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Abstract: This paper computed the Jacobian of transformation X = BYBT of singular

quaternion matrices by using of the singular value decomposition of quaternion matrix and

the density function of singular quaternion Wishart matrix. Then we defined the Beta

and F distributions of quaternion matrix argument, and gave the density functions of the

Beta and F distribution and the joint density functions of the nonzero eigenvalues of the

singular quaternion matrices which satisfy the Beta or F distribution.
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ª, ��Ñ
������©ÙÚ Wishart ©Ù��Ý¼êL�ª[5]. Ó�, Ratnarajah,
Vaillancourt éEêÝ
�õ�ÚO©Û���
éõ¤J[6−10].

duo�êÝ
�Ø���5, ¤±éo�ê�ÅÝ
�ïÄ�E,. Anderson[11]Ä
gïá
o�êÝ
�õ�ÚO�.. c¤��<éo�êÝ
�õ�ÚO©Ûk�X�
�¤J, �´¦���o�êÝ
��Gõ�ª�½Â´k�Ø�[12]. ©z[13]#½Â

o�êÝ
��Gõ�ª, ¿dd�Ñ
o�êÝ
��'©Ù��Ý¼êL�ª. �©3
þãÄ:þ, �Ñí2�o�êÝ
�ÛÉ Beta ©ÙÚ F ©Ù��Ý¼êL�ª. =½Â¥
�9�ü�o�ê Wishart Ý
Ñ�±í2�ÛÉ�Ý
.

1 Ú n
PH�o�êN, Hn×m � H þ n × m Ý
�N. éA ∈ Hn×m, ±ATL«A��Ý=�.

PqVn,m = {A ∈ Hn×m|ATA = Im}. �©¥Ù¦k'PÒ�¿Â�©z[13-14]. e¡�Ún
�g©z∗�Theorem 4.2.

ÚÚÚ nnn 1.1 � o � ê Ý 
X ∼ HNN×m(µ,Σ,Θ), Σ ∈ Hm×m, r(Σ) = r < m, Θ ∈
RN×N , r(Θ) = k < N. ¡ù�©Ù�o�êÛÉ��©Ù, L«�X ∼ HNk,r

N×m(µ,Σ,Θ),
� r = m, k = N�, �ÑþI. �Y ∼ HNk,r

N×m(µ,Σ,Θ), �q = min(r, k). K¡S = Y TΘ−Y ÷
vo�êÝ
ÛÉ Wishart ©Ù. P�S ∼ HWm(q, k, Σ,Ω), ùp q = rank(S),Ω = Σ−µT Θ−µ.

S��Ý¼ê�

22krπ2kq−2kr

HΓq(2k)
exp(Retr(−2Σ−S − 2Ω))

(
r∏

i=1

λi

)−2k(
q∏

i=1

µi

)2k−2m+1

0

F1(2k, 4ΩΣ−S)

P2SPT
2 = P2µ

TΘ−µP T
2 , (a.s)

Ù¥ µ1, · · · , µq � S ��"A��; P1ΣPT
1 = diag(λ1, · · · , λr), (P1|P2) �2Âj
. 0F1(·)´

o�êÝ
��AÛ¼ê[13]. ^A−L«Ý
A�2Â_. Retr (·)L«,tr(·)�¢Ü.
ÚÚÚnnn 1.2 eo�êÝ
 X ,Y ke�'X X = BYBT,Ù¥B´m × q���q�o�ê

Ý
. X´m×m����n���½o�êÝ
, Y ´q× q����n���½o�êÝ
. ·
�kX = G1∆XGT

1 , Y = H 1∆Y H T
1 ,Ù¥G1 ∈ qVn,m, H 1 ∈ qVn,q. ∆X ,∆Y ´n×n�é�Ý


, ∆X = diag(x1, · · · , xn)Ú∆Y = diag(y1, · · · , yn),�x1 > · · · > xn > 0, y1 > · · · > yn > 0.K

(dX ) = |∆B |4n|∆X |2m−2n−1|∆Y |−2q+2n+1(dY ).

yyy²²² b½Y ∼ HWn
q (n, I ), KX = BYBT ∼ HWn

m(n, Ξ),Ξ = BBT. durank B = q,

�B−B = I q. dÚn1.1, k

gY (Y ) =
22qnπ2n2−2nq|∆Y |2n−2q+1

HΓn(2n)
exp(Retr(−2Y )),

fX (X ) =
22qnπ2n2−2qn|∆X |2n−2m+1

HΓn(2n)|∆2
B |2n

exp(Retr(−2(BBT)−BYBT)

=
22qnπ2n2−2qn|∆X |2n−2m+1

HΓn(2n)|∆2
B |2n

exp(Retr(−2(B−)TB−BYBT))

=
22qnπ2n2−2qn|∆X |2n−2m+1

HΓn(2n)|∆B |4n
exp(Retr(−2Y )).

∗LI F, XUE YF. The density functions of the singular quaternion normal matrix and the singular quaternion

wishart matrix[J]. Communications in Statistics Theory and Methods. (®�ÉuL)
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dþã�ª, �±��(Ø.
ÚÚÚnnn 1.3 eX ∼ HW q1

m (k1,Σ,Ω1), Y ∼ HW q2
m (k2,Σ,Ω2), �X�Y Õá. K

X + Y ∼ HW q3
m (k1 + k2,Σ,Ω3),

Ù¥Ω3 = Ω1 + Ω2.

yyy²²² dX ∼ HW q1
m (k1,Σ,Ω1), Y ∼ HW q2

m (k2,Σ,Ω2), Ù¥Σ = AAT, Θ1 = B1B
T
1 ,

Θ2 = B2B
T
2 , rank(Σ) = r, rank(Θ1) = k1, rank(Θ2) = k2, rank(B1)n×k1 = k1, rank(B2)n×k2 =

k2. K�±òX , Y ��

X = ZT
1 Θ−

1 Z 1, Z 1 ∼ HNk1,r
n×m(µ1,Σ,Θ1);

Y = ZT
2 Θ−

2 Z 2, Z 2 ∼ HNk2,r
n×m(µ2,Σ,Θ2).

K

X = ZT
1 Θ−

1 Z 1 = ZT
1 B−H

1 B−
1 Z 1 = W T

1 W 1, W 1 ∼ Nk1,r
k1×m(B−

1 µ1,Σ, I k1);

Y = ZT
2 Θ−

2 Z 2 = ZT
2 B−H

2 B−
2 Z 2 = W T

2 W 2, W 2 ∼ Nk2,r
k2×m(B−

2 µ2,Σ, I k2).

d (
W 1

W 2

)
∼ HNk1+k2,r

(k1+k2)×m(µ3,Σ, I k1+k2),

µ3 =

(
B−

1 µ1

B−
2 µ2

)
,Ω3 = Σ−1

(
B−

1 µ1

B−
2 µ2

)T (
B−

1 µ1

B−
2 µ2

)
= Ω1 + Ω2.

·�k

X + Y = (W T
1 |W

T
2 )

(
W 1

W 2

)
∼ HW q3

m (k1 + k2,Σ,Ω3).

2 ½n9íØ

½½½nnn 2.1 -A ∼ HW q1
m (k1,Σ), B ∼ HW q2

m (k2,Σ), A ÚB´�pÕá�. �A + B =
TTT , Ù¥T´q3 × m���q3�o�êÝ
. -U ´g�Ý�o�êÝ
, ½Â�

A = TTUT .

KU ÚA + B�pÕá, A + B ∼ HW q3
m (k1 + k2,Σ), q1, q2 6 q3. U ��Ý¼êL�ªXe,

π2k1q1+2k2q2−2k1q3−2k2q3HΓq3(2k1 + 2k2)
HΓq1(2k1)HΓq2(2k2)

|∆U |2k1−2q3+1|I −U |2k2−2m+1,

Ù¥U = H 1∆UH T
1 , H 1 ∈ qVq1,q3 , ∆U = diag(λ1, · · · , λq1), 1 > λ1 > · · · > λq1 > 0,

(dU ) = (2π2)−q1

q1∏
i=1

λ4q3−4q1
i

q1∏
j<i

(λj − λi)4
q1∧

i=1

dλi ∧ (H T
1 dH 1),

P�U ∼ HBq3(2k1, 2k2).
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yyy²²² duA ∼ HW q1
m (k1,Σ), B ∼ HW q2

m (k2,Σ), Kk

fA(A) =
22k1rπ2k1q1−2k1r

HΓq1(2k1)|∆Σ|2k1
exp(Retr(−2Σ−A))|∆A|2k1−2m+1,

fB (B) =
22k2rπ2k2q2−2k2r

HΓq2(2k2)|∆Σ|2k2
exp(Retr(−2Σ−B))|∆B |2k2−2m+1.

K§��éÜ�Ý¼ê�

22r(k1+k2)π2k1q1+2k2q2−2k1r−2k2r

HΓq1(2k1)HΓq2(2k2)|∆Σ|2k1+2k2
exp(Retr(−2Σ−(A + B)))|∆A|2k1−2m+1

×|∆B |2k2−2m+1(dA)(dB)

=
22r(k1+k2)π2k1q1+2k2q2−2k1r−2k2r

HΓq1(2k1)HΓq2(2k2)|∆Σ|2k1+2k2
exp(Retr(−2Σ−(A + B)))|∆A|2k1−2m+1

×|∆B |2k2−2m+1(dA)(d(A + B))

=
22r(k1+k2)π2k1q1+2k2q2−2k1r−2k2r

HΓq1(2k1)HΓq2(2k2)|∆Σ|2k1+2k2
exp(Retr(−2Σ−(A + B)))|∆U |2k1−2q3+1

×|∆T |4k1+4k2+2−4m|I −U |2k2−2m+1(dU )(d(A + B)).

é(d(A + B))È©�U ��Ý¼êXe,

π2k1q1+2k2q2−2k1q3−2k2q3HΓq3(2k1 + 2k2)
HΓq1(2k1)HΓq2(2k2)

|∆U |2k1−2q3+1|I −U |2k2−2m+1.

5¿�A + B ∼ HWm(n + p, Σ)(Ún1.3)Ú

(dA)(dU ) = |∆U |2q1−2q3+1|∆A|2m−2q1−1|∆T |4q1(dU )(d(A + B)) (dÚn1.2),

·��±��(Ø.
½½½ nnn 2.2 -AÚB´ � p Õ á �, A ∼ HW q1

q2
(k1, Iq2),B ∼ HW q2

m (k2, I
q2
m), I q2

m =
diag(1, · · · , 1, 0, · · · , 0), rank(I q2

m) = q2. -B = TTT , Ù¥T´q2 × m���q2�o�êÝ

. eF´m × m��g�Ý�o�êÝ
,½Â�F = T−A(T−)T. KF�Ý¼êL�ªXe.

π2k1q1−2k1q2HΓq2(2k1 + 2k2)
HΓq1(2k1)HΓq2(2k2)

|I + F |−2k1−2k2 |∆F |2k1+1−2m.

Ù¥ F = H 1∆FH T
1 , H 1 ∈ qVq1,m, ∆F = diag(f1, · · · , fq1), f1 > f2 > · · · > fq1 > 0.

(dF ) = (2π2)−q1

q1∏
i=1

f4m−4q1
i

q1∏
j<i

(fj − fi)4
q1∧

i=1

dfi ∧ (H T
1 dH 1),

P�F ∼ HF (2k1, 2k2).
yyy²²² dÚn1.1, k

fA(A) =
22k1q2π2k1q1−2k1q2

HΓq1(2k1)
exp(Retr(−2A))|∆A|2k1−2q2+1,

fB (B) =
22k2q2

HΓq2(2k2)
exp(Retr(−2B))|∆B |2k2−2m+1.
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��A,B�éÜ�Ý¼êL�ªXe,

22q2(k1+k2)π2k1(q1−q2)

HΓq1(2k1)HΓq2(2k2)
exp(Retr(−2A))exp(Retr(−2B))|∆A|2k1−2q2+1

×|∆B |2k2−2m+1(dA)(dB)

=
22q2(k1+k2)π2k1(q1−q2)

HΓq1(2k1)HΓq2(2k2)
exp(Retr(−2(I + F )B))|∆F |2k1+1−2m

×|∆B |2k1+2k2−2m+1(dF )(dB)

=
22q2(k1+k2)π2k1(q1−q2)

HΓq1(2k1)HΓq2(2k2)
exp(Retr(−2(I + F )B))|∆F |2k1+1−2m

×|∆B |2k1+2k2−2m+1|I + F |1−2m(d((I + F )1/2B(I + F )1/2))(dF ).

5¿�|∆A| = |∆F ||∆B |Ú

(dF )(dB) = |∆T |−4q1 |∆F |−2q1−1+2m|∆A|−2q2+2q1+1(dA)(dB),

éþª'ud((I + F )1/2B(I + F )1/2) È©��F��Ý¼êXe,

π2k1q1−2k1q2HΓq2(2k1 + 2k2)
HΓq1(2k1)HΓq2(2k2)

|I + F |−2k1−2k2 |∆F |2k1+1−2m.

½½½nnn 2.3 �U , F½ÂX½n 2.1, ½n 2.2 ¤«. ·�k U Ú F ��"A���éÜ�
Ý¼êXe:

(1) b½U ∼ HBq3(2k1, 2k2), K

f(λ1, · · · , λq1) =
π2k1q1+2k2q2−2k1q3−2k2q3+2q1q3−2q1HΓq3(2k1 + 2k2)

HΓq1(2k1)HΓq2(2k2)HΓq1(2q3)

×
q1∏

i=1

|1 − λi|2k2−2m+1

q1∏
i=1

λ2q3−4q1+2k1+1
i

q1∏
j<i

(λj − λi)4;

(2) b½F ∼ HF (2k1, 2k2), K

f(f1, · · · , fq1) =
π2k1q1−2k1q2+2q1m−2q1HΓq2(2k1 + 2k2)

HΓq1(2k1)HΓq2(2k2)HΓq1(2m)

×
q1∏

i=1

|1 + fi|−2k1−2k2

q1∏
i=1

f2m−4q1+1+2k1
i

q1∏
j<i

(fj − fi)4,

Ù¥ λi, fi, (i = 1, · · · , q1)©O´U ÚF��"A��.
yyy²²² 5¿�|I q3 −U | = |I q1 −∆U |, �d©z[14]½n 2, ���(Ø. aq/, �±��

T½n�1�Ü©.
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