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Edge colorings of planar graphs with maximum degree five
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Abstract: By applying a discharging method and using some theorems of critical graphs,

we proved that every planar graph G with ∆ = 5 is of class 1, if any 3-cycle is not adjacent

to any 4-cycle or to any 5-cycle in G. Therefore, we concluded two sufficient conditions for

planar graph G to be Class 1.
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0 Ú ó

b½ G ´{ü!Ã�k��²¡ã, ©O^ V (G), E(G), F (G) Ú ∆(G)({P� ∆) L

« G �º:8Ü!>8Ü!¡8ÜÚ��Ý. e�3��N� φ : E(G) → {1, 2, · · ·k}, ¦�

é G ¥?¿ü^����> e1 Ú e2, k φ(e1) 6= φ(e2), K¡ G ´ k ->�/Ú�. ¦ã G ä

k k ->�/Ú������ê k ½Â� G �>Úê, P� χ′(G). 1964 c, Vizing[1]y²
,

?¿��²¡ã G, Ñ÷v ∆ 6 χ′(G) 6 ∆ + 1. ò÷v χ′(G) = ∆(G) �ã G ¡�1�aã,

÷v χ′(G) = ∆(G) + 1 �ã G ¡�1�aã. XJ G ¥�?¿ü��(½¡)��k�^ú

�>, K¡ùü��(½¡)´����.

'u²¡ã�>/Ú, 8c®²k�þ�k��(Ø. Vizing[2] y²
z� ∆ > 8 �{

ü²¡ãÑ´1�aã, ¿éÑ
 ∆ ∈ {2, 3, 4, 5} �{ü²¡ã�31�a�~f, Ó�ß

�ù�(Øé ∆ > 6 �{ü²¡ã�´¤á�. �C, ∆ = 7 ��¹®d©z[3, 4]�Ñ
y

². Vizing é ∆ = 6 �ß�8c�vk����)û. éu ∆ 6 6 ��²¡ã, �C�©
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zõ8¥uÏéÙ´1�aã�¿©^�. X©z [5] y²
, z� ∆ = 6 �Ã�Ý� 3, 4,

5 ������{ü²¡ã´1�aã; ©z [6] y²
, ∆ = 6, vk 6 -�, ½vk��n�

/, ½Ø¹ku� 5 -�Ú 6 -���²¡ã´1�aã; ©z [7] y²
, ∆ = 6 Ø¹ku�

5 -���²¡ã´1�aã; ©z [8] y²
, ∆ = 5 ���Ø�u 4 ��²¡ã´1�a

ã; ©z [9] y²
, ∆ = 5�Ø¹ 4 -�½Ø¹ 5 -���²¡ã´1�aã; ©z [10] y²
,

∆ = 5 �vk��n�/��²¡ã´1�aã.

�C, /�±þ©z, ·����
 4 6 ∆ 6 6 ��²¡ã´1�aã��
¿©^�.

(1) ��Ý´ 4 �÷ve�^�����²¡ã G ´1�aã: G ¥Ø¹�Ý� 4 � 9 ��;

G ¥Ø¹ 4 -�Ú 5 -�, �?¿ü� 3 -¡Ø'éuÓ��º:; G ¥Ø¹�Ý3 5 Ú 8 �m

��, �?¿ü� 3 -�, ?¿ü� 4 -�Ø'éuÓ��:; ��Ø�u 4, G ¥Ø¹ku�

8 -�, �?¿ü� 4 -¡Ø'éuÓ��º:. (2) ��Ý´ 6 �?¿ü��Ý�õ´ 6 � k

-�Ø�����²¡ã´1�aã. (3) ��Ý´ 5 �?¿�� 3 -�Ú?¿�� 4 -�Ø�

��, ½?¿��3-�Ú?¿��5-�Ø�����²¡ã´1�aã. ¿©^� (1) Ú (2)

3©z [11, 12] ¥�Ñ
y². ùp, $^ Discharge �{9�.ã��5�y²¿©^

� (3).

��B¦^, e¡^ d(x) L« x 3 G ¥�Ýê, Ù¥ x ∈ V (G) ∪ F (G). ^ dk(v) L«

: v �Ýê� k ��:��ê. Ýê� k �:(½¡)¡� k -:(½ k -¡), ÝêØ�u k �

:(½¡)¡� k+ -:(½ k+ -¡). XJ�� 3 -¡ f 'é 3 �Ýê©O� i, j, k �º:, Ù¥

i 6 j 6 k, K¡ f� (i, j, k) -¡.

1 �.ã

½½½ÂÂÂ 1.1 XJã G ´ëÏ�1�aã, ¿�é?¿> e ∈ E(G), Ñk χ′(G − e) <

χ′(G), K¡G´���.ã. ��Ý�∆��.ã, ¡�∆-�.ã.

ÚÚÚnnn 1.1
[2] � G ´�� ∆ -�.ã, u, v ∈ V (G) � u, v ���, d(v) = k @o

(1) e k < ∆, K u ����u ∆ − k + 1 �Ý� ∆ �º:;

(2) e k = ∆, K u ����uü�Ý� ∆ �º:;

(3) d(v) + d(u) > ∆ + 2.

ÚÚÚnnn 1.2
[3] � G ´�� ∆ -�.ã, xy ∈ E (G) ¦� d (x) + d (y) = ∆ + 2, @o

(1) z� v ∈ N ({x, y}) \ {x, y} ´ ∆ -:;

(2) z� v ∈ N (N ({x, y})) \ {x, y} ÷v d (v) > ∆ − 1;

(3) XJ d (x) < ∆, d (y) < ∆, Kz� v ∈ N (N ({x, y})) \ {x, y} ´ ∆ -:.

ÚÚÚnnn 1.3
[4] XJã G �3 3 �ØÓ�º: x, y, z ÷ve� 2 �^�, @o G Ø´ ∆

-�.ã:

(1) xy ∈ E (G) , xz ∈ E (G) , d (z) < 2∆ − d (x) − d (y) + 2;

(2) xz �¹3�� d (x) + d (y) − ∆ − 2 �Ø�¹º: y �n�/¥.

2 ?¿ 3-��?¿ 4-�Ø���½?¿ 3-��?¿ 5-�Ø�����²¡ã

½½½nnn 2.1 ��Ý´ 5 �?¿�� 3 -�Ú?¿�� 4 -�Ø���, ½?¿�� 3 -�Ú

?¿�� 5 -�Ø�����²¡ã G ´1�aã.

yyy ²²² b�½nØ¤á, = G ´1�aã. Ø���5, �±b� G ´ 5 -�.ã, w

, G ´ 2 -ëÏ�. Ïd G �z�¡�>.´���, �z^> u 2 �ØÓ¡�>.þ. ò



34 uÀ���ÆÆ�(g,�Æ�) 2011 c

Euler úª?1{üC/��

∑

x∈V

(d (x) − 4) +
∑

x∈F

(d (x) − 4) = −8.

é?¿ x ∈ V (G) ∪ F (G), ½ÂÐ� ch (x) �ch (x) = d (x) − 4. e¡�â�Ñ���

5K (Discharging rules), éz�� x ∈ V (G) ∪ F (G) � ch (x) ?1N�, l��#��

ch′ (x). Ï�¤��N�©ª�yØK�ÙÚª��, ¤±k

∑

x∈V ∪F

ch (x) =
∑

x∈V ∪F

ch′ (x) = −8.

XJ�±y²éuz�� x ∈ V (G) ∪ F (G), Ñk ch′ (x) > 0, K�þªgñ, l½n�y.

���¹¹¹1 ��Ý´5�?¿��3-�Ú?¿��4-�Ø�����²¡ãG´1�aã.

½Â5KXe.

R1 éz�5-:v, v©�Xe.

R1-1 v ©�1�Ù��� 2 -:, ©� 1
3 ��Ù���z� 3 -:;

R1-2 � v � 4 -: u��, XJ u� 3-: x��, K v ©� 4
15 � u,eØ,, v ©� 1

5 � u;

R1-3 v ©� 1−d2(v)
5 ��Ù'é�z� 3 -¡.

R2 é 4 -: v, v ©� 1
3 ��Ù���z� 3 -:, ©� 1

5 ��Ù'é�z� 3 -¡.

R3 � f � 5+ -¡. e f � (2, 5, 5) ¡ f ′ ��, � |E (f) ∩ E (f ′)| = 2 �, du G ¥?¿

3 ��?¿ 4 �Ø���, ¤±, f 7� 6+ -¡, d�, f ©� 1 � f ′, ©� 1
5 ��Ù���Ø

f ′ �	�z� 3 -¡. eØ,, f ©� 1
5 ��Ù����z� 3 -¡.

éz� v ∈ V (G), k d (v) > 2. � d (v) = 2, K ch (v) = −2. dÚn 1.1, v ��ü� 5

-:, d R1-1, ch′(v) = −2 + 1 × 2 = 0.

� d (v) = 3, K ch (v) = −1. dÚn 1.1, v �� 3 � 4+ -:, d R1-1 Ú R2, k ch′ (v) =

−1 + 1
3 × 3 = 0.

� d (v) = 4, K ch (v) = 0. dÚn 1.1, min {d (u) |u ∈ N (v)} > 3 ��õk 1 � 3 -:,

��kü� 5 -:� v ��, Ï G ¥?¿ 3 ��?¿ 4 �Ø���, ¤±�õ�3ü�Ý� 3

�¡� v 'é.

� d3 (v) = 1 �, dÚn 1.2, k d5 (v) = 3. d R1-2, v l���5-:��� 4
15 ×3, dR2, v

©� 1
3 �Ù��� 3-:, �õ©� 1

5×2 ��Ù'é� 3 -¡. ¤± ch′ (v)>
4
15×3−1

5×2− 1
3 > 0.

� min {d (u) |u ∈ N (v)} > 4 �, dÚn 1.1, k d4 (v) 6 2, d5 (v) > 2. d R1-2, v l

��� 5 -:���� 1
5 × 2, d R2, v �õ©� 1

5 × 2 ��Ù'é� 3 -¡, ¤± ch′ (v) >

1
5 × 2 − 1

5 × 2 = 0.

� d (v) = 5, K ch (v) = 1. dÚn 1.1, min {d (u) |u ∈ N (v)} > 2 ��õk�� 2 -:,

��k 2 � 5 -:� v ��. Ï G ¥?¿ 3 ��?¿ 4 �Ø���, ¤±�õ�3ü�Ý� 3

�¡� v 'é.

� min {d (u) |u ∈ N (v)} = 2 �, dÚn 1.2, k d5 (v) = 4. d R1-1ÚR1-3, k ch′ (v) =

1 − 1 = 0.

� min {d (u) |u ∈ N (v)} = 3 �, dÚn 1.1, k d3 (v) 6 2, d5 (v) > 3. e d3 (v) = 2, d

Ún 1.3, v �õ'é 1 � 3 -¡, d R1-1 Ú R1-3, k ch′ (v) > 1− 1
3 × 2− 1

5 > 0. e d3 (v) = 1,
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dÚn 1.1, k d4 (v) 6 1, 3 6 d5 (v) 6 4. d R1-1, R1-2, R1-3, v �õ©� 1
3 + 4

15 + 1
5 × 2, ¤

±ch′ (v) > 1 −
(

1
3 + 4

15 + 1
5 × 2

)

= 0.

� min {d (u) |u ∈ N (v)} > 4 �, dÚn 1.1, k d4 (v) 6 3, d5 (v) > 2. e d4 (v) > 2, dÚ

n 1.2, v ��� 4 -: u ÷v: min {d (w) |w ∈ N (u)} > 4, d R1-2, v �õ©� 1
5 × 3 �Ù�

�� 4 -:, d R1-3, v �õ©� 1
5 × 2 �Ù'é� 3 -¡, ¤± ch′ (v) > 1 − 1

5 × 3 − 1
5 × 2 = 0.

e d4 (v) = 1, K d5 (v) = 4, d R1-2ÚR1-3, v �õ©� 4
15 �Ù��� 4 -:, �õ©� 1

5 × 2

��Ù'é� 3 -¡, ¤± ch′ (v) > 1 − 4
15 − 1

5 × 2 > 0.

� f ∈ F (G), K d (f) > 3. XJ d (f) = 4, K ch (f) = 0, � ch′ (f) = 0.

XJ d (f) > 5, K ch (f) > 1. (1) � f � (2, 5, 5) -¡ f ′ ��� |E (f) ∩ E (f ′)| = 2

�, du G ¥?¿ 3 ��?¿ 4 �Ø��, ¤± d (f) > 6. dÚn 1.1ÚÚn 1.2, 3 f

�>.þ�õ�3
[

d(f)
4

]

� 2 -:, K f �õ�
[

d(f)
4

]

� (2, 5, 5) -¡���. Ød�	, f

�õ�� d (f) − 2
[

d(f)
4

]

�Ù§� 3 -¡���. �â R3, f �Ù��� 3 -¡�õ©�

1
5

(

d (f) − 2
[

d(f)
4

])

+
[

d(f)
4

]

× 1, ¤±,

ch′ (f) > d (f) − 4 −
1

5

(

d (f) − 2

[

d (f)

4

])

−

[

d (f)

4

]

× 1.

� d (f) = 6, 7 �, ²�yk ch′ (f) > 0; �d (f) > 8�, k

ch′ (f) >
4

5
d (f) −

3

5
×

[

d (f)

4

]

− 4 >
13

5

[

d (f)

4

]

− 4 > 0.

(2) � f Ø÷v (1) �^��, K f �õ�� d (f) � 3 -¡. d R3, f �õ©� 1
5d (f) �Ù�

��� 3 -¡, ¤± ch′ (f) > d (f) − 4 − 1
5d (f) = 4[15d (f) − 1] > 0.

XJ d (f) = 3, K ch (f) = −1, - x, y, z ´� f 'é�n�ØÓ�º:� d (x) 6

d (y) 6 d (z), �âÚn 1.1–1.3, f �U´e¡A«/ª��: (2, 5, 5) -¡, (3, 4, 5) -¡, (3, 5, 5) -

¡, (4, 4, 4) -¡, (4, 4, 5) -¡, (4, 5, 5) -¡, (5, 5, 5) -¡. � f ´ (2, 5, 5) -¡�, - f ′ ´ 2 -:'é�

,�¡, du G ¥?¿ 3 ��?¿ 4 �Ø���, ¤± d (f ′) > 6, d R3, ch′ (f) = −1+1 = 0.

� f ´Ù§ 6 « 3 -¡�, Ï� G ¥?¿�� 3 ��?¿�� 4 �Ø���, ¤± f 7� 3 �

5+ -¡���. d R3, f �� 1
5 × 3. e f ´ (5, 5, 5) -¡, dÚn 1.2, x, y, z ¥�õk��:�

2 -:��, Ø��Ù� x, d R1-3, f l y, z ©O�� 1
5 , ¤±, k ch′ (f) > −1+ 3

5 + 1
5 ×2 = 0;

e f ´ (3, 4, 5) -¡, (3, 5, 5) -¡, (4, 4, 4) -¡, (4, 4, 5) -¡, (4, 5, 5) -¡, d R1-3Ú R2, º: x, y, z

¥, ��kü�:©O©� 1
5 � f , ¤±, ch′ (f) > −1 + 3

5 + 1
5 × 2 = 0. �¹ 1 �y.

���¹¹¹ 2 ��Ý´ 5 �?¿�� 3 -�Ú?¿�� 5 -�Ø�����²¡ã G ´1�

aã.

- s ´º: v ¤'é� 3 -¡��ê, du G ¥?¿�� 3 -�Ú?¿�� 5 -�Ø��

�, ¤±, ke¡�äó.

äääóóó 2.1 G ¥z� 4 -: v �õ'é 2 � 3 -¡, = s 6 2. � s > 1 �, v �'é 2 � 6+

-¡.

äääóóó 2.2 G ¥z� 5 -: v �õ'é 3 � 3 -¡, = s 6 3. � v � 2 -:���, e s = 3,

K v �'é 1 � 7+ -¡Ú1� 6+ -¡, e1 6 s 6 2, K v �'é 2 � 6+ -¡; � v Ø�2-:��

�, es > 1, K v ���'é2� 6+ -¡.



36 uÀ���ÆÆ�(g,�Æ�) 2011 c

½Â5KXe.

R1 é G ¥z� 5 -: v, v ©�Xe.

R1-1 v ©� 1 �Ù��� 2 -:;

R1-2 � v � 3 -: x ��, e x q� 4 -:��, K v ©� 1
2 � x, eØ,, v ©� 1

3 � x;

R1-3 e v �� 5 -: u, u � 2 -: x ��,  v � x Ø��, K v ©� 1
7 � u;

R1-4 � 5 -: u � 3 -: x Ú 4 -: y ��, � u 'é (3, 4, 5) -¡!(k, 5, 5) -¡!(5, 5, 5)

-¡3�3-¡, Ù¥ k = 3, 4 ½ 5. du G ¥?¿�� 3 -�Ú?¿�� 5 -�Ø���, ¤±, y

��� 5 -:¥���3�� 5 -:Ø� (3, 4, 5) -¡'é, �d�� 5 -:´ v, K v ÏL y ©

� 1
3 � u.

R2 éz�Ý� 3 �¡ f , � x, y, z ´ f �n�ØÓº:, � d (x) 6 d (y) 6 d (z)

R2-1 e f ´ (k, 5, 5) -¡, k = 2, 3, K y, z ©O©� 1
2 � f ;

R2-2 e f ´ (3, 4, 5) -¡, K y ©� 1
3 , z ©� 2

3 � f ;

R2-3 e f �º:�Ý��� 4, K x, y, z ©O©� 1
3 � f .

R3 � f ´Ý��� 5 �¡, K f ©�
d(f)−4

d(f) ��Ù'é�z�º:.

� f ∈ F (G), K d (f) > 3. e d (f) = 4, K ch (f) = 0, � ch′ (f) = 0. XJ d (f) > 5, K

ch (f) = d (f) − 4 > 1, d R3, ch′ (f) = d (f) − 4 − d(f)−4
d(f) × d (f) = 0.

XJ d (f) = 3, ch (f) = −1. du ∆ = 5, �âÚn 1.1–1.3, f 7�e� 3 -¡��:

(2+, 5, 5) ¡, (3, 4, 5) -¡, (4, 4, 4) -¡, (4, 4, 5) -¡, d R2-1, R2-2, R2-3, k ch′ (f) = −1+1 = 0.

é v ∈ V (G) , k d (v) > 2. � d (v) = 2, K ch (v) = −2. dÚn 1.1, v �ü� 5 -:��,

d R1-1, ch′ (v) = −2 + 1 × 2 = 0.

� d (v) = 3, K ch (v) = −1. dÚn 1.1, v ��� 2 � 5 -:, �õ� 1 � 4 -:�

�. d R1-2, � d4 (v) = 1 �, v �� 1
2 × 2; � d5 (v) = 3 �, v �� 1

3 × 3, ¤±, ch′ (v) =

−1 + min
{

1
2 × 2, 1

3 × 3
}

= 0.

� d (v) = 4, K ch (v) = 0. dÚn 1.1, v �õ� 1 � 3 -:!���ü� 5 -:��. d

äó 2.1, k s 6 2. � s > 1 �, däó 2.19 R3, v ���� 1
3 × 2, d R2-2, R2-3, v �õ©�

1
3 × 2 �Ù��� 3 -¡, ¤±, ch′ (v) >

1
3 × 2 − 1

3 × 2 = 0; � s = 0 �, � ch′ (v) = 0.

� d (v) = 5, K ch (v) = 1. dÚn 1.1, min {d (u) |u ∈ N (v)} > 2 ��õk��2-:, �

�k 2 � 5 -:� v ��. däó 2.2, k s 6 3.

Äk, � v U R1-4©��Ø�Ù��� 5 -: u, KdÚn 1.2, k min {d (u) |u ∈ N (v)} =

4, d5 (v) = 4. U R1-4�©��¦, u 'é (3, 4, 5) -¡!(k, 5, 5)-¡!(5, 5, 5)-¡, k=3, 4, ½ 5.

du G ¥?¿ 1 � 3 -��?¿ 1 � 5 -�Ø���, � k=3, ½ 5 �, ù�� u :�õk 2 �,

� k = 4 �, ù�� u :�k��. - t � u :��ê, K 1 6 t 6 2.

e t = 2, K v ��� 4 -: y 'é 2 � (3, 4, 5) -¡. däó 2.1, vy 'é 2 � 6+ -¡, = v

'é 2 ���� 6+ -¡. du G ¥?¿ 3 -�� 5 -�Ø��, d�, v �õ'é 2 � 3 -¡, �

1 6 s 6 2 �, v ��'é 3 � 6+ -¡. Ïd, 1 6 s 6 2 �, d R3, v ���� 1
3 ×3. dÚn 1.2,

v ��� 5 -:¥�õk 3 �:÷v R1-3 �©�, d R1-3, R1-4, R2-3, v �õ©� 1
3 ×4+ 1

7 ×3

��Ù���9Ø��� 5 -:Ú'é� 3 -¡, ¤±, ch′ (v) > 1+ 1
3 ×3−

(

1
3 × 4 + 1

7 × 3
)

> 0.

s = 0 �, d R3, v ���� 1
3 × 2. dÚn 1.2, v ��� 5 -:¥�õk 4 �:÷v R1-3�©

�, d R1-3, R1-4, v �õ©Ñ� 1
3 × 2+ 1

7 × 4, ¤±, ch′ (v) > 1 + 1
3 × 2−

(

1
3 × 2 + 1

7 × 4
)

> 0.

e t = 1, K v ��� 4 -: y 'é1� (3, 4, 5) -¡. däó 2.29 R3, v �õ'é 3 � 3 -¡,
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� s > 1�, v ���� 1
3 ×2. s = 3 �, dÚn 1.2, v ��� 5 -:¥�õk 2 �:÷v R1-3 �

©�, d R1-3,R1-4,R2-3, v �õ©� 1
3×4+ 1

7×2, ¤±, ch′ (v) > 1+ 1
3×2−

(

1
3 × 4 + 1

7 × 2
)

> 0;

e 1 6 s 6 2, dÚn 1.2, v ��� 5 -:¥�õk 3 �:÷v R1-3 �©�, d R1-3, R1-4, R2-3,

v �õ©� 1
3 ×3+ 1

7 ×3, ¤±, ch′ (v) > 1+ 1
3 ×2−

(

1
3 × 3 + 1

7 × 3
)

> 0; es = 0, dÚn 1.2, v

��� 5 -:¥�õk 4 �:÷v R1-3 �©�, d R1-3, R1-4, k ch′ (v) > 1−
(

1
7 × 4 + 1

3

)

> 0.

Ïd, 3e¡�?Ø¥, �±b� v �©���Ù���º:9�Ù'é� 3 -¡.

� v � 2 -: x ���, dÚn 1.2, k d5 (v) = 4, � v ��� 5 -:¥��k 3 �

:� x Ø��, d R1-3, v ���� 1
7 × 3. (1) s = 3 �, däó 2.29 R3, v ����

1
3 + 3

7 , d R1-1, R2-1, R2-3, v �õ©� 1 + 1
2 + 1

3 × 2 �Ù'é� 3 -¡9��� 2 -:, ¤±

ch′ (v) ≥ 1 + 1
7 × 3 + 1

3 + 3
7 −

(

1 + 1
2 + 1

3 × 2
)

> 0; (2) 1 6 s 6 2 �, däó 2.29 R3, v ��

�� 1
3 × 2, d R1-1, R2-1, R2-3, v �õ©� 1 + 1

2 + 1
3 �Ù'é� 3 -¡9��� 2 -:, ¤±,

ch′ (v) > 1 + 1
7 × 3 + 1

3 × 2 −
(

1 + 1
2 + 1

3

)

> 0. (3) s = 0 �, v �õ©�1��Ù��� 2 -:,

¤±, ch′ (v) > 1 − 1 = 0.

� min {d (u) |u ∈ N (v)} = 3 �, dÚn 1.1, v �õ� 2 � 3 -:, ��� 3 � 5 -:�

�. e s = 0, ÃØ v � 2 � 3 -:�´ 1 � 3- :���, d R1-2, v �õ©� 1
2 × 2, ¤±,

ch′ (v) > 1 − 1
2 × 2 = 0. e 1 6 s 6 3, �Ue¡�¹?Ø:

bX d3 (v) = 2, dÚn 1.3, v �õ'é 2 � 3 -¡, �� (5, 5, 5) -¡. däó 2.29 R3, v

���� 1
3 × 2, d R1-2Ú R2-3, v �õ©� 1

2 × 2 + 1
3 × 2 �Ù'é� 3 -¡9��� 3 -:,

¤±, ch′ (v) > 1 + 1
3 × 2 −

(

1
2 × 2 + 2

3

)

= 0.

bX d3 (v) = 1 � d4 (v) = 1, dÚn1.2, kd5 (v) = 3. däó 2.29 R3, v ���

� 1
3 × 2. 1 6 s 6 2 �, d R1-2, R2-1, R2-2, R2-3, v �õ©� 2

3 + 1
3 + 1

2 , ¤±, ch′ (v) >

1+ 1
3 ×2−

(

2
3 + 1

3 + 1
2

)

> 0. s = 3 �, e v 'é (3, 4, 5) -¡,(k, 5, 5) -¡, (5, 5, 5) -¡, Ù¥ k=3,

½ 4, ½ 5, d R1-4, v ���� 1
3 , d R1-2, R2-1, R2-2, R2-3, v �õ©� 1

2 × 2 + 1
3 + 2

3 , ¤±,

ch′ (v) > 1 + 1
3 × 2 + 1

3 −
(

1
2 × 2 + 1

3 + 2
3

)

= 0. e v 'é� 3 -¡¥Ø¹ (3, 4, 5) -¡, d R1-2,

R2-1, R2-2ÚR2-3, v �õ©� 1
2 × 2 + 1

3 × 2, ¤±, ch′ (v) > 1 + 1
3 × 2 −

(

1
2 × 2 + 1

3 × 2
)

= 0.

bX d3 (v) = 1, d5 (v) = 4, däó 2.29 R3, v ���� 1
3 × 2. e s = 3, K v �

�'é 1 � (3, 5, 5) -¡. (1) v 'é� 3 � 3 -¡¥, ek 2� (3, 5, 5) -¡, d R1-2, v ©�
1
3 �Ù��� 3 -:, d R2-1Ú R2-3, v ©� 1

2 × 2 + 1
3 �Ù��� 3 -¡, ¤±, ch′ (v) >

1 + 1
3 × 2−

(

1
2 × 2 + 1

3 × 2
)

= 0; (2) v 'é� 3 � 3 -¡¥, ek 1 � (3, 5, 5) -¡, Kd R1-2, v

�õ©� 1
2 �Ù��� 3 -:, d R2-1Ú R2-3, v ©� 1

2 + 1
3 × 2 �Ù��� 3 -¡, ¤±, k

ch′ (v) > 1 + 1
3 × 2 −

(

1
2 × 2 + 1

3 × 2
)

= 0. e1 6 s 6 2, d R1-2, R2-1, R2-3, v �õ©� 1
2 �

Ù��� 3 -:, �õ©� 1
2 × 2 �Ù'é� 3 -¡, ¤±, ch′ (v) > 1 + 1

3 × 2 − 1
2 × 3 > 0.

� min {d (u) |u ∈ N (v)} > 4 �, dÚn 1.1, k d5 (v) > 2, d4 (v) 6 3. � 1 6 s 6 3 �, d

äó 2. 29 R3, v ���� 1
3 × 2, d R2-3, v �õ©� 1

3 × 3 �Ù'é� 3 -¡, d R1-39Ún

1.2, v �õ©� 1
7 ×4 �Ù��� 5 -:, ¤±, ch′ (v) > 1+ 1

3 ×2−
(

1
3 × 3 + 1

7 × 4
)

> 0; � s = 0

�, d R1-3 9Ún 1.2, v �õ©� 1
7 × 5 �Ù��� 5-:, ¤±, k ch′ (v) > 1 − 1

7 × 5 > 0.

�¹ 2 �y.

d�¹ 1Ú�¹ 2�y²��, ½n 2.1 ¤á. =��Ý´ 5 �?¿�� 3 -�Ú?¿��

4 -�Ø���, ½?¿�� 3 -�Ú?¿�� 5 -�Ø�����²¡ã G ´1�aã.
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