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Abstract: To the quantum enveloping algebra Uq(sl2(C)) of type A Lie algebra A2, Jantzen

gave the defining relations of SLq(2) arising from the representations of Uq(sl2(C)) by the

R-matrix. This paper studied the similar question to Uq(sp(8)) of type C Lie algebra sp(8)

which is more difficult than type A, and gave the realization of O(Spq(8)) arising from the

representations of Uq(sp(8)) via Jantzen’s approach.
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0 Preliminaries

Let C〈vij〉i,j=1,2,···8 denote the free algebra with generators vij , i′ = 9− i, ρi = i− 5(ρi′ =

−ρi if i < i′), ǫ1 = ǫ2 = ǫ3 = ǫ4 = 1, ǫ = ǫ5 = ǫ6 = ǫ7 = ǫ8 = −1; D = (dij), dij = ǫiδij′q
ρi ,

kji
mn = ǫdjidmn, i, j, m, n = 1, 2, · · · , 8; T (k) = 1, k > 0 ; T (k) = 0, k 6 0. I(K) be the two-sided

ideal of C〈vij〉generated by the elements

Iij
mn :=

∑

k,l

K
ji
klvkmvln − K lk

mnvikvjl, i, j, m, n = 1, 2, · · · , 8,
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where

Kij
mn = qδij′−δij δimδjn + (q−1 − q)T (m − i)(δjmδin − kji

mn).

Let A(K) denote the quotient algebra C〈vij〉/ I(K). That is A(K) is the algebra generated by

elements vij , i, j = 1, 2, · · · 8. subject to the relations
∑

k,l

K
ji
klvkmvln =

∑

k,l

K lk
mnvikvjl .

Let V = (vij)8×8, then the algebra O(Spq(8))[2] be difined as the quotients of the algebra A(K),

by the metric condition

VDV
tD−1 = DV

tD−1
V = I8.

I8 is the 8 × 8 identity matrix. Let g be a complex semisimple Lie algebra. Let Φ be the root

system of g and Π be the prime root system with respect to a fixed Cartan subalgebra. Let W

be the Weyl group of Φ. If Φ is irreducible, then there is a unique W -invariant scalar product

( , ) on the vector space generated by Φ over the reals such that (α, α) = 2 for all short roots α

in Φ. If Φ is of type Cn, then (α, α) = 2 for the short roots and (α, α) = 4 for the long roots.

Set for each α ∈ Φ,

dα =
(α, α)

2
∈ {1, 2}, qα = qdα = q

(α,α)
2 .

The quantized enveloping algebra Uq(g)(Let us abbreviate U = Uq(g)) is defined as the K-

algebra with generators Eα, Fα, Kα, K−1
α (α ∈ Π), then there is on U a unique Hopf algebra

structrue (∆, ǫ, S)[1−3]. Let U+(U−) be the subalgebra of U with generators Eα(Fα), U0 be

the subalgebra with generatora Kα, K−

α . The maps

U− ⊗ U0 ⊗ U+ −→ U , U+ ⊗ U0 ⊗ U− −→ U ,

u1⊗u2⊗u3 7−→ u1u2u3, u1⊗u2⊗u3 7−→ u1u2u3,

are isomorphisms of vector spaces. We denote U60, U>0 are the image of U−⊗U0 and U+⊗U0.

Theorem 0.1
[1] There exists a unique bilinear pairing (, ) : U60×U>0 −→ K, such that

for all x, x′ ∈ U>0, y, y′ ∈ U60, all µ, ν ∈ ZΦ, and all α, β ∈ Π,

(y, xx′) = (∆(y), x′ ⊗ x),

(Kµ, Kν) = q−(µ,ν),

(Kµ, Eα) = 0,

(yy′, x) = (y ⊗ y′, ∆(x)),

(Fα, Eβ) = −δαβ(qα − q−1
α )−1,

(Fα, Kµ) = 0.

,

Assume that char(K)=0 and that q is not a root of unity, then the restriction of (, ) to U−

−µ ×

U+
µ (µ ∈ ZΦ, µ > 0) is nondegenerate. Choose for each µ ∈ ZΦ, µ > 0 a basis u

µ
1 , u

µ
2 , · · · , u

µ

r(µ)

of U+
µ , then we can find a basis v

µ
1 , v

µ
2 , · · · vµ

r(µ), of U−

−µ such that (vµ
i , u

µ
j ) = δij for all i and j.

Set

Θµ =

r(µ)∑

i=1

v
µ
i ⊗ u

µ
i ∈ U ⊗ U, Θ =

∑

µ>0

Θµ.

By linear algebra Θµ does not depend on the choice of the basis (uµ
i )i. We set Θ0 = 1 ⊗ 1,

Θµ = 0, if µ < 0. Let M and M ′ be finite dimensional U -modules. We have

Θµ(Mλ ⊗ M ′

λ′) ⊂ Mλ−µ ⊗ M ′

λ′+µ, λ, λ′ ∈ Λ, µ ∈ ZΦ.
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Since the set of weights of M is finite, there are only finitely many µ ∈ ZΦ that are different

weights of M . Therefore we have Θµ(M ⊗ M ′) = 0 for almost all µ and we can define a linear

transformation

Θ = ΘM,M ′ : M ⊗ M ′ −→ M ⊗ M ′.

We define for all finite dimensional U -modules M and M ′ bijective linear maps:

P : M ⊗ M ′ −→ M ′ ⊗ M, f̃ : M ⊗ M ′ −→ M ⊗ M ′,

m ⊗ m′ 7−→ m′ ⊗ m, m ⊗ m′ 7−→ f(λ, µ)m ⊗ m′,

where f : Λ × Λ −→ K×, with

f(λ + ν, µ) = q−(ν,µ)f(λ, µ), f(λ, µ + ν) = q−(ν,λ)f(λ, µ) .

for all λ, µ ∈ Λ, ν ∈ ZΦ .

Theorem 0.2
[1] For all finite U -modules M , M ′ the map

R = Θ ◦ f̃ ◦ P : M ′ ⊗ M −→ M ⊗ M ′

is an isomorphism of U -modules[1].

If f, g ∈ U◦(subspace in the dual space of U ), u ∈ U, and ∆(u) =
∑

i ui ⊗ u′

i, then we

can define the product fg(u) = Σif(ui)g(u′

i). Let g = sp(2n), M is the 2n-dimensional verctor

space, as the module of the representation of U = Uq(g), We can define matrix coefficients

cf,m ∈ U◦ for all m ∈ M, f ∈ M⋆, such that cf,m(v) = f(vm), v ∈ U, then the space of

U◦ spanned by all cf,m(for all finite dimensional U -modules M and all m, f) is closed under

multiplication. It contains the ring identity ǫ of U◦, so this space is a subalgebra of U◦.

Let M be a finite dimensional U -module, Choose a basis e1, e2, · · · , en, and denote by cij

the matrix coefficients with uej =
∑

i cij(u)ei, j = 1, 2, · · · , n, u ∈ U . Let M ′ be another finite

dimensional U -module, with basis e′1, e
′

2, · · · , e′m, and correspongding matrix coefficients c′ij , R:

M ′ ⊗ M −→ M ⊗ M ′ is an isomorphism of U -modules, satisfying

R(e′i ⊗ ej) =
∑

h,l

Rhl
ij eh ⊗ e′l .

Theorem 0.3
[1] We have for all i, j, r, s

∑

h,l

Rrs
hlc

′

hiclj =
∑

h,l

Rhl
ij crhc′sl .

1 Main result

For M = C
8, as the module of the vector representation of Uq(sp(8)), choose a basis of M :

ei =(0, 0, · · · , 0,
i

1, 0, · · · , 0)′, 1 6 i 6 4,

ei =(0, 0, · · · , 0,
13−i

1 , 0, · · · , 0)′, 5 6 i 6 8.



88 uÀ���ÆÆ�(g,�Æ�) 2011 c

and let

Eα1 = E4,8, Eαi
= E5−i,6−i − E10−i,9−i, (2 6 i 6 4),

Fα1 = E8,4, Fαi
= E6−i,5−i − E9−i,10−i, (2 6 i 6 4),

Kαi
= D5−iD

−1
6−iD

−1
4+iD3+i, 2 6 i 6 4,

Kα1 = D2
4D

−2
5 .

Where Dj is the diagonal matrix Σiq
δij Eii, Eij is the 8× 8 matrix with 1 in the (i, j)-position

and 0 elsewhere,α1 is the longest root. Then we have

Fα5−i
ei = ei+1,

Fαi
e3+i = −e4+i,

Eα5−i
ei+1 = ei,

Eαi
e4+i = −e3+i,

(1 6 i 6 4),

(2 6 i 6 4).
,

Mǫ5−i
= Cei, (1 6 i 6 4),

M−ǫi−4 = Cei, (5 6 i 6 8).

cij are the matrix coefficient of M , to any u ∈ Uq(sp(8)), we have uej =
∑

i cij(u)ei,

ci+1,i(Fα5−i
) = 1, ci,i+1(Eα5−i

) = 1, 1 ≤ i 6 4,

c4+i,3+i(Fαi
) = −1, c3+i,4+i(Eαi

) = −1, 2 6 i 6 4,

cii(Kαj
) = qδj,5−i−δj−1,5−i , 1 6 i 6 4, 2 6 j 6 4,

cii(Kαj
) = qδj−1,i−4−δj,i−4 , 5 6 i 6 8, 2 6 j 6 4,

cii(Kα1) = q2(δ1,5−i−δ1,i−4), 1 6 i 6 8.

For g = sp(8), ω0 = s4s3s2s1s2s3s4s3s2s1s2s3s2s1s2s
[4]
1 as a reduced expression of the

longest element of the Weyl group of g, then β1 = α4, β2 = α3 + α4, β3 = α2 + α3 + α4, β4 =

α1 +2α2 +2α3 +2α4, β5 = α1 +α2 +α3 +α4, β6 = α1 +2α2 +α3 +α4, β7 = α1 +2α2 +2α3 +α4,

β8 = α3, β9 = α2 + α3, β10 = 2α2 + 2α3 + α1, β11 = α2 + α3 + α1, β12 = 2α2 + α3 + α1,

β13 = α2, β14 = 2α2 + α1, β15 = α2 + α1, β16 = α1 are all the positive roots of g. If we only

reserve the positive(negative) root vectors of g that have effect on the R-matrix, we have

X1 = Eα4 , X2 = Eα4Eα3 − q−1Eα3Eα4 , X3 = Eα4Eα3Eα2 + q−2Eα2Eα3Eα4 ,

X4 = −q−3Eα4Eα3Eα2Eα1Eα2Eα3Eα4 , X5 = Eα4Eα3Eα2Eα1 − q−4Eα1Eα2Eα3Eα4 ,

X6 = Eα4Eα3Eα2Eα1Eα2 + q−5Eα2Eα1Eα2Eα3Eα4 ,

X7 = Eα4Eα3Eα2Eα1Eα2Eα3 − q−6Eα3Eα2Eα1Eα2Eα3Eα4 ,

X8 = Eα3 , X9 = Eα3Eα2 − q−1Eα2Eα3 , X10 = q−2Eα3Eα2Eα1Eα2Eα3 ,

X11 = Eα3Eα2Eα1 + q−3Eα1Eα2Eα3 , X12 = Eα3Eα2Eα1Eα2 − q−4Eα2Eα1Eα2Eα3 ,

X13 = Eα2 , X14 = −q−1Eα2Eα1Eα2 , X15 = Eα2Eα1 − q−2Eα1Eα2 X16 = Eα1 .

Y1 = Fα4 , Y2 = Fα3Fα4 − qFα4Fα3 , Y3 = Fα2Fα3Fα4 + q2Fα4Fα3Fα2 ,

Y4 = −q3Fα4Fα3Fα2Fα1Fα2Fα3Fα4 , Y5 = Fα1Fα2Fα3Fα4 − q4Fα4Fα3Fα2Fα1 ,
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Y6 = Fα2Fα1Fα2Fα3Fα4 + q5Fα4Fα3Fα2Fα1Fα2 ,

Y7 = Fα3Fα2Fα1Fα2Fα3Fα4 − q6Fα4Fα3Fα2Fα1Fα2Fα3 ,

Y8 = Fα3 , Y9 = Fα2Fα3 − qFα3Fα2 , Y10 = q2Fα3Fα2Fα1Fα2Fα3 ,

Y11 = Fα1Fα2Fα3 + q3Fα3Fα2Fα1 , Y12 = Fα2Fα1Fα2Fα3 − q4Fα3Fα2Fα1Fα2 ,

Y13 = Fα2 , Y14 = −qFα2Fα1Fα2 , Y15 = Fα1Fα2 − q2Fα2Fα1 Y16 = Fα1 .

Note For convinence, we take Fi1i2···ik
as Fαi1

Fαi2
· · ·Fαik

, take Ei1i2···il
as

Eαi1
Eαi2

· · ·Eαil
, qi1i2i3···il

= qαi1
qαi2

qαi3
· · · qαil

, qαi
= q

(αi,αi)

2 .

Let

Θ′ = 1⊗1+(q−2−1)(1+q2)F1⊗E1+(q−1−q)F2⊗E2+(q−1−q)F3⊗E3+(q−1−q)F4⊗E4+

(q−1−q)F12⊗E21 +(q−1−q)F21⊗E12 +q12(1−q−2)F12⊗E12 +q21(1−q−2)F21⊗E21 +(q−1−

q)F32⊗E23+(q−1−q)F23⊗E32+q32(1−q−2)F32⊗E32+q23(1−q−2)F23⊗E23+(q−1−q)F34⊗E43+

(q−1−q)F43⊗E34+q34(1−q−2)F34⊗E34+q43(1−q−2)F43⊗E43+(q−1−q)F321⊗E123+(q−1−

q)F123⊗E321 +q321(−1)3(1−q−2)F321⊗E321 +q123(−1)3(1−q−2)F123⊗E123 +(q−1−q)F432⊗

E234+(q−1−q)F234⊗E432+q432(−1)3(1−q−2)F432⊗E432+q234(−1)3(1−q−2)F234⊗E234+(q−2−

1)(1+ q212)F212 ⊗E212 +(q−1− q)F2123 ⊗E3212 +(q−1− q)F3212 ⊗E2123 + q2123(1− q−2)F2123 ⊗

E2123 + q3212(1− q−2)F3212 ⊗E3212 +(q−1− q)F4321 ⊗E1234 +(q−1− q)F1234 ⊗E4321 + q4321(1−

q−2)F4321 ⊗E4321 + q1234(1− q−2)F1234 ⊗E1234 +(q−2 − 1)(1 + q32123)F32123 ⊗E32123 + (q−1 −

q)F21234⊗E43212+(q−1−q)F43212⊗E21234+q21234(−1)5(1−q−2)F21234⊗E21234+q43212(−1)5(1−

q−2)F43212 ⊗ E43212 + (q−1 − q)F321234 ⊗ E432123 + (q−1 − q)F432123 ⊗ E321234 + q321234(1 −

q−2)F321234⊗E321234+q432123(1−q−2)F432123⊗E432123+(q−2−1)(1+q4321234)F4321234⊗E4321234.

It is easy to prove

R = Θ ◦ f̃ ◦ P = Θ′ ◦ f̃ ◦ P : M ⊗ M −→ M ⊗ M

is an isomorphism of U -modules.Let C = (cij), according to therom 0.3, we have

∑

h,l

Rrs
hlchiclj =

∑

h,l

Rhl
ij crhcsl, r, s, i, j = 1, 2, · · · , 8.

We can get CDC
tD−1 = DC

tD−1C = I8 and Kkl
mn = Rkl

mn,then we get the defining relations of

O(Spq(8)).
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