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J, ïÄ
�"�mþ����f�m� Critical ¯K, ����©z[1,3]¥�A��
(
Ø, )û
©z[4]¥�¢3¯K.

3ù�!, ·�EÚ^©z[4]¥¤0���"�mþ���f�m�Vg!ÎÒÚâ
�. � Fq ´��A�� 2 �k��, - S2ν+δ ´�� Fq þ (2ν + δ) × (2ν + δ) �ÛÉé¡Ý

, Ù¥ δ = 0, 1, 2,

S2ν =

(
0 I(ν)

I(ν) 0

)
, S2ν+1 =

 0 I(ν)

I(ν) 0
1

 , S2ν+2 =


0 I(ν)

I(ν) 0
0 1
1 1

 .

d Fq þ÷v TS2ν+δT
T = S2ν+δ �¤k(2ν + δ) × (2ν + δ) �ÛÉÝ
 T 'uÝ


¦ { � ¤ � � +, ¡ T + � Fq þ ' u S2ν+δ�2ν + δ � � " +, L « � Ps2ν+δ(Fq,Sδ).
+Ps2ν+δ(Fq, S2ν+δ) 3 2ν + δ ��þ�m F(2ν+δ)

q þ��^½ÂXe.

F(2ν+δ)
q × Ps2ν+δ(Fq, S2ν+δ) −→ F(2ν+δ)

q

((x1, x2, · · · , x2ν+δ),T ) 7−→ (x1, x2, · · · , x2ν+δ)T .

�þ�m F(2ν+δ)
q �Xþ Ps2ν+δ(Fq, S2ν+δ) �+�^�å���A�� 2 �k�� Fq þ 2ν +

δ ��"�m. - P ´ F(2ν+δ)
q ��� m �f�m, �� m � m × (2ν + δ) Ý
�^ P L

«, §�1�þ*Ü���f�m P, ¿��ù�Ý
 P �ù�f�m P �Ý
L«.
3 2ν + δ ��"�m F(2ν+δ)

q þ��� m �f�m P ´�� (m, 2s + τ, s, ε) .f�m, Ù
¥ τ = 0, 1, 2 �ε = 0, 1, XJ

(i) PS2ν+δP
T ÜÓu (S2s+δ, 0(m−2s−δ), éu s ¦� 0 6 s 6 [m/2].

(ii) éAu ε = 0 ½ 1 ©Ok e2ν+1 /∈ P ½ e2ν+1 ∈ P .
AO, F(2ν+δ)

q þ (m, 0, 0, 0),(m, 0, 0, 1) .f�m��� m ����f�m. -M(m, 2s+
τ, s, ε; 2ν+δ) L« F(2ν+δ)

q þ (m, 2s+τ, s, ε) .f�m�8Ü, �â©z[4] ½n 4.11, 3 2ν+δ �
�"�m F(2ν+δ)

q þ (m, 2s + τ, s, ε) .f�m�3��=�

(τ, ε) =

{
(0, 0), (1, 0), (1, 1), ½(2, 0), eδ = 1,

(0, 0), (0, 1), (1, 0), (2, 0), ½(2, 1), eδ = 2,
(1)

�

2s + max{τ, ε} 6 m 6 ν + s + [(τ + δ − 1)/2] + ε. (2)

�â©z[4]½n 4.12, + Ps2ν+δ(Fq, S2ν+δ) �[/�^3M(m, 2s + τ, s, ε; 2ν + δ) þ.
- N(m, 2s + τ, s, ε; 2ν + δ) = |M(m, 2s + τ, s, ε; 2ν + δ)|. -P ´ F(2ν+δ)

q þ���½
� (m, 2s + τ, s, ε) .f�m, M(m1, 2s1 + τ1, s1, ε1;m, 2s + τ, s, ε; 2ν + δ) L«�¹3 P ¥
� (m1, 2s1 + τ1, s1, ε1) . f � m 8 Ü, � N(m1, 2s1 + τ1, s1, ε1;m, 2s + τ, s, ε; 2ν + δ) =
|M(m1, 2s1 + τ1, s1, ε1;m, 2s + τ, s, ε; 2ν + δ)|. - P1 ´ F(2ν+δ)

q þ � � � ½ � (m1, 2s1 +
τ1, s1, ε1) . f � m, M′(m1, 2s1 + τ1, s1, ε1;m, 2s + τ, s, ε; 2ν + δ) L « � ¹ P1 � (m, 2s +
τ, s, ε) . f � m 8 Ü, � N ′(m1, 2s1 + τ1, s1, ε1;m, 2s + τ, s, ε; 2ν + δ) = |M′(m1, 2s1 +
τ1, s1, ε1;m, 2s + τ, s, ε; 2ν + δ)|.
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e¡, ·�ïÄ F(2ν+δ)
q (δ = 1, 2) þ���f�m� Critical ¯K, δ = 0 ��/®3©

z[4]¥?Ø.

1 Ún�íØ

ÚÚÚnnn 1.1 2ν + δ ��"�m F(2ν+δ)
q (δ = 1, 2) þ���f�m��ê 6 ν + δ − 1;

F(2ν+δ)
q þ4����f�m��ê�ν + δ − 1; F(2ν+δ)

q þ?Û���f�m�¹3���
ê� ν + δ − 1 ����f�m¥.

yyy ²²² (i) ÏL(1), (2)ª�� δ = 1, (τ, ε) = (0, 0) �, F(2ν+1)
q þ�3���f�m,

��ê 6 ν; �±�y (I(ν) 0(ν+1)) ´ F(2ν+1)
q þ�ê� ν ����f�m. Ïd δ = 1,

(τ, ε) = (0, 0) �, F(2ν+1)
q þ4����f�m��ê� ν. w,, F(2ν+1)

q þ�����f�m
�f�m´����. Ïd, ·�íÑ (I(ν) 0(ν+1)) k?Û�ê 6 ν ����f�m. ÏL
©z[4]½n 4.12, Ps2ν+δ(Fq,S2ν+δ) �[/�^3Ó��ê����f�m�8Üþ. Ïd,
?Û���f�m�¹3���ê� ν ����f�m¥.

(ii) ÏL(1), (2)ª�� δ = 2, (τ, ε) = (0, 0), (0, 1) �, F(2ν+2)
q þ�3���f�m, ��

ê 6 ν + ε; �±�y (
I(ν) 0(ν) 0(ν×1) 0(ν×1)

0(1×ν) 0(1×ν) ε(1×1) 0(1×1)

)

´ F(2ν+2)
q þ�ê� ν + ε ����f�m. Ïd δ = 2, (τ, ε) = (0, 0), (0, 1) �, F(2ν+2)

q þ4�
���f�m��ê� ν + 1. w,, F(2ν+2)

q þ�����f�m�f�m´����. Ï
d, ·�íÑ (

I(ν) 0(ν) 0(ν×1) 0(ν×1)

0(1×ν) 0(1×ν) 1(1×1) 0(1×1)

)

k?Û�ê 6 ν + 1 ����f�m. ÏL©z[4]½n 4.12, Ps2ν+δ(Fq,S2ν+δ) �[/�^3
Ó��ê (ε����Ó)����f�m�8Üþ. Ïd, ?Û���f�m�¹3���
ê� ν + 1 ����f�m¥.

ÚÚÚnnn 1.2 - r 6 m 6 ν. 3(2ν + δ)��"�mþ�¹���½�r����f�m
�m����f�m��ê´

N ′(r, 0, 0, ε1;m, 0, 0, ε; 2ν + δ)

=


m−r∏
i=1

q2(ν−i+1−r) − 1
qi − 1

, δ = 1,

qm−r
m−r−1∏

i=0

q2(ν−r−i) − 1
qm−r−i − 1

+
m−r−1∏

i=1

q2(ν−r−i+1) − 1
qm−r−i − 1

+
m−r−1∏

i=0

q2(ν−r−i+1) − 1
qm−r−i − 1

, δ = 2.

� r = 0, δ = 2 �, N ′(r, 0, 0, ε1;m, 0, 0, ε; 2ν + δ)���cü�.

yyy ²²² � r > 0 �, k�Ä δ = 1 ��/, ÏL©z[4]¥�íØ 4.15�

N(r, 0, 0, 0; 2ν + 1) =

r−1∏
i=0

(q2(ν−i) − 1)

r∏
i=1

(qi − 1)
;
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N(m, 0, 0, 0; 2ν + 1) =

m−1∏
i=0

(q2(ν−i) − 1)

m∏
i=1

(qi − 1)
.

éu N(r, 0, 0, 0;m, 0, 0, 0; 2ν + 1), d� τ1 = 0,τ = 0 Ú max{0, r} 6 min{m, r}¤á, ¤
±3©z[4]¥½n 4.24 �^�(4.42)ª¤á, d½n 4.25�

N(r, 0, 0, 0;m, 0, 0, 0; 2ν + 1) = N(r, 0, 0; 0 + m, 0).

du3 N(r, 0, 0; 0 + m, 0) ¥, ν = 0, δ = 0, l = m, �÷v max{0, r} 6 min{m, r}, ¤±,
©z[4]½n 3.24, íØ 3.25¤á, d� k = r. � k = r �, d½n 3.24, íØ 3.25, O��

N(r, 0, 0, 0;m, 0, 0, 0; 2ν + 1) = N(r, 0, 0; 0 + m, 0) =

m∏
i=m−r+1

(qi − 1)

r∏
i=1

(qi − 1)
.

�
O� N ′(r, 0, 0, 0;m, 0, 0, 0; 2ν + 1), ·�½Â M ´��äk1IÚ�I� (0, 1)−Ý

, � 1 I dM(r, 0, 0, 0; 2ν + 1) I ½, � I dM(m, 0, 0, 0; 2ν + 1) I ½, Ý 
 M � �
� (A,B) = 1 ��=� A ⊆ B, ÄK� 0, Ù¥ A ∈ M(r, 0, 0, 0; 2ν + 1), B ∈ M(m, 0, 0, 0; 2ν +
1). O�Ý
 M ¤k1¥ 1 ��ê, ��N(r, 0, 0, 0; 2ν +1)N ′(r, 0, 0, 0;m, 0, 0, 0; 2ν +1). Ó�
O�Ý
 M ¤k�¥ 1 ��ê, ��N(m, 0, 0, 0; 2ν + 1)N(r, 0, 0, 0;m, 0, 0, 0; 2ν + 1). Ïd,

N ′(r, 0, 0, 0;m, 0, 0, 0; 2ν + 1) =
N(m, 0, 0, 0; 2ν + 1)N(r, 0, 0, 0;m, 0, 0, 0; 2ν + 1)

N(r, 0, 0, 0; 2ν + 1)

=

m−1∏
i=0

(q2(ν−i) − 1)

m∏
i=1

(qi − 1)
×

m∏
i=m−r+1

(qi − 1)

r∏
i=1

(qi − 1)

r−1∏
i=0

(q2(ν−i) − 1)

r∏
i=1

(qi − 1)

=
m−r∏
i=1

q2(ν−i+1−r) − 1
qi − 1

.

2�Ä δ = 2 ��/. N ′(r, 0, 0, ε1;m, 0, 0, ε; 2ν + 2) = N ′(r, 0, 0, 0;m, 0, 0, 0; 2ν + 2) +
N ′(r, 0, 0, 0;m, 0, 0, 1; 2ν + 2) + N ′(r, 0, 0, 1;m, 0, 0, 1; 2ν + 2). ^�/ 1 Ó���{©O��

N ′(r, 0, 0, 0;m, 0, 0, 0; 2ν + 2) = qm−r
m−r−1∏

i=0

q2(ν−r−i) − 1
qm−r−i − 1

;

N ′(r, 0, 0, 0;m, 0, 0, 1; 2ν + 2) =
m−r−1∏

i=1

q2(ν−r−i+1) − 1
qm−r−i − 1

;

N ′(r, 0, 0, 1;m, 0, 0, 1; 2ν + 2) =
m−r−1∏

i=0

q2(ν−r−i+1) − 1
qm−r−i − 1

.
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AO� r = 0 �, N ′(r, 0, 0, ε1;m, 0, 0, ε; 2ν + 2) = qm
m−1∏
i=0

q2(ν−i)−1
qm−i−1 +

m−1∏
i=1

q2(ν−i+1)−1
qm−i−1 . d

�, Ún 1.2 �d©z[4]¥�íØ 4.15 ����.

íííØØØ 1.3 3 2ν + δ ��"�mþ�¹���½� r ����f�m� ν + δ − 1 �4�
���f�m��ê´

N ′(r, 0, 0, ε1; ν + δ − 1, 0, 0, ε; 2ν + δ) =


ν−r∏
i=1

(qi + 1), δ = 1,

(qν−r+1 + 2)
ν−r∏
i=1

(qi + 1), δ = 2.

= (qν−r+1 + 2)δ−1
ν−r∏
i=1

(qi + 1).

�"�m F(2ν+δ)
q þ���þ8 X �����8, XJ uS2ν+δv

′ = 0, é?¿ u,v ∈ X.

- X ´ F(2ν+δ)
q þ������þ8, ^ 〈X〉L«d X *Ü¤�f�m. w,, XJ X ´�

��þ���8, K 〈X〉´�����f�m. ^ r(X) L« X ��, ¿�½Â� r(X) =
dim〈X〉. XJ X = φ K 〈X〉 = φ � r(X) = 0. - S ´�"�m F(2ν+δ)

q þ���"�þ
8, �����f�m P ���´©l S �, XJ P ∩ S = φ. S ��" Critical �ê�
½Â��3������ê λ 6 ν + δ, ¦��3�� (ν + δ − λ) ����f�m©
l S, L«� Cps(S, F(2ν+δ)

q ). - P1, P2, · · · , Pλ ´ λ �4����f�m, (P1, P2, · · · , Pλ) �
�4����f�m� λ �|, XJ dim(P1 ∩ P2) = ν + (δ − 1) − 1,dim(P1 ∩ P1 ∩ P3) =
ν + (δ − 1) − 2, · · · ,dim(P1 ∩ P1 ∩ P3 ∩ · · ·Pλ) = ν + δ − λ.

Ï�?Û (ν + δ − λ)����f�m´4����f�m���λ�|��, ù
� S ��" Citical �ê��±½Â� ν + δ − 1 �4����f�mPi(i = 1, 2, ..., λ)¤¤

� λ �| (P1, P2, · · · , Pλ) � S ©l, =(
λ∩

i=1

Pi)
∩

S = φ, ù
 λ �|¥, ��� λ ¤� S ��

" Critical �ê. Uì.~, ·��@� 0 �|����f�m��´ F(2ν+δ)
q .

- S ´���"�m F(2ν+δ)
q ¥�"�þ�8Ü, M(S) ´��5Ã'�þ½Â� S þ

� matriod, L(M(S)) ´M(S) �¡�, ����¡�´���þ��8, w,, �þ��8�
f8�´���. ��¡�8x3 L(M(S)) ¥/¤��n�, LI(M(S)).

ÚÚÚnnn 1.4 - r 6 m 6 ν. 3 2ν + δ ��"�mþ�¹���½�� r ���8� m �
���f�m��ê´

N ′(r, 0, 0, ε1;m, 0, 0, ε; 2ν + δ)

=


m−r∏
i=1

q2(ν−i+1−r) − 1
qi − 1

, δ = 1,

qm−r
m−r−1∏

i=0

q2(ν−r−i) − 1
qm−r−i − 1

+
m−r−1∏

i=1

q2(ν−r−i+1) − 1
qm−r−i − 1

+
m−r−1∏

i=0

q2(ν−r−i+1) − 1
qm−r−i − 1

, δ = 2.

yyy ²²² � r = r(X) = 0 (d��k ε1 = 0), A^©z[4]¥�íØ 4.15�y.

y3b� r = r(X) > 0. - P ´�� m ����f�m, P ⊇ X ��=� P ⊇ 〈X〉, Ï
d, A^Ún 1.2, TÚn�y.

íííØØØ 1.5 3 2ν + δ ��"�mþ�¹���½�� r ��þ��8� ν + δ − 1 �4�
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���f�m��ê´

N ′(r, 0, 0, ε1; ν + δ − 1, 0, 0, ε; 2ν + δ) =


ν−r∏
i=1

(qi + 1), δ = 1,

(qν−r+1 + 2)
ν−r∏
i=1

(qi + 1), δ = 2.

= (qν−r+1 + 2)δ−1
ν−r∏
i=1

(qi + 1).

2 ½n9íØ

½½½nnn 2.1 � S ´ 2ν + δ ��"�m F(2ν+δ)
q ¥�(m, 2s + τ, s, ε) .�"�þ�8Ü,

(m, 2s + τ, s, ε) ÷v(1), (2)ª, M(S) ´��5Ã'�þ½Â� matriod, L(M(S)) ´ M(S) �
¡�, LI(M(S)) ´3� L(M(S)) ¥��¡�n�, µ ´ L(M(S)) þ� Möbius ¼ê, @o, é
u?Û��ê λ 6 ν + δ, ©l S � (ν + δ) − λ ����f�m��ê´∑

X∈LI(M(S)): r(X)6ν+δ−λ

µ(φ,X)g(λ,X)

=


∑

X∈LI (M(S)):
r(X)6ν+1−λ

µ(φ,X)
ν−λ−r(X)+1∏

i=1

q2(ν−i+1−r(X)) − 1
qi − 1

, δ = 1,

∑
X∈LI (M(S)):
r(X)6ν+2−λ

µ(φ,X)(qν+2−λ−r(X)f(0, 0) + f(1, 1) + f(0, 1)), δ = 2.

Ù¥, f(x, y) =
ν−λ−r(X)+1∏

i=x

q2(ν−r(X)−i+y)−1
qν+2−λ−r(X)−i−1

.

yyy ²²² - X ´ M(S) ���¡, ^ g(λ,X) L«�¹ X � (ν + δ) − λ ����f�
m��ê. XJ X ´���� r(X) 6 (ν + δ) − λ, @o, A^Ún 1.4 �{Pf(x, y) =
ν−λ−r(X)+1∏

i=x

q2(ν−r(X)−i+y)−1
qν+2−λ−r(X)−i−1

, �

g(λ,X) =


ν+1−λ−r(X)∏

i=1

q2(ν−i+1−r(X)) − 1
qi − 1

, δ = 1,

qν+2−λ−r(X)f(0, 0) + f(1, 1) + f(0, 1), δ = 2.

XJ X ´����, ½ X ´���� r(X) > (ν + δ) − λ, @o g(λ,X) = 0. ^ f(λ,X) L
« P ∩ S = X � (ν + δ − λ) ����f�m P ��ê, @o

g(λ,X) =
∑

Y ∈LI(M(S)):Y ⊇X

f(λ, Y ).

�â Möbius ¼ê�üúª, k

f(λ, Y ) =
∑

X∈LI(M(S)):X⊇Y

µ(Y,X)g(λ,X)

=


∑

X∈LI (M(S)):X⊇Y

and r(X)6ν+1−λ

µ(Y,X)
ν+1−λ−r(X)∏

i=1

q2(ν−i+1−r(X)) − 1
qi − 1

, δ = 1,

∑
X∈LI (M(S)):X⊇Y

and r(X)6ν+2−λ

µ(Y,X)(qν+2−λ−r(X)f(0, 0) + f(1, 1) + f(0, 1)), δ = 2.
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éu Y = φ, f(λ, φ) ´©l S � (ν + δ − λ) ����f�m��ê. ½n�y.
íííØØØ 2.2 - S ´ 2ν + δ ��"�m F(2ν+δ)

q ¥�(m, 2s + τ, s, ε) .�"�þ�8Ü,
M(S), L(M(S)), LI(M(S)), µ �½n 2.1 �Ó, @o

C(S, F(2ν+δ)
q )

=


min{λ|

∑
X∈LI (M(S))

with r(X)6ν+1−λ

µ(φ,X)
ν+1−λ−r(X)∏

i=1

q2(ν−i+1−r(X)) − 1
qi − 1

6= 0}, δ = 1,

min{λ|
∑

X∈LI (M(S))
with r(X)6ν+2−λ

µ(φ,X)(qν+2−λ−r(X)f(0, 0) + f(1, 1) + f(0, 1)) 6= 0}, δ = 2.

Ù¥, f(x, y) =
ν−λ−r(X)+1∏

i=x

q2(ν−r(X)−i+y)−1
qν+2−λ−r(X)−i−1

.

½½½nnn 2.3 -S´2ν + δ��"�mF(2ν+δ)
q ¥�(m, 2s + τ, s, ε).�"�þ�8Ü, @o

4����f�m�λ�|�S©l��ê�

∑
X∈LI(M(S))

µ(φ,X)((qν−r(X)+1 + 2)δ−1

ν−r(X)∏
i=1

(qi + 1))λ.

yyy ²²² �âíØ1.5, A^½n2.1aq��{�yT½n.
íííØØØ 2.4 -S´2ν + δ��"�mF(2ν+δ)

q ¥�(m, 2s + τ, s, ε).�"�þ�8Ü, @o

C(S, F(2ν+δ)
q ) = min{λ|

∑
X∈LI(M(S))

µ(φ,X)[(qν−r(X)+1 + 2)δ−1

ν−r(X)∏
i=1

(qi + 1)]λ 6= 0}.

������ ©%a�"v;[Ú?6JÑ��B?U¿�.
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