es21 + qu23(—1)* (1 — ¢ ) Fios ® E1o3 + (¢ ' — q) Fuz2 ®
Eo34+(q7 1 —q) Foga®Eaza+qusa(—1)* (1—q %) Fuza @ Easo+q23a (— 1) (1—q ) Fa34®@ Eoga + (g2 —
1)(1+g212)Fo12 @ Ea12 + (g1 — q) Fa123 ® Es212+ (07 — ) F3212 @ Fa123 + q2123(1 — ¢ %) Fa123 ®
E2123+ q3212(1 — ¢ 2) F3212 @ Esg12+ (¢~ — q) Faso1 @ Erasa + (¢ — q) Fi234 ® Eazo1 + qas21 (1 —
4 ?)Fi321 ® Egzor + qrasa(l — ¢ %) Fi234 ® Erasa + (72 — 1)(1 + g32123) F32123 ® Es2123 + (¢ —
q)F21230 @ Eaz2124 (¢ —q) Fi3212® E21234+q21234(—1)° (1= ¢~ ) F21234 ® E21234 +qaz212(—1)* (1—
4 ?)Fi3212 @ Euzo12 + (@71 — q)F321234 @ Eazo123 + (¢ — q)Fas2123 @ Es21234 + qa21234(1 —
4 ?) F321234@ E321234+ Q32123 (1—q ) Faz2123® Ez2123+ (¢~ 2 — 1) (1+qu321234) Faz21234 @ Eas21234.

It is easy to prove

R=0OofoP=0ofoP: M&M-—M®M
is an isomorphism of U-modules.Let C = (¢;5), according to therom 0.3, we have

E E hl ..
RZ?chiclj = Ri_jcrhcsla rS8,1,]= 1727"' 78'
h,l h,l

We can get CDC'D~' = DC'D~'C = Igand K* = RFl then we get the defining relations of

mn>
O(5pq(8))-
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