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Laplacian spread of bicyclic graphs

LI Ping, SHI Jin-song, LI Rui-lin
(Department of Mathematics, East China University of Science and Technology,

Shanghai 200237, China)

Abstract: The Laplacian spread of a graph is defined to be the difference between the

largest and the second-smallest Laplacian eigenvalues of the graph. Using properties of

polynomial, we characterized the graphs with the maximal Laplacian spread among all

bicyclic graphs.
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0 Ú ó

G = (V,E) ´ n�(:�{üÃ�ã, (:8Ü� V = {v1, v2, . . . , vn}, A = A(G) ´
ãG ���Ý
, du A ´¢é¡Ý
, ¤±§�A�����P� λ1(G) > λ2(G) > . . . >
λn(G). P D = D(G) = diag(d(v1), d(v2), . . . , d(vn)) £ÙÝS�´4~�¤´ã G �Ýé
�Ý
, K¡ L = L(G) = D − A �ã G � Laplace Ý
, ÙA�õ�ªP� Φ(L(G)). d
u Laplace Ý
 L ´é¡���½Ý
, ¤± L �A���K, Ø�P� µ1(G) > µ2(G) >
. . . > µn(G) = 0. AO/, µn−1(G) > 0 ��=�ã G ´ëÏã. ã G � spread �½
Â� SL(G) = λ1(G) − λn(G), 
ã� Laplace spread �½Â� ϕL(G) = µ1(G) − µn−1(G).
1983 c, Petrovic[1]1�gJÑ spread �Vg, ¿ïÄ
¤k spread Ø�L 4 �4�ã�A
�¶2001 c, Gregory, Hershkowitz Ú Kirkland[2]ïÄ
ã� spread �þe., ¿y²
´´
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äk�� spread ��½(:�ã¶2008 c, Fan �<[3]y²
(´äk�� spread ��½(
:�ã¶2009 c, Bao �<[4]y²
 G(3, 0, n) ´äk�� Laplace spread �ü�ã. �©Ï
Léõ�ª5��ïÄ, �Ñ
äk�� Laplace spread �V�ã. V�ã´�>ê�u:
ê\ 1 �ëÏã, P B(n)� n �V�ã�8Ü.

1 Ä�Ún

lV�ã�½ÂN´wÑ, V�ã�±w¤´däO\ü^#>���.
ÚÚÚnnn 1.1[5] G ´���¹�^>�ëÏã, ∆(G) ´ã G ���Ý, Kk µ1(G) >

∆(G) + 1, �Ò¤á��=� ∆(G) = n − 1.
ÚÚÚnnn 1.2[6] éu�ê n > 2 �ëÏã G, k µ1(G) 6 n, �Ò¤á��=� G �ÖãØ

ëÏ.
ÚÚÚnnn 1.3[7] G ´ n ��¹k���: v �ëÏã, K µn−1(G) 6 1, �Ò¤á��=� v

� G �Ù{¤k:Ñ��.
ÚÚÚnnn 1.4[8] éu B(n)\{G1, G

′
1, G2, G3, G4, G

′
4}¥?¿�V�ã G, k µ1(G) 6 n − 1.

ã 1 V�ã G1 � G4, G′
1 Ú G′

4

Fig.1 Bicyclic graphs G1 to G4, G′
1 and G′

4.

(ÜÚn 1.3 Ú 1.4, �±��µ
555 1.5 éu B(n)\{G1, G

′
1, G2, G3, G4, G

′
4} ¥�?¿��V�ã G, Ñk ϕL(G) < n −

1, ¤±V�ã��� Laplace spread 7½3ã 1 ¥��.
dÚn 1.1 ½Ún 1.2 �, µ1(G1) = µ1(G′

1) = n; dÚn 1.3 �, µn−1(G1) = µn−1(G′
1) =

1; ¤± ϕL(G1) = ϕL(G′
1) = n − 1.

2 Ì�½n

½½½nnn 2.1 é?¿�ê n > 7 �V�ã G, k ϕL(G) < ϕL(G1) = ϕL(G′
1).

·�ò½n©)�±eA�Ún5y².

ÚÚÚnnn 2.2 � n > 7 �, k ϕL(G2) < ϕL(G1) = ϕL(G′
1).

yyy ²²² ò µ1(G2), µn−1(G2) ©O{P� µ1, µn−1, L(G2) �A�õ�ª�

Φ(L(G2)) = x(x − 1)n−6(x − 2)2
[
x3 − (n + 4)x2 + (5n − 2)x − 3n

]
.

- f1(x) = x3 − (n + 4)x2 + (5n − 2)x − 3n, dÚn 1.1 � 1.2 �, n − 1 < µ1 6 n, dÚ
n 1.3 � 0 < µn−1 < 1, ¤± µ1, µn−1 Ñ´ f1(x) = 0 ��. Ï�

f1(n − 2
3 ) = (n − 2

3 )3 − (n + 4)(n − 2
3
)2 + (5n − 2)(n − 2

3 ) − 3n = 9n2−57n−20
27 > 0,

f1(5) = −5 − 3n < 0, f1(1) = n − 5 > 0, f1( 1
3 ) = −13n + 10

9
+

1
27

< 0.
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¤± f1(x) = 0 �n��©O3«m ( 1
3 , 1), (1, 5), (5, n − 2

3 ) S, � µ1(G2) ∈ (5, n − 2
3 ),

µn−1(G2) ∈ ( 1
3 , 1), Ïdk ϕL(G2) = µ1 − µn−1 < n − 2

3 − 1
3 = n − 1. ¤±, Ún�y.

ÚÚÚnnn 2.3 n > 7 �, k ϕL(G3) < ϕL(G1) = ϕL(G′
1).

yyy ²²² Ó�ò µ1(G3), µn−1(G3) ©OP� µ1, µn−1, L(G3) �A�õ�ª�

Φ(L(G3)) = x(x − 1)n−6
[
x5 − (n + 8)x4 + (9n + 18)x3 − (6 + 27n)x2 + (31n − 10)x − 11n

]
.

- f2(x) = x5 − (n+8)x4 +(9n+18)x3 − (6+27n)x2 +(31n− 10)x− 11n, dÚn 1.1 � 1.2 �,
n − 1 < µ1 6 n, dÚn 1.3 �, 0 < µn−1 < 1, ¤± µ1, µn−1 Ñ´ f2(x) = 0 ��. q

f2
′(x) = 5x4 − 4(n + 8)x3 + 3(9n + 18)x2 − 2(6 + 27n)x + 31n − 10.

²O���, f2
′(x) 3 (n − 1, n) þüN4O. 
ϕL(G1) − ϕL(G3) = (n − 1) − (µ1 − µn−1) =

(n − µ1) − (1 − µn−1), �â Lagrange ¥�½n, �3 ξ ∈ (µ1, n) ¦�

n − µ1 =
f2(n) − f2(µ1)

f ′
2(ξ)

=
n4 − 9n3 + 25n2 − 21n

f ′
2(ξ)

>
n4 − 9n3 + 25n2 − 21n

n4 − 5n3 + 19n − 10

= 1 − 4n3 − 25n2 + 40n − 10
n4 − 5n3 + 19n − 10

> 1 − 4n2 − 25n + 40
n3 − 5n2

.

P g(x) =
4x2 − 25x + 40

x3 − 5x2
, KN´�Ñ g(x)3 [7,+∞) þüN4~, ¤±

(n − µ1) − (1 − µn−1) > µn−1 −
4n2 − 25n + 40

n3 − 5n2
> µn−1 −

61
98

.

²LO�, f2(x)3«m(0, 1)SüN4O, �k f2( 61
98 ) < 0, ¤± µn−1 > 61

98 . Ïdk (n − µ1) −
(1 − µn−1) > 0.

u´, Ún�y.

ÚÚÚnnn 2.4 n > 7 �, k ϕL(G4) = ϕL(G′
4) < ϕL(G1) = ϕL(G′

1).

yyy ²²² Ó �, ò µ1(G4), µ1(G′
4), µn−1(G4), µn−1(G′

4) © O P � µ1, µ′
1, µn−1,

µ′
n−1¶L(G4), L(G′

4) �A�õ�ª©O�

Φ(L(G4)) = x(x − 1)n−6(x − 2)(x − 3)
[
x3 − (n + 3)x2 + (4n − 2)x − 2n

]
,

Φ(L(G′
4)) = x(x − 1)n−5(x − 4)

[
x3 − (n + 3)x2 + (4n − 2)x − 2n

]
.

- f3(x) = x3 − (n + 3)x2 + (4n − 2)x − 2n, dÚn 1.1 � 1.2 �, n − 1 < µ1 6 n,
n − 1 < µ′

1 6 n, dÚn 1.3 � 0 < µn−1 < 1, 0 < µ′
n−1 < 1, ¤± µ1(µ′

1), µn−1(µ′
n−1) ©O

´ f3(x) = 0 ��������. Ïdk, ϕL(G4) = µ1 − µn−1 = µ′
1 − µ′

n−1 = ϕL(G′
4). Ï�

f3(n − 2
3
) =

9n2 − 48n − 8
27

> 0, f3(4) = −2n + 8 < 0,

f3(1) = n − 4 > 0, f3(
1
3
) = −7n

9
− 26

27
< 0.
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¤± f3(x) = 0 �n��©O3«m ( 1
3 , 1), (1, 4), (4, n − 2

3 ) S, �k µ1 ∈ (4, n − 2
3 ), µn−1 ∈

( 1
3 , 1). Ïd,

ϕL(G4) = µ1 − µn−1 < n − 2
3
− 1

3
= n − 1.

?
k ϕL(G4) = ϕL(G′
4) < ϕL(G1). Ún�y.

nÜÚn 2.2, Ún 2.3, Ún 2.4±95 1.5, �½n 2.1 �y.

� n = 6 �, ·��O�Ñ(J, �L 1.

LLL 1 n = 6 ������ Laplace spread

Tab. 1 Laplacian spread with n = 6

G1 G′
1 G2 G3 G4 G′

4

µ1 6 6 5.514 1 5.268 8 5.236 1 5.236 1

µn−1 1 1 0.913 9 0.881 7 0.763 9 0.763 9

ϕL(G) = µ1(G) − µn−1(G) 5 5 4.600 2 4.387 1 4.472 2 4.472 2

=éu n = 6 �, Ek ϕL(G) < ϕL(G1) = ϕL(G′
1).

¤±½n 2.1 éu�ê n = 6 ��¤á.
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