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On weak c-supplement and formations

LIU Xiao-lei
(Department of Applied Mathematics, Shanxi University of Finance and Economics,

Taiyuan 030006, China)

Abstract: By weak c-supplement we investigated the possibility that a finite group is in a

saturated formation containing all supersoluble groups. It was showed that for a saturated

formation F containing all supersoluble groups, if there exists a group G such that G

contins a normal subgroup N and G/N is supersoluble and if maximal subgroups of Sylow

subgroups of N are c-supplemented in G, then G ∈ F . Some results are extended.
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�©�?Øk�+, ¤^ÎÒþ´IO�, �ëw©z[1,2]�.
3��=òuL�Ø©¥, ·�Ú\
f c-supplement�Vg, ¿|^dVg�Ñ
k

�+� p-�"5���¿©^�. �©òUYïÄf c-supplement�A^.�d, k£�f
c-supplement�½Â9�
{ü¯¢.

½½½ ÂÂÂ �G´ � � k � +,H ´ G � � � f +. X J � 3 G � � � f + K, ¦
� G = HK, � H ∩ K 6 HG∗ , ùp HG∗ L« G ��¹3 H ¥����[�5f+, @
o¡ K ´ H 3 G ¥���f c-supplement, ¿¡ H 3 G ¥k��f c-supplement.

ÚÚÚnnn 1 � H ´ G ���f+, �3 G ¥k��f c-supplement K. @o
(1) XJH 6 M , K H3 M¥k��f c-supplement.
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(2) e N ´ H ���f+, ��5u G, K H/N 3 G/N ¥k��f c-supplement.

(3) � π ´�ê8, N ´ G ��5f+, Ù�´ π′-ê. e |H|´ π-ê, K HN/N 3
G/N ¥k��f c-supplement.

(4) � p ´ G ������Ïf, � (|G|, p − 1) = 1, P ´ G ��� Sylow p-f+. X
J P Ì�, @o G ´ p-�"�.

yyy ²²² ���y=�.

ÚÚÚ nnn 2[3] k�+ G �4��5f+7´ G �4�[�5f+.

ÚÚÚ nnn 3[4,Lemma 2.16] �F ´���¹��)+a��Ú+X. b� E ´ G ����
5f+, ¦� G/E ∈ F . XJ E ´Ì��, @o G ∈ F .

e¡�Ún 4 Ø�´�©��Ún, Ù���kÕá�¿Â, ��À�©z[5]
Theorem 3.1���í2.

ÚÚÚ nnn 4 � p ∈ π(G) � P ´ G � � � Sylow p-f +. X J P � z � � 4 � f +
3 G ¥´f c-supplement �, � (|G|, p − 1) = 1, @o, G ´ p-�"�.

yyy ²²² b�½nØý, � G ´��4��~. ·�äóµ
(1) Op′(G) = 1. b� Op′(G) 6= 1. � N ´ G ����¹3 Op′(G) ¥�4��5f

+. �Äû+ G/N . w,, (|G/N |, p − 1) = 1. � PN/N ´ G/N ��� Sylow p-f+. é
u PN/N �?¿4�f+ L/N , ´��3 P �4�f+ P1 ¦� L = P1N . �âÚn 1(3),
L/N 3 G/N ¥kf c-supplement.Ï, G/N ÷v½n^�. d G �4�5, G/N ´ p-�"
�, ? G ��´ p-�"�, gñ.

(2) XJ K 6 G, � K � Sylow p-f+ Kp´��Ì�+, @o K ´ p-�"�. ¯¢þ,
ù�´Ún 1(4).

(3) Op(G) 6= 1. b� Op(G) = 1. �â©z[5] Theorem 2.2, G Ø´�����ü
+, �÷v Ep′ . � N ´ G ���4��5f+. @o, N < G, �dub� Op(G) = 1,
� N QØ´ p-+, �Ø´ p′-+. Ï÷v Ep′ , �±�� N � Hall p′-f+ Np′ Ú N � Sylow
p-f+ Np. XJ P = Np, ´� N ÷v½n^�, ?� N ´ p-�"�.w,, N ��5
p-ÖÒ´ G ��5 p-Ö, gñ. ,��¡, XJ Np′ Ø´ G � Hall p′-f+�{, PN < G.
PN w,�÷v½n�^�, �d G �4�5, PN ´ p-�"�, ? N ´ p-�"�. u
´ Op′(G) 6= 1, gñ. dd��, Np < P , � Np′ ´ G ��� Hall p′-f+. XJ p ´��Û
�ê, @o, du (|G|, p − 1) = 1, � G ´��Û�+, ?dÛ�½n� G ´�)�. X
J p = 2, @o, du G ÷v Ep′ , � G Ú N þ÷v Cp′ [6]. �âFrattiniØä, G = NpNG(Np′).
� P ∗ ´ NG(Np′) ��� Sylow p-f+, ¦� P ∗ 6 P . 5¿, NG(Np′) < G. Ï P ∗ < P ,
��3 P ���4�f+ P1, ¦� P ∗ 6 P1. d�, �3 G ���f+ K, ¦� G = P1K,
� P1 ∩ K 6 (P1)G∗ . � (P1)G∗ 6 Op(G) = 1. � P1 ∩ K = 1. �â(2), K ´ p-�"�.
� H ´ K ��5 p-Ö. w, H ´ G � Hall p′-f+. u´, �3 G ¥�� g, ¦� Hg = Np′ .
du G = P1K, � H ´ K ��5f+, �� g ∈ P1. du Kg ��5z Hg = Np′ , Ï
 Kg 6 NG(Np′). ù�, G = (P1K)g = P1NG(Np′). ? P = P ∩ G = P1(P ∩ NG(Np′)) =
P1P

∗ = P1 < P , gñ.

(4) Φ(Op(G)) = 1. b � Φ(Op(G)) > 1. � Ä û + G/Φ(Op(G)). � â Ú n1(2),
G/Φ(Op(G)) ÷v½n^�, Ïd G ��{, G/Φ(Op(G)) ´ p-�"�. w, Φ(Op(G)) 6
Φ(G), � G/Φ(G) ´ p-�"�, Ï G ��´ p-�"�, gñ. u´ Op(G) ´��Ð���+.
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(5) Op(G) ´ G ���4��5f+. � N ´ G ����¹3 Op(G) ¥�4��
5f+, @o, ´�yû+ G/N ÷v½n�^�, ?d G �4�5� G/N ´ p-�"
�. XJ Op(G) �¹ G �,��4��5f+ N1, @o, Ón�y G/N1 �´ p-�"�. u
´ G ∼= G/N ∩ N1 ´ p-�"�, gñ. � N ´ G ��¹3 Op(G) ¥����4��5f
+. � T/N ´ G/N ��5 p-Ö. d Schur-Zassenhaus ½n, �3 T ��� Hall p′-f+ H ¦
� T = NH. d Frattini Øä, G = NNG(H). w, NG(H) < G. XJ N < Op(G), @o,
N 66 Op(G) ∩ NG(H) 6= 1. �´, Op(G) ∩ NG(H) 3 G ¥´�5�, gñ. � Op(G) ´ G ��
�4��5f+.

(6) �ª�gñ. � T/Op(G) ´ G/Op(G) ��5 p-Ö. d Schur-Zassenhaus ½n, �
3 T ��� Hall p′-f+ H ¦� T = Op(G)H. du G ´ p-�)�, ��â Frattini Øä,
G = Op(G)NG(H). � P2 ´ NG(H) ��� Sylow p-f+. �,k NG(H) < G. w,�±b
� P2 < P . � P1 ´ P ���4�f+, ¦� P2 6 P1. du Op(G) ´ G ���4��5f
+, � Op(G) 6 P1, � (P1)G = 1. d�, �3 G ���f+ K1, ¦� G = P1K1, � P1 ∩K1 6
(P1)G∗ . ,��¡, w, (P1)G∗ 6 Op(G). XJ (P1)G∗ > 1, @o, �âÚn 2, Op(G) =
(P1)G∗ 6 P1, gñ. � (P1)G∗ = 1, ? P1 ∩ K1 = 1. u´,K1� Sylow p-f+´ p ��, Ï
d(2)� K1 k�5 p-Ö H1. ù�, �3��� g ∈ Op(G)P2, ¦� (H1)g = H. du P1

3 Op(G)P2 ¥�5, � G = P1K1 = (P1K1)g = P1(K1)g, Ï P1 ∩ (K1)g = 1. du (K1)g ∼=
K1, � (K1)g k�5 p-Ö, � H = (H1)g 6 (K1)g, u´ (K1)g 6 NG(H), ? G = P1(K1)g =
P1NG(H). Ïd, Op(G)P2 = (Op(G)P2) ∩ G = (Op(G)P2) ∩ (P1NG(H)) = P1((Op(G)P2) ∩
NG(H)) = P1P2 = P1, � Op(G)P2 ´ G � Sylow p-f+gñ.

dÚn 4, ØJ^8B{y²eãíØ.
ííí ØØØ XJ G �z�� Sylow f+�4�f+3 G ¥þkf c-supplement, @o,

G k Sylow ©.
½½½ nnn �F ´���Ú+X, ��¹��)+a. 2b� N ´ G ����5f+,

¦� G/N ∈ F . XJéz�� p ∈ π(N), é N �?�� Sylow p-f+P , P �z��4�f
+3 G ¥´f c-supplement �, @o G ∈ F .

yyy ²²² b�½nØý, � G ���4��~. @odíØ�, N k Sylow ©. Ï, X
J� p = max π(N), � P ∈ Sylp(N), @o P ´ G ����5f+. � M ´ G ����¹
3 P ¥�4��5f+, @o M ´��Ð��� p +. ´�y (G/M)/(N/M) ÷v½nb
�, d G �4�5�, G/M ∈ F . XJ P ∩Φ(G) > 1, @o, du M ´ G ���4��5f+,
� M 6 P ∩ Φ(G) 6 Φ(G). 5¿�F ´���Ú+X, �� G ∈ F , gñ. Ï P ∩ Φ(G) = 1.
�â©z[7], Lemma 2.6, M = F (P ) = P .

� P1 ´ P ���4�f+. dK�, �3 G ���f+ K, ¦� G = P1K, � P1 ∩ K 6
(P1)G∗ 6 P1 < P . �âÚn 2, (P1)G∗ = 1, ? P1 ∩ K = 1. Ï P = P1(P ∩ K). du P

´��+, � P ∩ K 3 K ¥�5, �� P1 �5z. Ï P ∩ K ´ G ����5f+. Ï
d P ∩ K = P , ? P ´ p �Ì�+. �âÚn 3, G ∈ F , gñ.

(e=1 141 �)


