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Á�: ïÄ��ã G(a, b) (a > 2, b > 2) Ú MöbiusFfã Gn (n > 4) D�� LEW(�>°
Ý)i\¯K, y²ùüaã©O3�¡Ú�K²¡þÃD�� LEW i\, $^ÿÀÃâ�ª
�EÑ�½�­¡ Sn ÚØ�½�­¡ Nn þ�ÃD�� LEW i\ã.
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Weighted graphs permitting no LEW-embeddings

CAO Ni, LIU Ni, REN Han
(Department of Mathematics, East China Normal University, Shanghai 200241, China)

Abstract: This article studied the LEW (large edge width) embeddability of weighted

grid graph G(a, b)(a > 2, b > 2) and the Möbius ladder graph Gn(n > 4) and showed that

such two types of weighted graphs have no LEW-embeddings. Based on these two kinds of

graphs weighted graphs were constructed which are strongly embedded in Sn and Nh and

permit no LEW-embeddings in the same surface they embedded.
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¡þ����É, 3É�Ê��� Möbius �, ¡�3¥¡þS���l. XJ3¥¡þS�
n ���l, ¤���4­¡¡�º�� n �Ø�½�4­¡ Nn .

ü�ã G1 Ú G2 �(k�Èã^ G1 × G2 L«, §´ù���ã: :8 V (G1 × G2) =
V (G1) × V (G2) , >8 E(G1 × G2) = {(u1, u2)(v1, v2) | u1 = v1 � u2v2 ∈ E(G2) ½ u2 =
v2 � u1v1 ∈ E(G1)} , 
��ã G(m,n) ´� Cm �� Cn �(k�È. Möbius Ffã´�
���2n��C2n = (x1, x2, · · · , xn, y1, y2, · · · , yn)\þ n ^u(xi, yi), (1 6 i 6 n).

�â C.Thomassen Ú B.Mohar ��½[1], ��ã G ���^=XÚ Π = (π, λ) �±��
û½ G 3��­¡þ�i\, Ù¥ π ´dã G �¤k!:?��'é>�Ì���, 
λ´
��lE(G)�{−1,+1}�N�. XJ3ã G �i\ Π ¥, � C kóê^���K�>, K C

� Π-Vý�, ÄK C ´Π-üý�. � C = v0e1v1e2 · · · vl−1elv0´ Π-i\ã G ���Vý�.
Ø�� Π 3 C �������, éu¤k� i = 1, · · · , l , XJ ei+1 = πki

vi
(ei) , ·�r¤k�

> πvi(ei), π2
vi

(ei), · · · , πki−1
vi

(ei) ¡�� C �ý�>. ·�¡¤k�¹�^ C �ý>� C-x
�¿´ C ��ã. P� Gl(C, Π) ½{P� Gl(C) . aq�½Â C �mã, P� Gr(C, Π) ½{
P�Gr(C). XJ Gl(C) ∪ C ½ Gr(C) ∪ C �º�� 0 ,K¡� C � Π-�Â �; ÄK¡ C

� Π-Ø�Â �.

?�ã G ¥�: v ±9 v �'é> e = vu , l v � u H{ e. ÷X> e′ = πu(e) UYH
{, ­Eù�L§, Ø�H{��^��� −1 �>. ·�ò^���^5û½H{�e�^
>. ��±�Ó��H{�Ð©> e �, Ò�)
��¡, Q . 3¡, Q ¥Ñyüg�:�
ÛÉ:, Ñyüg�>�ÛÉ>. ¡ÃÛÉ:ÚÃÛÉ>�¡,�¡� C .

� Π ´ã G ���i\, K¡�á� Π-Ø�Â � C ��Ý�>°Ý , P� ew(G, Π).
XJ G �k�Â �, K ew(G, Π) = ∞ .éuã G ���i\ Π , XJ>°Ý ew(G, Π) �u
�� Π-¡, Q ��Ý l(Q) ,=k ew(G, Π) > l(Q) K¡i\ Π ´ LEW(large-edge-width)i
\ . e�3>��¼ê W : E(G) → R+ ÷véu?¿� Π-¡, Q , ?¿� Π-Ø�Â �
C , k W (Q) < W (C) , K¡ Π ´ã G �D�� LEW i\, ¼ê W ´ LEW i\��¼ê.

�©Äky²��ã G(a, b) (a > 2, b > 2) Ú Möbius Ffã Gn (n > 4) ©O3�¡Ú�
K²¡þvkD�� LEW i\. ,�ÏLÃâÊÜ��ª, |^��ã G(a, b) Ú MöbiusF
fã Gn �EÑüaã©O3�½�­¡ Sn ÚØ�½�­¡ Nn þvkD�� LEW i\.

1 D���ã3�¡þÃ LEW-i\

� Π0 ´��ã G(a, b) (a > 2, b > 2) 3�¡þ�i\ (Xã 1 ¤«). Ù¥ a L«i\ã
¥î����^ê, b L«p����^ê.

½½½nnn 1 XJ (a − 2)(b − 2) 6 4, K��ã G(a, b) 3�¡þÃD�� LEW i\.

yyy ²²² dã 1 ��, ��ã G(a, b) 3�¡þ�i\ Π0 ¥, k ab �¡�, a + b �Ø�
Â � (a�î��, b�p��), � ab �¡���Ú� 2

∑
e∈G(a,b)

w(e) , a + b �Ø�Â ��

�Ú�
∑

e∈G(a,b)

w(e). KXJ

2
∑

e∈G(a,b)

w(e)

ab
>

∑
e∈G(a,b)

w(e)

a + b
. (1)
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z{ (1) ª, k

(a − 2)(b − 2) 6 4, (2)

ã 1 ��ã3�¡þ�i\
Fig. 1 Embedding grid graph in the torus

¤±�� a, b ÷v (2) ª, ��ã G(a, b) Ã��� LEW i\.

2 Möbius Ffã3�K²¡þÃD�� LEW i\

C.Thomassen y²
, ã G �D�� LEW i\�½´��º�i\[1], ¤±, �I�Ä
Möbius Ffã Gn(n > 4) 3�K²¡þ�i\.

½½½nnn 2 Möbius Ffã Gn(n > 4) 3�K²¡þ�küai\, §�ÑéAu Hamilton
� C = (x1, x2, · · · , xn, y1, y2, · · · , yn) ´�Â ��/.

yyy ²²² (1) XJ C ´�Â �, Kw,�küai\ : Π1 Xã 2(a) ¤«, Ù¥�k��
¡Ø´4->/, Ù¥�áØ�Â ��=n+1; Π2 Xã 2(b) ¤«, Ù¥kü�¡Ø´4->/, Ù
¥�áØ�Â ���4.

(2) XJC´Ø�Â �,òCki\��K²¡þ, ����¡f�i\.,��Äòü^
>x1y1Úx2y2x\�fSÜ�x{. ØJwÑ, d�§��gkü«x\fSÜ�x{, ��
|¤4«ò§�Ó�x\fSÜ�x{. éuz�«x{, >x1y1Úx2y2òf�SÜg,©z¤
�3�SÜØ��«�. 3d^�e, ��2ò>x3y3Úx4y4Ó�x\7,�3>x1y1½x2y2þ
�)��, l
��GnÃ{i\��K²¡þ.

n þ ¤ ã, Möbius F f ã Gn(n > 4) 3 � K ² ¡ þ � k ü a i \,§ � é A u �
/(1)¥C��Â ���/.

555¿¿¿ ÷v½n 1-2 ¥^��ãkÃ�õ�, �þ���²¡�(¹kKuratowskifã).
½½½nnn 3 Möbius Ffã Gn(n > 4) 3�K²¡þÃD�� LEW i\.
yyy ²²² �y{, �Möbius Ffã Gn, (n > 4) 3�K²¡þ�i\�küa: Π1 Xã

2(a)¤«, Π2 Xã 2(b)mý¤«.
b� Möbius Ffã Gn 3�K²¡þ�3��¼ê W, ¦� G �?¿¡� Q, ?¿Ø�

Â � C k

W (Q) < W (C). (3)
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ã 2 Möbius Ffã3�K²¡þ�üai\
Fig. 2 Two types of embeddings of Möbius ladder graph

3 Π1 � � ¹ ¥, é u ¡ � Q1 = x1, x2, · · · , xn, y1, y2, · · · , yn, x1 Ú Ø � Â   � C1 =
x1, y1, y2, · · · , yn, x1, C2 = y1, y2, x2, x3, · · · , xn, y1, |^ (3) ªk

W (x1y1) >

n−1∑
i=1

W (xixi+1) + W (xny1),

W (x2y2) >

n−1∑
i=2

W (yiyi+1) + W (x1yn) + W (x1x2).

y3�Ä¡� Q2 = x1y1y2x2x1. k

W (Q2) = W (x1y1) + W (y1y2) + W (x2y2) + W (x1x2)

> W (x1x2) + W (y1y2) + W (x1y1) +
n−1∑
i=2

W (yiyi+1) + W (x1yn) + W (x1x2)

>

n−1∑
i=1

W (yiyi+1) + W (x1yn) + W (x1y1)

= W (C1). gñ�

3 Π2 � � ¹ ¥, é u ¡ � Q1 = xi, xi+1, yi+1, yi, yi−1, xi−1 Ú Ø � Â   �
xi, xi+1, yi+1, yi, | ^ (3) ª k W (xiyi) > W (xixi−1) + W (xi−1yi−1) + W (yi−1yi). é
u ¡ � Q2 = xi, xi+1, · · · , xn, y1, y2, · · · , yi Ú Ø � Â   � xi−1, xi, · · · , xn, y1, y2, · · · ,

yi−1, k W (xi−1xi) + W (xi−1yi−1) > W (xiyi) + W (yi−1yi). ò ± þ ü ª � \, � � 0 >

2W (yi−1yi). gñ�
¤±Möbius Ffã Gn(n > 2) 3�K²¡þÃ��� LEW i\.

3 �E Sn þ�ÃD�� LEW i\
c¡®²��, (a− 2)(b− 2) 6 4 �, ��ã G(a, b) 3�¡þÑvkD�� LEW i\. �

?¿�ü�3�¡þÃD�� LEW i\���ã, Ø�Ò� G(a, b) ü��Ó�i\ Π
′
, Π

′′
,
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Xã 3 ¤«.©O3 Π
′
, Π

′′
�?¿¡ F

′
, F

′′
SÜ�����4�� ABCD, ¿3 Π′ þë�

V ′
11A, V ′

12B, 3 Π′′þë� V ′′
11B, V ′′

12A, ùp, V ′
11V

′
12 Ú V ′′

11V
′′
12 ©O´F ′, F ′′>.þ�>.

��òü­¡�ëÏÚ(X©z[3]¥½Â)$�, =Uã¥�ª?1Êb, Xã 3 ¤«. P¤
�ã�i\� Π∗ .

ã 3 S2þÃ LEW-i\�D�ã
Fig. 3 A graph without LEW-embedding on S2

½½½nnn 4 Π∗ ´�½�­¡ S2 �ÃD� LEW i\ã.
yyy ²²² ��¡��ãi\ Π′,Π′′ �º:ê, >ê, ¡ê©O´ n′, q′, f ′ Ú n′′, q′′, f ′′. d

î.úªk

n′ − q′ + f ′ = 2 − 2g1, n′′ − q′′ + f ′′ = 2 − 2g2. (4)


lã 3 ¥�±wÑ, i\ã Π∗ �º:ê, >ê, ¡ê©O´ n′ + n′′, q′ + q′′ + 2, f ′ + f ′′, Kd
ª (4) k(n′ +n′′)− (q′ +q′′)+(f ′ +f ′′) = 4−2(g1 +g2), ½(n′ +n′′)− (q′ +q′′ +2)+(f ′ +f ′′) =
2 − 2(g1 + g2). ¤± Π∗ ´Êb�¤�ã3­¡ S2 þ�i\. �Äi\ã Π∗, ��k 2ab �¡
�, 2(a + b) �Ø�Â �, � 2ab �¡����Ú´ 2

∑
e∈G(a,b)

w(e), 2(a + b) �Ø�Â ���

Ú´
∑

e∈G(a,b)

w(e) − W (e1) − w(e2), Ù¥ e1 = V ′
11V

′′
12, e2 = V ′

12V
′′
11. Ï� a, b ÷v (1) ª, K

2
∑

e∈G(a,b)

w(e)

2ab
>

∑
e∈G(a,b)

w(e)

2(a + b)
>

∑
e∈G(a,b)

w(e) − W (e1) − w(e2)

2(a + b)
.

�ù��ëÏÚ¤��ã�i\´ S2 þÃD�� LEW i\.
�±wÑ, Uìù«�ª|^��ã G(a, b) �ëÏÚ, N´�E�½�­¡ Sn þÃD�

� LEW i\ã. aq/, ·���±éN´/^ Möbius Ffã 3 N1 i\ã?1üüÊb, �
EÑØ�½�­¡ Nn þÃD�� LEW i\ã.
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